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THE  FLOW  OF  A  VISCOUS  LIQUID  PAST  A  FLAT  PLATE  AT 
SMALL  REYNOLDS  NUMBERS 

By  S.  Tomotika  and  H.  Yosinobu 


1.  Introduction.  A  second  approximation  for  the  skin  friction  at  small  Rey¬ 
nolds -numbers  of  a  flat  plate  placed  edgewise  along  a  steady  uniform  stream 
has  been  calculated  by  Piercy  and  Winny  [1],  Davies  [2],  and  Sidrak  [3]  respec¬ 
tively,  by  developing  different  analyses  from  each  other.  But,  as  mentioned  in 
detail  in  our  previous  paper  [4],  no  complete  agreement  can  be  found  among 
these  three  expansion  formulae,  and  they  differ  slightly  from  each  other. 

Recently  we  have  examined  very  carefully  the  work  by  these  writers,  and  it 
has  been  found  that  Piercy  and  Winny’s  formula  is  correct,  but  the  remaining 
two  are  both  erroneous. 

Davies  attributes  the  discrepancy  between  his  own  formula  and  Piercy  and 
Winny’s  to  the  fact  that  Southwell  and  Squire’s  equations  of  motion,  upon  which 
his  analysis  is  based,  are  different  from  Oseen’s  equations  upon  which  Piercy 
and  Winny’s  analysis  is  based.  It  is  readily  found  however  that  in  a  particular 
case  of  a  flat  plate  placed  edgewise  along  a  uniform  stream,  Southwell  and 
Squire’s  equations  are  quite  equivalent  to  Oseen’s  equations.  Therefore  it  is 
expected  that  an  expansion  formula  in  complete  agreement  with  Piercy  and 
Winny’s  may  be  obtained  by  pursuing  Davies’s  analysis,  and  to  this  enquiry 
the  present  paper  is  directed. 

On  the  other  hand,  Aoi  and  the  senior  writer  [5]  have  recently  carried  out  a 
detailed  study  on  the  slow^  motion  of  an  incompressible  viscous  fluid  past  an 
elliptic  cylinder  on  the  basis  .of  Oseen’s  equations,  and  a  general  expression  as 
well  as  an  expansion  formula  correct  to  the  fourth  power  of  the  Reynolds  num¬ 
ber  have  been  obtained  for  the  drag  of  the  elliptic  cylinder  placed  parallel  or 
perpendicularly  to  the  direction  of  the  undisturbed  uniform  stream.  Also,  a 
third  approximation  for  the  skin  friction  of  a  flat  plate  has  been  derived  as  a 
limiting  form  of  the  expansion  formula  for  the  drag  of  the  elliptic  cylinder,  and 
it  has  thus  been  found  that  up  to  the  second  approximation,  our  formula  is  in 
perfect  agreement  with  Piercy  and  Winny’s. 

Further,  the  present  writers  [6]  have  succeeded  to  derive  the  correct  second 
approximation  for  the  skin  friction  of  the  flat  plate  by  developing  correct  analy¬ 
sis  along  the  lines  of  Sidrak’s  work. 


2.  The  extended  Oseen’s  equations  of  motion  and  their  fundamental  solu* 
tions.  According  to  Lewis  [7],  the  extended  Oseen’s  equations  of  motion  due 
originally  to  Southwell  and  Squire  for  the  two-dimensional  steady  flow  of  an 
incompressible  viscous  fluid  can  be  w’ritten  in  the  forms: 


^  ^  _dP  _  ^ 

3/3  da'  da  3/3  ’ 


(2.1) 


where  the  vorticity  f  and  the  pressure  fimction  P  are  defined  by  the  relations 
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-P  =  -+«“’  + »■).  (2-2) 

ax  ay  p 

and  u,  V  are  the  Cartesian  components  of  velocity,  p  the  pressure,  and  p  and  y 
the  density  and  the  kinematic  coefficient  of  viscosity  of  the  fluid  respectively. 
a  and  are  respectively  the  velocity  potential  and  the  stream  function  for  the 
flow  of  an  incompressible  perfect  fluid  past  a  body  concerned.  Thus,  in  a  par¬ 
ticular  case  when  a  steady  uniform  stream  of  velocity  U  in  the  positive  direction 
of  the  x-axis  flows  past  a  flat  plate  l3dng  on  the  x-axis,  we  have 


a  +  10  =  —U(x  -j-  iy). 


(2.3) 


It  is  easily  verified  from  equations  (2.1)  that  both  f  and  P  satisfy  the  partial 
differential  equation: 

(2.4) 


d<I>  ,  /d%  ,  d%\  _ 

ra  +  ''w'^w)~  • 


and  if  one  of  them  is  known  the  other  can  be  found  by  quadrature;  if,  for  exam¬ 
ple,  f  is  known,  P  can  be  found  as: 


d/3 


(2.5) 


Alternatively,  both  can  be  derived  from  a  single  function  $  satisfying  equation 
(2.4)  by  means  of  the  relations: 


(2.6) 

(2.7) 

(2.8) 


,  d4>  „  a* 

In  order  to  solve  equation  (2.4)  we  put 

$  = 

so  that  4>'  satisfies  the  equation: 

dW  _  1  , 

do*  a/S*  4>'* 

Now  we  introduce  the  elliptic  coordinates  ((,  i/)  connected  with  the  Cartesian 
coordinates  as: 

X  -h  iy  =  c  cosh  ((  -|-  tij).  (2.9) 

Then,  a  flat  plate  of  length  2c  lying  on  the  x-axis,  with  its  mid-point  at  the  origin 
of  the  coordinate-axes,  is  expressed  by 

t  =  0.  (2.10) 

Equation  (2.3)  now  becomes 

a  -f  t/8  =  —Uc  cosh  (f  -f  iTf),  (2.11) 


and  if,  in  place  of  a,  /3,  we  make  use  of  i;  as  independent  variables,  we  find  that 
4»'  satisfies  the  eciuation: 


aV  aV 

af*  aij* 


A:*(cosh*  {  —  cos* 


(2.12) 
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where 

k  =  Uc/(2y).  (2.13) 

Solving  this  equation  by  substituting  =  F(|)G(ij)  and  separating  the 
variables,  we  are  led  to  the  modified  Mathieu  equation  for  F(i)  and  the  Mathieu 
equation  for  G(ri),  namely 

^  -  (X  +  &’  cosh*  OP  =  0,  (2.14) 

0  +  (X  +  A*  cos*  ri)G  =  0.  (2.15) 

Solutions  of  equation  (2.15)  with  period  2t  with  respect  to  ri  are  obtained  for 
a  discrete  set  of  characteristic  values  of  X.  They  fall  into  the  four  groups.  Thus, 

ceM  =  2:r-o(-l)"‘^^ir"’co8  2r,, 
ce^n+iM  =  Z-o  (-1)"-"^B<,*;V’  cos  (2r  +  I),,, 

««*-+.(i?)  =  Z*r-o  sin  (2r  +  2),, 

«e„+i(u)  =  ZT-o(-l)"'^^‘/r’;t”sin  (2r  +  1),. 

Of  the  corresponding  solutions  of  equation  (2.14),  Davies  [2]  adopted  the  func¬ 
tions  CekniO  and  SekniO  which  are  expressed  in  series  of  the  modified  Bessel 
function  Krik  cosh  0  with  argument  k  cosh  f  and  which  tend  to  zero  as  f  tends 
to  infinity.  Since,  however,  these  series  converge  rather  slowly,  it  is  preferable  to 
make  use  of  the  functions  Fekn(0  and  Gekn(0  which  are  expressed  in  series  of 
,  products  of  the  modified  Bessel  functions  Kr  and  It  .  These  modified  Bessel 
function  product  series  converge  more  rapidly  than  the  above-mentioned  modi¬ 
fied  Bessel  function  series  with  argument  k  cosh  the  rate  of  convergence  in¬ 
creases  with  increase  in  f  (real),  and  also  they  converge  uniformly  in  any  finite 
region  of  the  {-plane,  including  the  origin. 

Thus,  we  use  here,  as  in  our  papers  [5,  6],  the  functions  FEKn(0  and  GEKn(0, 
which  differ  from  Fcfc»({)  and  GeA:„({)  respectively  by  certain  constant  multi¬ 
pliers,  and  which  correspond  to  cen(v)  and  «e»(ij)  respectively.  These  functions 
are  expressed  in  the  modified  Bessel  function  product  series  as  follows: 

FEK,n(0  = 

^0  r-O 

FEKt,^x(0  =  Z  {Ir(vi)KT+i(vt)  -  It+xMKtMt 

Ol  r-0  ,  ^ 

(2.17) 

GEKxn+xiO  =  A  Z  ■djJ+l’*'  {/,(i;,)ii:H-i(«;»)  +  /H.i(t^i)iiC,(t'^), 

■“l  r— 0 

GEKt,^A-i(0  =  p(»»+J)  Z  {IriVx)KT^i(vO  —  Ir+iivOKrivO]  t 

Ot  r-0 

with  Vi  =  ike~^,  vj  =  jke\ 
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Thus,  we  have  ultimately  appropriate  fundamental  solutions  of  the  differential 
equation  (2.4)  in  the  forms: 


Fn  =  (n  =  0,  1,  2,  •  • .)! 

Gn  =  (n  =  1,  2,  •  •  •)  J 


(2.18) 


3.  The  general  expression  for  the  skin  friction  of  the  flat  plate.  Next,  we  shall 
proceed  to  the  calculation  of  the  general  expression  for  the  skin  friction  of  the 
flat  plate.  In  general,  the  drag  on  a  cylinder  with  arbitrary  cross-section  is  ob¬ 
tained  by  summing  up  viscous  stresses  acting  on  the  surface  of  the  cylinder. 
Thus,  denoting  the  drag  per  unit  span  of  the  cylinder  by  D, 

^  (p«.f  +  p„m)  ds,  (3.1) 

where  da  is  the  line-element  of  the  circumferential  curve  a  of  the  cylinder  and 
(I,  m)  are  the  direction-cosines  of  the  outward  normal  to  a. 

Using 

,  „  du  /  ,  du\ 

the  expression  for  D  becomes 

i)=^(-p  +  2p.^^)i<l.+  p./(|  +  ^)m*.  (32) 

At  the  surface  of  the  cylinder  u  =  0  and  t;  =  0,  so  that  we  have,  from  the 
second  equation  in  (2.2), 

p  =  pP,  (3.3) 

The  fluid  being  assumed  to  be  incompressible,  the  equation  of  continuity  is 
du/dx  -|-  dv/dy  =  0.  Taking  account  of  this  equation,  together  with 

f  =  dv/dx  —  du/dy, 

the  expression  for  D  can  be  transformed  into 

D  =  —pj^Plda  —  pv  da  —  2pv  I  —  ^  da.  (3.4) 
But,  it  is  readily  seen  that 

i  (S '  -  s  ”•)  *  =  I  (s  *  +  S "  ®- 

and  therefore,  the  expression  for  D  reduces  further  to 

D  =  —pjiPl  +  vfm)  da  =  —  p  (P  dy  —  vl;  dx).  (3.5) 

Now,  in  the  case  of  the  flat  plate  under  consideration,  a  and  |8  are  connected 
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with  X  and  y  by  the  relation  (2.3)  and  consequently,  if,  in  place  of  (a,  d),  we . 
use  (z,  y)  as  independent  variables,  the  first  equation  in  (2.1)  becomes 


dx  dy 

Integrating  the  left-hand  side  over  the  region  S  bounded  internally  by  the  cylin¬ 
der  8  and  externally  by  an  arbitrary  contour  v  contained  in  the  fluid,  we  have 

An  application  of  Green’s  theorem  to  this  double  integral  gives 

+  V  dx  dy  =  (P  dy  -  Pi;  dx)  —  j  (P  dy  -  dx), 
and  consequently  we  have 


(P  dy  —  pj;  dx)  =  j^(Pdy  —  pj;  dx).  (3.6) 

Therefore,  the  expression  (3.5)  for  D  can  be  rewritten  as: 

D  =  -p  j^iPdy  -  pfdx).  (3.7) 

In  our  case  of  the  flat  plate,  we  have,  by  (2.3)  and  (2.6), 

_  _  3$  _  V  3$  _  _  _  1 

U  dy*  da  U  dx 

Thus,  the  general  expression  for  the  skin  friction  D  of  the  flat  plate  becomes  ul¬ 
timately 

where  [4>1,  denotes  the  change  in  <l>  when  taken  once  round  the  closed  contour  <r. 
It  is  seen  that  the  only  contribution  to  the  skin  friction  D  of  the  flat  plate  arises 
from  many-valued  solutions  of  equation  (2.4).  This  result  is  due  originally  to 
Davies  [2]. 


4.  The  stream  function.  The  stream  function  ^  for  the  flow  past  the  flat  plate 
under  consideration  is  considered  to  be  composed  of  the  stream  function  $  for 
the  potential  flow  and  an  additional  part,  say,  due  to  the  effect  of  the  viscos¬ 
ity  of  the  fluid.  Thus, 

^  =  0  +  (4.1) 

The  additional  stream  function  is  connected  with  the  vorticity  f  as: 
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Hence,  taking  (2.6),  (2.4),  and  (2.3)  into  account,  we  have 

^  ^  4-  =  _  JL(^  4. 

3x*  dy*  da  *^\5a*  d/3*/  lP\dx^  dy^ /  ' 

or 

vVi  =  -{v/U')V%, 

where  V*  stands  for  d^/dx^  +  d^/dy^. 

This  gives 

=  (a  harmonic  function)  —  (v/U^)^,  (4.3) 

and  therefore,  since  =  —Uc  sinh  f  sin  ij  by  (2.11),  the  expression  for  yf/  becomes 
}(/  =  —Uc  sinh  f  sin  ij  4-  (a  harmonic  function)  —  (i»/f7*)#.  (4.4) 

Evidently  ^1/  must  be  an  odd  function  with  respect  to  »j,  so  that  we  may  write 
(a  harmonic  function)  =  Aori  +  sin  nri,  (4.5) 

where  Ao ,  Ai ,  At ,  •  •  •  are  constants. 

As  mentioned  at  the  end  of  the  last  section,  the  function  4>  must  be  a  many¬ 
valued  function  of  y.  On  the  other  hand,  the  stream  function  itself  must  be  a 
periodic  function  of  y  with  period  2t.  Therefore,  when  the  expression  (4.5)  is 
substituted  into  (4.4),  a  many- valued  term  in  $  must  cancel  the  many- valued 
term  Aoy  there.  Hence  it  will  readily  be  seen  that  a  linear  combination  of  the 
fundamental  odd  solutions  Gn’s  (n  =  1,  2,  3,  •  •  •)  as  given  in  (2.18)  cannot  be 
adopted  for  the  function  4>. 

We  now  introduce  functions  4>«’8  such  that 

=  ^  {  ^  -  2kF^  sinh  {  cos  yj  dy,  (m  =  0,  1 , 2,  •  •  •)  (4.6) 

where  FJs  (m  =  0,  1,  2,  •••)  are  the  fundamental  even  solutions  as  given 
in  (2.18).  Evidently  such  functions  are  all  odd  functions  of  y  and  also  it  is 
readily  shown  as  follows  that  they  satisfy  equation  (2.4),  which  becomes,  when 
the  elliptic  coordinates  (f,  y)  are  used  as  independent  variables, 

d%  ,  d%  'j  /d^  .  ,  ^  U  >  fA  >7\ 

—  +  —  =  2k\  —  smh  ^  cos  ^  cosh  {  sm  y j.  (4.7) 

From  (4.6)  we  have 

=  f  I  —  2k  sinh  |  cos  ij  —  2kFm  cosh  f  cos  dy.  (4.8) 
d^  Jo  [  d^  d^  ) 

Making  use  of  the  fact  that  satisfies  equation  (2.4),  and  hence  also  (4.7),  we 
find,  on  substituting  for  d^F^/df,  that  the  right-hand  side  of  (4.8)  is  immediately 
integrable,  giving 


di 


( -f  2fcF«  cosh  {  sin  y 

\  dy 


(4.9) 
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On  the  other  hand,  it  follows  immediately  from  (4.6)  that 

^  ^  -  2kF^  sinh  {  cos  1,.  (4.10) 

dri  df 

Hence  we  readily  find  that 

namely,  the  functions  4>«’s  satisfy  equation  (4.7),  and  hence  also  equation  (2.4). 

Fiuther,  it  is  seen  immediately  that  each  of  the  functions  #m’s  contains  a  linear 
term  in  ri. 

Thus,  we  can  adequately  put 

-■^4>  =  (4.11) 

U  w—O 

where  Bm’s  are  constants,  and  then  we  obtain  ultimately  the  expression  for  the 
stream  function  ^  in  the  form: 

^  =  —Uc  sinh  f  sin  »7  +  A^ri  +  sin  nit  +  .  (4.12) 


5.  Boundary  conditions.  The  constants  ^lo ,  ^4,  (n  =  1,  2,  3,  B,^{m  = 

0, 1,  2,  •  •  •)  contained  in  (4.12)  must  be  determined  by  the  boundary  conditions. 
Since,  however,  it  is  readily  seen  that  the  boundary  conditions  at  infinity,  i.e. 
u  =  f/,  t)  =  0as^— »oo  are  already  satisfied  by  the  velocity  components  u,  v 
as  obtained  from  ^  in  (4.12),  we  have  only  to  consider  the  boundary  conditions 
at  the  surface  of  the  flat  plate  ({  =  0),  which  are  expressed  as: 

If  =  0,  ^  =  0  at£  =  0.  (5.1) 

dll 


On  substituting  the  expression  (4.12)  for  these  conditions  yield 
Uc  sin  i>  +  i}An  sin  wj  —  ^  B„  (  ^  )  =  0, 

n-l  m-0  \  Ot  /t-0 

^0  +  IE  COS  nri  +  B„  =  0. 

n-l  m-O  \  071  /f-O  J 

Making  use  of  the  functions  FnS  in  (2.18),  we  find,  from  (4.9)  and 

(^)  =  -e^^FEK„mcel(7i)  +  kceM  sin,], 

\  /f-o 

(^)  =  e*~"'F£X:(0)c6»(i,), 

\  Ori  /{_o 

where  dashes  denote  differentiation  with  respect  to  f  or  ,. 

We  expand  the  right-hand  members  in  (5.3)  into  Fourier  sine  and 
respectively  as  follows: 


(55) 

(4.10),  that 

(53) 


cosine  .series 


-  E  H„,n  sin  nij. 


E  K^.n  cos  n,. 


(5.4) 
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Subotituting  these  into  the  last  terms  on  the  left-hand  sides  of  equations  (5.2) 
and  equating  the  coefficients  of  sin  nri  and  cos  ni;  to  zero,  we  obtain,  from  the  first 
equation, 

UC  Ai  Hm.lBm  =  0, 

nAn  +  Z--0  =  0,  (n  =  2,  3,  •  • .) 


while  the  second  equation  yields 

■do  +  Km.oBm  =  0,  Ai  ■{-  =  0, 

nAn+  'EZ^K^.nB^  =  0.  (n  =  2,3,  •••) 


(5.6) 


From  the  first  equation  in  (5.6)  we  have 

do  =  -EZ^K^.oB», 


(5.7) 


and  eliminating  Ai  between  the  first  equation  in  (5.5)  and  the  second  equation  in 
(5.6)  we  obtain 

Z:-o  iK^.i  -  H^,i)B^  =  Uc.  (5.8) 

Also,  elimination  of  .4,  between  the  second  equation  in  (5.5)  and  the  third  equa¬ 
tion  in  (5.6)  3rield8 

2::-o  (A«..  -  H^.n)B^  =  0.  (n  =  2,  3,  • . .)  (5.9) 


Hence,  writing,  for  brevity. 


we  have 


““  f^m,n  Bm,nf 


go 

X«.,  Bm 


/m  =  0,1,2,  -  A 

Vn=  1,2,3,- 


(n  =  1) 

(n  =  2,3, -••) 


(5.10) 


(5.11) 


The  constants  J3«’s  (m  =  0,  1,  2,  •  •  • )  can  be  determined  by  solving  this  infinite 
system  of  simultaneous  linear  equations,  and  if  the  values  of  BJa  so  determined 
are  substituted  into  (5.7),  the  value  of  .do  can  be  found.  Also,  the  value  of  Ai 
can  be  obtained  either  from  the  first  equation  in  (5.5)  or  from  the  second  equation 
in  (5.6),  and  further  all  the  remaining  constants  d«’s  (n  =  2,  3,  •  •  •)  can  be 
determined  either  from  the  second  equation  in  (5.5)  or  from  the  third  equation 
in  (5.6). 


6.  Reduction  of  the  expressions  for  X«,,,’s.  Next  we  shall  reduce  the  expres¬ 
sions  (5.10)  for  X,..«’s  to  such  forms  that  are  more  suitable  for  calculation. 
For  this  purpose,  we  first  introduce  the  quantities  p«,*’s  defined  as: 

Pm.n  =  -  f  e^^ce^iri)  cos  nij  dri,  (m,  n  =  0, 1,2,  •  •  •).  (6.1) 

Making  use  of  the  first  and  the  second  equations  in  (2.16)  and  carr3ring  out 
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integrations,  we  get* 

{In-,r(k)  +  /«+„(*)}, 

\In-,r-l(k)  -f  W+lC*)). 


(6.2) 


If  we  use  these  Pm. nS,  we  find,  by  the  first  equations  in  (5.3)  and  (5.4),  that  the 
expressions  for  Hm.»8  become 


—  FEKwt(fy){kpm,»—l  f^Pm.n  ^Pw.i+l}* 

(m  =  0,  1,  2,  •••;»  =  1,  2,  3,  •••) 

or,  if,  for  convenience’s  sake,  we  put 

^m,n  ~  ^Pm.n— 1  ^Pm,n  ^Pm,i*+1  i 


we  have 


H... .  FEK.m<,.... 


(6.3) 

(6.4) 
(65) 


In  like  manner  we  obtain  from  the  second  equations  in  (5.3)  and  (5.4)  the 
expressions  for  Km.nS  as  follows: 

K^.o  =  hFEKU0)p^fi ,  (m  =  0, 1, 2,  .  • . )  ] 
K....FEKUo)p.... 

Thus,  we  find  that  the  expressions  for  X,M.a’s  (n  ^  1)  are  ultimately  reduced  to 
X«.a  =  FEKU0)Pm.n  -  FEK^(0)q^,.  . 

(m  =  0,  1,  2,  •••  ;»  =  1,2,  3,  •••) 


(6.6) 


(6.7) 


7.  Expansion  formula  for  the  skin  friction  of  the  flat  plate.  The  general  ex¬ 
pression  for  the  skin  friction  D  of  the  flat  plate  is  given  by  (3.8),  namely: 


(7.1) 


•  D  =  -^W.. 

where  [4>],  is  the  change  in  4>  when  taken  once  round  the  closed  contour  a. 

Since,  as  mentioned  already,  the  many-valued  term  in 

(=  -(./(/» 

in  the  expression  (4.12)  for  ^  must  be  equal  to  —  ilo>?  there,  we  easily  find  that 

(7.2) 


U* 

[♦],  =  2tA^  — . 


*  Here  use  has  been  made  of  the  fact  that  when  s  is  an  integer,  the  modified  Bessel  func¬ 
tion  I,{x)  is  expressed  as: 


/.(x) 


ir 

2»  L. 


fMtot*  poe  d$. 


Cf.  G.  N.  Watson,  ‘Theory  of  Bettel  functions'  (Cambridge  Univ.  Press,  2nded.  1948,  p.  181). 
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Hence  we  have 

D=-2tpUAo,  (7.3) 

which,  by  means  of  (5.7),  becomes 

D  =  2rpU^^K^.oB^.  (7.4) 

Bearing  in  mind  that  the  length  of  the  flat  plate  is  2c,  we  define,  as  usual,  the 
skin  friction  coefficient  Co  as: 

Cd  =  D/(pU'‘2c). 

Then  we  have 

(7^) 

PtC 

where  R  is  the  Reynolds  number,  namely  R  =  U -2c/ v  =  4A:.  This  is  the  general 
expression  for  the  skin  friction  coefficient  of  the  flat  plate. 

Next,  we  shall  proceed  to  the  calculation  of  an  expansion  formula  for  Cd  , 
assuming  the  Reynolds  number  R  (=4k)  to  be  sufficiently  small.  However,  we 
here  confine  ourselves  to  the  deduction  of  an  expansion  formula  correct  to  the 
order  of  R*. 

To  do  this,  it  is  sufficient  to  retain  only  the  first  two  terms  in  the  series 

0  Km.oBm 

in  (7.5),  and  for  determining  the  values  of  Bo  and  B\ ,  it  is  sufficient  to  solve  the 
following  system  of  simultaneous  linear  equations: 

Ao.iRo  "h  Xi.iRi  +  ^t,\Bt  =  Uc, 

^o.jRo  “f*  ^i.zBi  -f*  Xj.jRj  =  0,  ^  (7.6)  ^ 

Xo.jRo  "I"  Xi.jRi  4*  ^i.'oBi  —  0, 

which  have  been  obtained  from  the  first  three  equations  in  (5.11)  by  putting 
Bz  =  B^=  --  -  =0. 

Expansions  in  power  series  of  the  Reynolds  number  R  for  the  nine 
(m  =  0,  1,  2;  n  =  1,  2,  3)  necessary  for  our  calculation  have  been  ob¬ 
tained  by  expanding  various  quantities  such  as  FEKn{Qi),  FEK'miO),  p*,„  ,  and 
q„,n  in  power  series  of  R.  For  shortness  the  results  only  will  be  given  here. 

Thus,  writing  q  =  ^R/ we  have 

Xo.i  =  -2(1  +  Si)q  -  i(l  +  Sx)q*  +  0(9*), 

Xo.*  =  -i(3  +  25i)9*  +  0(9*), 

Xo.i  =  -i(5  +  3S,)9*  +  0(9*); 

X,.i  =  -i(7  +  4S,)9  +  0(9*), 

Xi.j  =  —  1  +  0(9*),  Xi.i  =  —  i9  +  0(9*); 

Xi.i  =  — h  0(9),  Xj,i  =  — ^  +  0(9*),  Xj.j  =  —  +  0(9), 
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where 

^•1  =  -7  -  log  k  =  -7  -  log  AjB, 

7  =  0.57721  .  .  .  being  Euler’s  constant. 

Solving  equations  (7.6)  and  making  use  of  the  above  expansions,  we  have 

B.  =  -  +  jJoVsO 

(7.7) 

Br  =  (3  +  25, )g’  +  0(9*). 

1+0, 

Also,  from  the  first  equation  in  (6.6)  we  obtain  the  expansions  for  Ko.o  and  Ki  .o  as: 

a:o.o  =  -  {1  +  k*  +  0(9*)},  a:i.o  =  -  {i  +  k*  +  0(9*)}.  (7.8) 

Thus,  we  have 


^  Km.oBm  =  Ko,oBq  +  Ki,oBi  + 


=  -  2(1  Vso 


(7.9) 


and  therefore,  by  (7.5),  a  second  approximation  correct  to  the  order  of  for 
the  skin  friction  coefficient  Cd  of  the  flat  plate  becomes  ultimately 

4t 


Co  = 


i2(l  +  5] 


where 


Si  =  —y  —  log  ^R. 


(7.10) 


This  is  just  what  has  been  obtained  by  Piercy  and  Winny  [1],  pursuing  Bairstow, 
Cave,  and  Lang’s  analysis  [8]. 

If,  in  place  of  5, ,  we  use  5  such  that  5=1+5,,  the  above  formula  may 
also  be  written  in  the  form :  ‘ 


with 


(7.11) 


S  =  1  -  7  -  log  J 

Thus  it  has  been  ascertained  that  contrary  to  Davies’s  argument,  an  expan¬ 
sion  formula  in  complete  agreement  with  Piercy  and  Winny’s  can  still  be  derived 
for  the  skin  friction  coefficient  of  the  flat  plate  by  pursuing  Davies’s  original 
work,  if,  in  place  of  CeKH)  and  SeKiX)  used  by  himself,  we  make  use  of  FEKnfi) 
and  GEKJX),  which  differ  from  FeKi^)  and  GeKi^)  respectively  by  certain 
constant  multipliers,  for  solutions  of  the  modified  Mathieu  equation,  these  fiuic- 
tions  being  expressed  in  more  rapidly  convergent  series  in  products  of  the  modi¬ 
fied  Bessel  functions. 
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SMALL  PERTURBATIONS  IN  THE  UNSTEADY  FLOW  OF  A 
COMPRESSIBLE,  VISCOUS  AND  HEAT-CONDUCTING 
FLUID* 

By  T.  Yao-tsu  Wu 

I.  Introduction.  In  the  present  work  interest  is  focused  on  the  flow  of  a  com¬ 
pressible,  viscous  and  heat-conducting  fluid  resulting  from  certain  small  external 
forces  and  heat  additions.  It  is  expected  that  the  responses  of  the  flow  field  are 
also  small  perturbations  from  the  basic  flow.  Consequently,  as  a  first  order 
approximation,  the  equations  governing  the  fluid  motion  can  be  linearized. 
Then  the  analysis  is  simplified  enough  to  allow  a  unified  discussion  of  the  various 
effects.  Limiting  solutions  of  this  linearized  system  of  equations  exhibit  auto¬ 
matically  the  regions  where  viscosity  and  heat  conduction  play  significant  roles. 
In  contrast  to  the  simplification  of  the  boundary  layer  type,  the  present  theory 
gives  more  of  the  over-all  picture  while  some  of  the  t3q)ical  features  of  the  more 
exact  nonlinear  problems  are  still  retained.  Furthermore,  within  the  frame  of 
linear  theory,  superposition  can  always  be  applied  to  construct  new  solutions. 
These  viewpoints  are  also  explained  in  some  previous  works*-*,  where  the  flow 
of  real  fluid  is  investigated  for  various  idealizations.  In  reference  [l]t  a  detailed 
study  is  made  of  the  propagation  of  small  disturbances  in  a  compressible,  vis¬ 
cous  but  non-heat-conducting  fluid.  A  similar  analysis  is  carried  out  in  Ref. 
[4]  for  the  problem  of  turbulence  in  a  compressible,  viscous  and  heat-conducting 
fluid. 

With  respect  to  this  linearized  system  of  equations  the  concepts  of  longitu¬ 
dinal  and  transversal  waves,  are  generalized  to  include  heat  conduction}.  A 
proof  is  given  for  the  statement  that  any  linearized  flow  may  be  split  uniquely 
into  a  longitudinal  and  a  transversal  component. 

It  follows  from  the  generalized  definition  of  these  waves  that  the  compressi¬ 
bility  and  heat-conducting  effects  appear  only  in  the  longitudinal  part.  The 
transversal  wave,  which  has  been  thoroughly  discussed  in  previous  works*-*, 
is  not  considered  any  further  in  this  paper.  As  a  simple  example  of  the  generalized 
longitudinal  wave,  the  one-dimensional  nonstationary  flow  is  first  studied.  The 
equations,  after  linearization,  are  further  simplified  with  the  assumption  that 
the  Prandtl  number  of  the  fluid  is  equal  to  }.  The  corresponding  fundamental 
solutions  are  found  and  are  approximated  for  both  large  and  small  values  of 
time.  Some  interesting  features  shown  by  these  solutions  are  discussed  in  detail. 

The  author  wishes  to  thank  Professors  J.  D.  Cole  and  P.  A.  Lagerstrom  for 
their  valuable  suggestions. 

*  Thi8  work  was  carried  out  under  the  Office  of  Naval  Research  Contract  N6  ONR-244, 
Task  Order  VIII,  Project  NR  061-036. 

t  An  extensive  bibliography  of  related  topics  has  been  collected  in  Ref.  (1). 

t  Reference  (1]  is  referred  to  for  the  concepts  of  these  waves  when  heat  conduction  is 
omitted. 
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n.  Linearization  of  Basic  Equations;  Theorem  of  Splitting.  The  medium  is 
assumed  to  be  a  perfect  gas  which  fills  a  space  of  infinite  extent  and  obeys  the 
equation  of  state 

P  =  RpT  (1) 

where  P  is  the  pressure,  R  the  gas  constant,  p  the  density  and  T  the  temperature. 
Now  our  purpose  Is  to  investigate  the  resulting  flow  field  P,  p,  T,  and  the  flow 
velocity  as  functions  of  space  and  time,  due  to  a  distribution  of  external 
force  T  (per  unit  mass)  and  heat  addition  Q  (per  unit  mass  per  unit  time);  the 
initial  conditions  being  uniform  and  quiescent:  P  =  Po,p  =  po,T=  To  and 
^  =  0.  The  basic  equations  governing  the  motion  of  such  a  compressible,  vis¬ 
cous  and  heat-conducting  fluid  can  be  derived  by  applying  the  principles  of 
conservation  of  mass,  momentum  and  energy.  They  can  be  found  elsewhere  in 
the  books  on  fluid  dynamics  (e.g.  Ref.  5,  p.  49)  and  hence  will  not  be  reproduced 
here.  These  three  equations  together  with  the  equation  of  state,  Eq.  (1),  are 
a  system  of  non-linear  differential  equations  for  four  unknowns,  P,  P  and  T, 
provided  that  the  coefficient  of  viscosity  p,  the  heat  conductivity  k  and  the 
specific  heats  are  known  functions  of  T. 

While  the  general  solution  to  this  complicated  system  is  still  unattainable, 
the  mathematical  characteristics  of  this  nonlinear  system,  however,  usually  in¬ 
dicate  some  basic  features  of  the  system  by  showing  regions  in  which  certain 
disturbances  (or  discontinuities)  may  propagate.  These  features  should  remain 
even  when  approximations,  such  as  linearization,  are  introduced.  When  both 
p  and  k  are  different  from  zero,  it  can  be  shown*  that  time  t  equal  to  constant  is  a 
characteristic.  This  set  indicates  propagation  of  disturbances  with  an  infinite 
speed  and  thus  represents  the  usual  diffusive  behavior  of  viscous  and  heat-con-  * 
ducting  effects  by  which  any  discontinuity  will  instantly  be  smoothed  out. 

However,  the  characteristic  condition  changes  when  both  viscosity  and  heat 
conduction  are  neglected.  In  the  case  of  one-dimensional  flow,  ^  =  (u,  0, 0)  where 
u  and  the  thermodynamic  variables  depend  only  on  the  space  coordinate  x  and 
time  t.  Then  when  p  =  0,  A:  =  0,  the  mathematical  characteristics  ^(x,  0  = 
constant  are  given  by* 

(^.  +  +  {u±  c)^.]  =  0  (2) 

where  c  =  (yRT)\  the  fisual  adiabatic  speed  of  sound.  The  first  bracket  indi¬ 
cates  the  streamlines  of  the  flow  across  which  temperature,  density  and  velocity 
may  jump  (such  as  slip  stream  and  interface).  The  second  bracket  indicates 
propagation  of  disturbances  with  sound  speed  c  relative  to  the  fluid.  These 
characteristic  lines  for  p,  k  =  0  must  play  a  significant  role  in  the  solutions  for 
small  values  of  p  and  k.  This  remark  will  be  clarified  later  in  the  discussion  of 
solutions  of  our  linearized  83rstem  (see  the  last  section  and  the  Appendix). 

In  the  following  the  anal}rsi8  will  be  based  on  the  theory  of  small  perturba¬ 
tions.  By  small  disturbances  we  mean  that  the  applied  force  F  and  heat  addition 
Q  are  small  and  they  vanish  sufficiently  fast  at  infinity.  Then  we  may  assume 
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small  perturbations  in  the  resulting  flow: 

p  -  P,(1  +  p),  p  =  p,(i  +  s),  r  =  Tod  +  e),  (3) 

where  almost  everywhere 

p,d,$<Kl  and  j  5  |  «  c.  (3a) 

It  is  also  assumed  that 

M  =  PodH-  m'),  =  *o(1  +  k'),  m',  k'  «  1  (4) 

where  p«  and  ko  depend  on  To .  Substituting  Eqs.  (3),  (4)  into  the  original  non¬ 
linear  equations  and  neglecting  all  squared  terms  of  small  quantities,  we  obtain 
a  linearized  system  of  equations; 

p  =  s  +  0,  (5) 

«i  -i-  div  ^  =  0,  (6) 

+  (cVy)  grad  p  =  F  +  iv  grad  div  q  —  curl  curl  5,  (7) 

0,  -  kA0  =  (y  -  l)«i  +  «  (8) 

where  A  stands  for  Laplacian,  y  =  Cp/c,  (ratio  of  the  specific  heats),  y  =  po/po 


(kinematic  viscosity  of  the  undisturbed  flow),  k  =  ko/ (c,po)  (thermometric  con¬ 
ductivity)  and  =  Q/ (c,To),  the  non-dimensional  heat  addition  per  unit  time. 
In  the  momentum  equation  (7)  the  Stokes  assumption  on  the  second  coefficient 
of  viscosity  is  adopted.  In  the  energy  equation  (8)  the  dissipation  function  is 
dropped  out  by  linearization  because  it  contains  only  squared  terms  of  small 
quantities.  Thus  the  viscous  effects  do  not  influence  the  linearized  energy  rela¬ 
tion  directly.  Furthermore,  the  effects  of  F  and  Q  become  independent  of  each 
other  when  the  dissipation  is  neglected.  Consequently,  the  linearization  proce¬ 
dure  will  not  3deld  a  good  approximation  for  those  problems  in  which  the  dis¬ 
sipation  is  an  important  factor  in  the  energy  equation. 

In  the  following  it  will  be  shown  that  a  flow  governed  by  the  linear  system 
(5)-(8)  can  be  represented  uniquely  as  the  sum  of  a  longitudinal  wave  (having 
an  irrotational  velocity  field)  and  a  transversal  wave  (having  a  solenoidal  veloc¬ 
ity  field).  Such  a  splitting  of  the  flow  field  is  of  fundamental  importance.  It 
gives  some  clue  as  to  which  part  of  the  more  exact  nonlinear  flow  the  vorticity, 
pressure  and  temperature  variations  should  be  significantly  associated.  Splitting 
of  incompressible  waves  has  been  discussed  by  Lamb*  and  Oseen’^.  For  compres¬ 
sible,  viscous  but  non-heat-conducting  fluid  the  splitting  has  been  studied  by 
Lagerstrom,  Cole  and  Trilling*.  A  similar  splitting  for  compressible,  viscous  and 
heat-conducting  fluid  has  been  introduced  by  Kovasznay*. 

Now  we  shall  generalize  the  original  definition*  of  longitudinal  and  transversal 
waves  to  include  heat  conduction. 

1.  Transversal  Wave.  A  necessary  condition  for  a  wave  to  be  transversal  is 
that  div  5  =  0.  The  continuity  equation  (6)  then  becomes  Si  =  0.  Hence  we 
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may  assert  that «  =  0  if  «  vanishes  initially.  We  further  postulate  that  p  =  0  =»  0. 
It  then  follows  from  Eqs.  (7)  and  (8)  that  div  ^  =  0  and  Q  =  0.  Thus  the  trans¬ 
versal  waves  are  defined  as: 

—  —V  curl  curl  ^  -f  F  »  P,  (9a) 

div  5  =  0,  div  P  =  0,  p  =  8  =  $  =  0,  n  =  0.  (9b) 

Apparently,  the  transversal  waves,  generated  by  solenoidal  force  field,  do 
not  contain  compressibility  effect  and  heat  conduction,  and  have  no  first  order 
interaction  with  pressure  and  temperature  fields.  Taking  the  curl  of  Eq.  (9a),  one 
obtains  the  familiar  equation  that  governs  the  diffusion  of  vorticity. 

2.  Longitudinal  Wave.  For  a  longitudinal  wave,  curl  5  =  0.  It  then  follows 
from  Ek}.  (7)  that  a  consistent  force  field  must  also  be  irrotational,  that  is,  curl 

F  =  0.  Except  for  these  two  conditions  there  are  no  other  restrictions  on  the 

variables.  Hence  the  longitudinal  waves  can  be  defined  by: 

5i  +  (c*/y)Vp  =  grad  div  5  -f-  F  **  -f  P,  (10a) 

8t  +  div  5  =  0,  (10b) 

dt  —  kAO  =  (y  —  1)«<  +  Q,  (10c) 

p  =  8  0,  (lOd) 

curl  5  =  0,  curl  F  =  0.  (lOe) 

Furthermore,  Eq.  (lOe)  implies  that  there  always  exist  a  scalar  velocity  poten¬ 
tial  0  and  a  force  potential  H  such  that 

5  =  grad  ^  =  grad  E.  (lOf) 

Thus,  in  a  linearized  fluid  flow,  heat  conduction  and  variations  in  thermody¬ 
namic  variables  are  carried  by  the  longitudinal  part  only  while  the  vorticity  is 
associated  solely  with  the  transversal  part.  It  should  be  remarked  that  the  longi¬ 
tudinal  and  transversal  parts  individually  represent  flows. 

Taking  the  divergence  of  (10a)  and  eliminating  5  and  6  by  using  Eqs.  (10b,  c, 
d),  one  obtains 

Ptt  -  c*Ap  —  xApt  =  K(iPr  —  l)As,  +  —  yAS  (11) 

where  Pr  is  the  Prandtl  number, 

Pr  =  Cpfio/ko  —  yy/K. 

If  s  is  further  eliminated  the  order  of  the  differential  equation  for  p  is  raised 
to  five.  However,  it  is  of  interest  to  note  that  when  the  Prandtl  number  Pr  =  }, 
the  term  containing  8  in  Eq.  (11)  vanishes;  or 

Ptt  —  c*Ap  —  xApt  =  Ut  —  yAS,.  (12) 

Also,  the  equations  for  other  dependent  variables  can  be  further  simplified  when 
Pr  =  \  (see  the  next  section).  This  value  of  the  Prandtl  number  is  actually  very 
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close  to  the  observed  value  (for  air,  Pr  =  0.72  to  0.76  over  a  wide  range  of  tem¬ 
perature).  When  Pr  is  different  from  one  can  find  that  in  the  equation  for  p, 
the  coefficients  of  the  highest  derivatives  AApi  and  Apn  are  both  proportional  to 
Pr.  Then  it  follows  from  the  theory  of  differential  equations  (Ref.  8,  p.  142)  that 
the  solutions  and  their  derivatives  will  be  continuous  in  Pr  for  0  <  Pr  <  <»  ; 
and  the  solutions  for  Pr  slightly  different  from  i  can  be  obtained  by  a  perturba¬ 
tion  procedure  in  Pr.  Thus,  we  see  that  for  Pr  =  }  the  pressure  p  satisfies  a 
parabolic  equation  of  third  order.  It  is  basically  diffusive  in  nature  and  therefore 
its  solutions  do  not  admit  any  discontinuity.  However,  the  value  of  k/c*  is  quite 
small  for  all  practical  cases.  (For  atmospheric  air  it  is  of  the  order  of  10~*  sec.) 
Hence  in  regions  where  the  term  (ic/c*)Api  is  small  Eq.  (12)  behaves  more  like  a 
wave  equation;  this  term  then  represents  the  sound  absorption  and  attenuation 
which  become  important  only  at  high  frequencies. 

With  the  aid  of  these  concepts  we  may  now  formulate  the  “theorem  of  split¬ 
ting”  for  compressible,  viscous  and  heat-conducting  fluid  flows  in  the  frame  of 
linearized  theory  as  follows: 

3.  Theorem  of  Splitting.  A  flow  (5,  p,  «,  ff)  governed  by  the  linear  system  (5)- 
(8)  with  given  SI  and  P  =  Pi  +  Pt,  where  curl  =  0  and  div  Pt  =  0,  may  be 
expressed  uniquely  as  the  sum  of  a  longitudinal  wave  ($i ,  p,  s,  ff)  and  a  trans¬ 
versal  wave  (gt ,  0,  0,  0)  such  that  (^i ,  p,  «,  ff)  with  Pi  and  S2  satisfy  (10),  (5* , 
0,  0,  0)  with  p2  and  S2  =  0  satisfy  (9)  and  g  =  5i  +  • 

Proof:  It  is  known  that  a  vector  field  5  may  be  expressed  in  more  than  one 
way  as  the  sum  of  an  irrotational  component  Wi  and  a  solenoidal  component 
toi .  That  is 

q(x,  t)  =  tl5i(x,  0  +  wj(x,  t)  (13a) 

where 

curl  Wi  =  0,  div  =  0.  (13b) 

Then  Eq.  (7)  can  be  written  as 

dWi/dt  -b  (c*/y)Vp  — *  (4i>/3)Airi  —  Pi  —(dWt/dt  —  pAtv^  —  Pt).  (14) 

The  splitting  given  by  Eq.  (13)  is  unique  only  up  to  a  harmonic  field.  In  other 
words,  if  h  is  a  harmonic  function  so  that  curl  h  =  div  h  =  0,  then  for  the  de¬ 
composition  given  by  Eq.  (13), 

^  +  7*  (15a) 

where 

^1  =  Wi  +  lt,  ^,  =  Wt-h  (15b) 

gives  another  possible  decomposition.  However,  for  an  initial  choice  of  Wi  and 
one  can  always  make  ($i ,  p)  satisfy  Eq.  (10a)  and  make  satisfy  Eq.  (9a) 
by  assigning  to  h  the  value 

ft  =  —  {dWi/dr  -|-  {^/y)Vp  —  (4i»/3)AWi  —  J^i)  dr 


(16) 
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which  may  also  be  expressed,  by  using  Eq.  (14),  as 


h  —  f  {dwt/dr  —  rAxPt  —  dr  (17) 

That  h  defined  above  is  harmonic  follows  from  Eq.  (13b)  by  taking  the  curl  of 
Eq.  (16)  and  the  divergence  of  Eq.  (17).  Now,  that 


oqi  ,  c  _  4»  -A 


-B  _  dWi 


owi  ,  c '  4i'  .  —  f,  ,  d% 

_  +  _Vp-^A».-P.  +  - 


0  (18) 


follows  from  Eqs.  (15b),  (16);  and  from  Eqs.  (15b)  and  (17), 


^  -  yMt  -  =  0.  (19) 

Besides,  Eq.  (6)  may  also  be  written  as 

8t  +  div  =  0.  (20) 

Combining  Eqs.  (18),  (20),  (5)  and  (8),  one  can  easily  see  that  (^i ,  p,  s,  0)  with 
P  =  Pi  satisfy  the  longitudinal  wave  equation  (10).  Equation  (19)  also  shows 
that  (5j  ,  0,  0,  0)  satisfies  the  transversal  wave  equation  (9)  with  P  =  Pt  and 
Q  =  0.  The  uniqueness  of  this  splitting  can  be  proved  in  a  way  similar  to  that 
given  in  Ref.  [1]. 

As  a  final  remark,  the  corresponding  definitions  and  theorem  of  splitting  for  a 
stationary  flow  problem  can  be  deduced  from  the  above  results  by  appljdng  a 
suitable  Galilean  transformation. 


m.  Fundamental  Solution  of  C>ne>Dimensional  Longitudinal  Wave.  Inasmuch 
as  the  transversal  wave  is  not  influenced  by  compressibility  and  heat  conduction, 
it  would  be  of  interest  to  single  out  the  longitudinal  component  by  considering 
some  simple  cases  in  order  to  show  the  additional  heat  conducting  effect.  As  a 
simple  example  we  shall  first  consider  the  one-dimensional  nonstationary  flow, 
which  is  itself  longitudinal.  The  fluid  motion  with  spherical  S3rmmetry,  another 
example  of  a  flow  with  a  single  longitudinal  component,  will  be  touched  upon 
in  the  next  section.  From  these  results  one  may  obtain  valuable  information 
about  the  higher  dimensional  longitudinal  waves  which  will  occur  as  components 
in  more  complicated  flow  phenomena. 

Suppose  that  ^  is  in  the  x-direction,  equal  to  X,  and  that  both  X  and  0  are 
given  as  functions  of  x  and  t  for  all  x  and  t  >  0  and  are  zero  for  ^  ^  0.  Then 
the  resulting  flow,  if  initially  at  rest,  will  also  depend  only  on  x  and  t;  the  veloc¬ 
ity  then  has  only  one  component  u(x,  t).  In  this  case  the  linearized  equations 
(5)-(8)  become: 


p  =  «  +  «, 

(21) 

««  +  ti»  =  0, 

(22) 

u,  -  (4i»/3)u„  =  -(c'/y)p.  -f  X(x,  0, 

(23) 

6t  —  tdxs  —  (y  —  l)«l  +  t). 

(24) 
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When  the  Prandtl  number  is  assumed  to  be  f,  as  discussed  previously,  the  system 
(21)-(24)  can  be  further  simplified  by  elimination  to  yield: 

7(7  -  1)  V 


u  u»  -  -  J  [(1  +  s  I)  ^  ^  - 

UUu)  = 

L,u>)  -  ia„  +  X., 


Li(p)  =  —  c  *ni  +  7c  *x. 


KC* 


(25) 

(26) 

(27) 

(28) 


where  Li  and  Lt  are  operators: 


Li  * 


1  ^ 


Li 


d'  _  y  d 

^  kTi" 


(29) 


The  operator  Li  is  the  one  discussed  following  Eq.  (12)  (cf.  also  Ref.  1,  App.  A), 
while  Li  is  a  typical  diffusion  operator.  The  differential  equations  for  $,  u  and  s 
are  two  orders  higher  than  that  for  p. 

Two  fundamental  solutions  will  be  defined  as  follows.  They  show  the  response 
of  the  system  (21)-(24)  to  concentrated  addition  of  a  unit  amount  of  heat  and 
concentrated  action  of  a  unit  force  respectively.  More  precisely,  if 


X  =  0  and  Q  =  5(x)3(0  (i-Dirac  delta  function),  (30a) 


the  singular  solution  of  the  system,  vanishing  at  infinity,  is  the  fundamental 
solution  due  to  heat  addition,  and  will  be  denoted  by 

u  =  C7o(x,  t),  d  =  ro(x,  t),  8  =  So(x,  t),  p  =  na(x,  /)•  (30b) 

On  the  other  hand,  if 


X  =  3(x)3(0  and  «  =  0, 

the  solution  is  called  the  fundamental  solution  due  to  external  force: 


(31a) 


w  =  Ux{x,  t),  e  =  rx(x,  0,  «  =  Sx(x,  t),  p  =  nx(x,  t).  (3ib) 

For  arbitrary  fl  and  X,  the  solution  under  the  same  zero  initial  and  boundary 
conditions  can  be  represented  by 

9(x,  0  =  I'  [ro(x  -  T)Q(f,  r)  +  rx(x  -  -  t)X(^  r)]  dr  (32) 

together  with  corresponding  formulas  for  u,  p  and  «.  This  result  follows  from  the 
linearity  and  homogeneity  of  Eqs.  (21)-(24)  in  space  and  time.  This  property 
also  enables  one  to  build  up  the  solution  of  initial  and  boundary  value  problems 
by  using  these  fimdamental  solutions*.  Thus,  fundamental  solutions  represent 
typical  solutions  and  illustrate  many  features  of  the  system. 

An  integral  representation  of  the  fundamental  solutions  can  be  obtained  by 
taking  the  Laplace  transform  of  the  system  with  respect  to  t.  Let  the  Laplace 
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transform  of  /  be  /: 

/(x,«r)-  [  e-*fix,t)dt.  (33) 

«/p 

The  complex  inversion  formula  is  then 

f(x,  0  “  ^  /  «'7(x,  <r)  da  (34) 

Zwt  Jh-im 

where  the  path  of  integration  is  parallel  to  the  imaginary  a-axis  and  to  the  right 
of  all  the  singularities  of  /(x,  a).  Application  of  the  transformation  (33)  to  Eqs. 
(25)-(28)  with  zero  initial  conditions  yields: 


(36) 

where 

=  <r*(Kv  +  c*)“\  Xj  —  ^a Ik,  (37) 

There  are  similar  equations  for  t2  and  S.  By  using  the  convolution  theorem,  Eq. 
(32)  is  transformed  into 

d(x,  a)  »  r  [ra(x  -  <r)ii({,  a)  +  rx(x  -  a)X({, a)J  (38) 

The  Green’s  function  of  Eq.  (36),  defined  by 

P(x,  a)  =  G"’(x  -  t,  a)N((,  a)  (39a) 

is  known  to  be  (for  example,  Ref.  9,  p.  376) 

^‘'’(x,  a)  =  §X“i  exp  (— x}  |  x  ]).  (39b) 

If  we  denote  the  Green’s  function  of  Eq.  (35)  by  where 

e(x,  G‘*’(x  -  f,  a)M(i,  a)  d$,  (40a) 


we  can  show  that  the  factoring  of  the  operator  in  Eq.  (35)  enables  us  to  represent 
as  a  sum  of  functions  of  the  type  (7“^  (cf.  Ref.  3,  App.  A): 

G“’(x,  a)  =  i(^i  -  Xj)“‘{^r*  exp  (-X|  I  X  I)  -  xr*  exp  (-Xj  |  x  |)}.  (40b) 

By  substituting  the  values  of  M  and  N  into  (40a)  and  (39a),  then  integrating  by 
parts  the  terms  with  and  G^*^Xf ,  and  comparing  the  result  with  Eq. 

(38),  the  solutions  To  ,  T*  etc.  can  be  related  to  and  Finally,  if  we  apply 
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the  inversion  formula  (34)  to  these  expressions  for  fa ,  fj  etc.,  and  introduce 
the  nondimensional  quantities: 

z  —  If  =  C*f/K,  x'  =»  c|  X  I/k,  (41) 

we  obtain  the  following  integral  representations  for  these  fundamental  solutions: 


(42a) 


.  |(«  +  l)*c-*‘*+«“‘''  +  «-<’•>*•  j  dz, 

-  4(7^-  L  -  .-‘"'‘■■I  (42b) 

IIq  =  7^.  f  (z  +  1)"*  exp  \zt'  —  z{z  +  l)”*x'j  dz,  (42c) 

4«Tt  Jc 

(43a) 


n,  = 


7  figP 
4icirt 


f  (z  +  1)“^  exp  {zt'  —  z{z  +  l)“*x'}  dz 
t  Jc 


(43b) 


(43c) 


and  the  density  is  simply  given  by  /S  =  n  —  F.  The  contour  C  is  the  same  as  that 
given  in  Eq.  (34). 

For  general  values  of  x'  and  If  it  does  not  seem  possible  that  these  contour  in¬ 
tegrals  can  be  evaluated  in  closed  form.  However,  for  tf  either  large  or  small  these 
integrals  can  be  transformed  into  appropriate  forms  to  which  various  methods 
for  asymptotic  expansion  can  readily  be  applied.  The  detailed  calculation  is 
shown  in  the  Appendix,  and  the  final  results  can  be  summarized  as  follows: 

(a)  For  large  values  of  Z'  =  c*//*.  aU  following  formulas  are  accurate 
within  a  factor  (1  -f  0(l/<')]: 


+  t). 
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-So(x,  t) 


1/ 

(  7  \ 

-^1 

7^ 

^(.X,  t), 


(44a) 

(44b) 


UQ{x,t)  *  ^  (sgn  x)JF(x,0,  no(x,<)  ■=  |ff(x,<),  (44c) 

rx(a:,0  =  ^  2c^  x)JF(x,0,  Uxix,t)  == 


(45a) 
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-SxCx,  0  ^  (sgn  x){F(x,  /),  nx(x,  0  =  ^  (sgn  x){F(x,  <),  (45b) 

where  7(x,  0  denotes  the  function 

This  function  exhibits  the  diffusion  of  concentrated  disturbances  about  the  two 
opposite  running  sound  wave  fronts  x  =  ±c<. 

(b)  For  small  values  of  f  =  cV*>  aU  the  following  results  are  accurate  within 
a  factor  [1  +  0(<')]: 

r.(x.()  -  n.(x.<)  -  (j^)‘exp  [-£;].  (47a) 

{£f  - (b’)*}' 

0  =  f -p  [-55]  -  “P  [-&]}' 

Tz(x,t)  =  y~^y-~  Ua,  (48a) 

^^^^•‘>=(4^y“p[-s]- 

Sxix,  0  =  ^  (agn  x)  erfc  .  (48c) 

Thus  for  f  small,  diffusion  of  all  flow  quantities  is  the  main  process. 


IV.  Discussion  of  Results.  Several  interesting  points  may  be  noted  from  the 
nature  of  the  flow  field  described  by  the  above  asymptotic  formulas.  Let  us 
consider  first  the  solutions  due  to  heat  addition  il.  The  over-all  conservation  of 
heat  energy  can  be  obtained  by  integrating  Eqs.  (8)  and  (6)  over  the  domain 
—  00  <  X  <  «  and  0  ^  T  ^  <  to  yield 


dr 


(49) 


which,  for  the  case  Q(x,  0  =  6(x)4(0,  reduces  to 


for  all  f  >  0.  (50) 


This  relation  is  satisfied  by  the  above  asymptotic  formulas  for  both  small  and 
large  tf.  More  specifically,  for  small  tf  all  the  added  heat  diffuses  about  the  origin 
with  diffusivity  k.  However,  for  tf  large,  only  I/7  of  the  originally  added  heat  is 
left  to  diffuse  about  the  origin  with  diffusivity  x/y  (cf.  Eq.  44a),  while  the  rest 
(1  —  1/7)  of  the  total  heat  diffuses  about  the  propagating  sound  wave  fronts 
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X  =  with  an  effective  diffusivity  ic/2.  The  time  history  of  this  interesting 
transition  can  be  seen  rather  clearly  by  integrating  the  two  terms  in  Eq.  (42a) 
with  respect  to  x.  Write  Eq.  (42a)  as:  ro(x,  /)  =  To,  +  Fn,  with 

Fo,  =  fc(f  — 2— +  1)*  exp  {zi'  —  z(z  +  l)"*x'}  dz,  (51a) 
r--47(T‘^*i)«7c(^+7^)  ^'•exPK- WV)*,  (51b) 


where  x'  and  t'  are  given  by  Eq.  (41).  Then  for  <  >  0, 


-  fT.,dx  =  ±  f 

2Tt  Jc  z[z  +  7/(7  “  1)1 


dz 


7  - 


1,1  r  ycH  1 


Hi  =  r  Fo,  dx  =  .41*  [  evp  izt')  ^ 

JL«  *  2in  Jc  z[z  +  7/(7  -  11) 


1  1  7C  < 

- - exp 

7  7  L  (7  -  1)*J 


(52a) 


(52b) 


so  that  their  sum  is  still  unity  for  all  /  >  0.  Now  as  <  — ►  0,  — ►  1  and  Ht  — »  0. 

However,  as  <  — ♦  « ,  — >  (7  —  l)/7  and  Ht  —*  I/7.  Obviously  Fo,  is  significant 

only  for  large  t  while  Tu.  (due  to  the  operator  Li)  changes  the  role  of  diffusion 
about  the  origin  for  small  t  to  that  of  diffusion  about  the  propagating  sound 
waves  for  t  large.  The  effective  time  duration  of  such  transition  (see  Eq.  52)  is 
apparently  of  the  order  of  (7  —  1)k/(7C*)  =  to  ,  say.  It  then  becomes  definite 
for  what  we  have  meant  by  “t  large”  and  “t  small”.  These  two  stages  may  be 
defined  by  f  )§>  to  and  t  <  to  .  Thus  we  see  from  this  analysis  that  in  linear  theory 
the  sound  wave  requires  a  time,  approximately  to  ,  to  be  established;  before  that 
instant  simple  diffusion  is  the  main  process.  The  value  of  to  is  in  general  very 
small.  For  atmospheric  air  it  is  of  the  order  of  10~*  sec. 

For  other  flow  quantities  one  can  see  from  Eqs.  (47)  that  for  t  <  to  significant 
changes,  which  take  place  only  near  the  origin,  are  mainly  in  temperature  and 
pressure,  the  velocity  variation  is  negligible  while  the  density  field  builds  up  at  a 
rate  proportional  to  <*.  For  ty>  to  the  sound  wave  is  then  formed,  aroimd  which 
all  variables  share  equal  importance.  More  precisely,  near  the  sound  waves  the 
thermodynamic  variables  satisfy  the  linearized  isentropic  relations 


p  =  ys  =  — ^  e  (53) 

7  —  1 

and  the  velocity-density  relation  is  actually  the  Riemann  invariant: 

u  =  ±c«  near  x  =  ±c<.  (54) 

Equations  (53)  and  (54)  are  the  familiar  results  of  the  inviscid  acoustic  theory. 
It  is  of  particular  interest  to  note  that  near  the  origin  the  thermod3mamic  process 
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changes  from  mostly  isosteric  (constant  a)  for  <  <  ro  to  isobaric  (constant  p)  for 
t  >  TO.  This  transition,  through  which  the  pressure  waves  are  formed,  is  made  at 
the  cost  of  spending  all  the  pressure  accumulated  at  first  near  the  origin  by  con¬ 
veying  it  to  the  wave  fronts.  It  thus  leaves  a  negative  density  perturbation  to 
balance  the  temperature  field  near  the  origin  (see  Eqs.  44a,  b). 

This  result  can  be  used  to  verify  (thermod3mamically)  the  final  heat  dis¬ 
tribution*.  Since  the  process  is  isosteric  for  ^  <  ro ,  an  element  ot  instantaneously 
added  heat  AQ  will  result  in  a  temperature  increment  A$,  and  hence  a  pressure 
increment  (Ap)i ,  according  to 

AQ  =  c,ToAd  =  c,To{Ap)i .  (55) 

During  the  transition  right  after  the  heat  addition,  Ap  decreases  and  a  density 
perturbation  Aa  builds  up.  Hence  a  certain  amount  of  work  is  being  done  by  the 
fluid  near  the  origin.  The  process  being  adiabatic  after  the  heat  addition  is  com¬ 
pleted,  this  work  must  be  equal  to  the  decrease  in  internal  energy: 

=  -AW  =  -PA(p“‘)  ^  PoAa/po  =  RTo(l/y)(Ap)t .  (56) 

But  our  previous  result  shows  that  the  final  pressure  perturbation  vanishes  after 
the  transition  (that  is,  t  »  to),  we  must  have 

(Ap)i  +  (Ap),  =  0,  (57) 

which  then  leads  to 

AQ.  (58) 

7 

This  decrease  in  internal  energy  of  the  fluid  near  the  origin  must  become  the 
heat  energy  carried  away  by  the  propagating  sound  waves.  The  rest  of  the  added  / 
heat,  (1/7)AQ,  is  then  left  to  diffuse  about  the  origin.  * 

The  solutions  for  X  have  very  similar  features  in  general  with  the  important 
exception  that  the  thermodynamic  process  near  the  origin  changes  from  iso¬ 
thermal  for  /  <  TO  to  isobaric  for  t  >  to  . 

The  linearized  flow  with  spherical  symmetry  can  be  worked  out  in  a  similar 
way.  For  somplicity  we  shall  consider  only  the  flow  generated  by  the  heat  addi¬ 
tion  0(r,  t)  =  (4irr*)~’j(r  —  ro)i(0  where  r  is  the  radial  distance  from  the  origin 
and  r  *=  To  is  the  spherical  shell  at  which  the  heat  is  added.  Only  the  results  will 
be  presented  here:  the  following  formulas  are  asymptotic  for  large  values  of 
c*t/K,  with  a  factor  of  error  [1  -f  0(ic/c*0). 

=  sb  [;  S''-  '>]  •  “  sb  '>• 

and  «Q  =  Pb  —  ,  where 

t)  sz  (  ^  Y  -j-  _  g-((r+r»-««*/*«Oj 

’  \2rKt/  ' 

*  This  thermodynamic  verification  of  the  final  result  was  shown  to  the  author  by  Pro 
lessor  H.  S.  Tsien  during  their  discussion  of  this  paper. 
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-(>(r+r|)*/4«l)i 


g(r,0  = 

nni^  t\  ~  f^— ((f— r»— |  ((r— ro+«0*/J«Ol  _  (  1  \  , 

— (2«or- J  ‘ 


— ( (r— r»— « I)  *  /  J«l) 


,(..0  .erfc[(^^’]  +  -  erfo[<r±9^; 


L  2««  J  '  L  2k<  J  L  2k«  J- 
And  the  asymptotic  solutions  for  small  values  of  c*</k  are 

=  =  1  Y  [.-«'-'.>■«■»  _  e-''*'-”'*"); 

4irror  \4T>cf/ 

and  the  variations  of  sa  and  mq  are  of  0(f'*)  and  are  less  important. 

The  limiting  values  of  these  solutions  as  (i)  r©  — »  0  and  (ii)  ro  — ♦  »  are  easy 
to  deduce.  The  second  case  reduces  to  the  one-dimensional  problem  if  4irron  is 
regarded  as  the  corresponding  one-dimensional  heat  strength. 

For  flows  with  a  large  constant  velocity  at  infinity  the  equations  of  motion  can 
be  deduced  from  our  present  case  by  using  a  Galilean  transformation.  Such  a 
stationary  flow  for  the  two-dimensional  case  is  worked  out  in  Reference  [10]  with 
an  associated  boundary  value  problem. 

Appendix.  Asymptotic  Expansions  of  the  Fundamental  Solution.  The  integral 
representation  for  Fa  =  Fq,  -|-  Fq,  as  given  by  Eq.  (51)  will  be  evaluated  asymp¬ 
totically  for  V  large  or  small,  and  is  typical  for  all  the  integrals.  We  first  apply 
the  convolution  theorem  to  Eq.  (51b),  regarding  the  integrand  as  the  product  of 
[z  4-  7/(7  —  1)]~*  and  exp  [—{yz)^x'].  Then  we  have 

=  I  i  “p  ■  (^) ;  I**’- 

where  a  =  7/(7  —  l).  This  integral  representation  is  convenient  for  approxi¬ 
mating  for  either  small  or  large  values  of  f',  and  is  also  suitable  for  numerical 
computation  with  given  xf  and  tf.  In  the  integrand  there  are  two  similarity  param¬ 
eters,  xV<  and  t.  For  small  V  we  can  expand  exp  (o/'tj)  into  a  series  and  then 
integrate  termwise.  The  final  result  is 

When  tf  is  large  one  can  integrate  Eq.  (A-1)  by  parts  to  obtain  the  asymptotic 
formula: 

which  is  essentially  diffusive  in  nature. 

In  Eq.  (51a)  we  first  remove  the  branch  point  at  z  =  —  1  by  the  conformal 
transformation  f*  =  2  -|-  1.  Then  we  obtain 

p”'  =  ^ L  ^  + 7^)" -  ‘K*  -  r)} 
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where  w  =  x'/t'  =  |  x  \/{ct)  and  is  regarded  as  a  positive  real  parameter;  the 
path  Cl  may  be  deformed  in  such  a  way  that  it  starts  from  ooe~'“^  crosses  the 
positive  real  axis  and  ends  up  at  «e’“  with  t/4  <  a  <  3t/4. 

When  ^  is  large,  the  method  of  steepest  descent"  may  be  applied  to  evaluate 
this  integral  asymptotically;  the  result  will  contain  an  undetermined  parameter 
ci».  Write  /(f)  =  (f*  —  1)(1  —  to/f),  then  the  saddle  points  are  the  zeros  of 
/'(f),  i.e.,  the  roots  of  2f*  —  a>f*  —  w  =  0.  This  equation  has  one  positive  real 
root,  f  =  fo(«),  and  two  complex  conjugate  roots  with  a  negative  real  part.  Here 
fo(w)  is  the  only  relevant  saddle  point.  Then  according  to  the  method,  the 
asymptotic  value  of  the  above  integral  will  contain  the  term  exp  [f'/(fo)].  In 
this  case/(fo(u),  w)  ^  0  for  u  ^  0,  and/(fo)  reaches  its  maximum  value  (zero)  at 

=  /'W  +  -(f!  -  i)/f.  -  0. 

dfji  aw  aw 


or  fo  =  1  (fo  =  —  1  is  not  considered  since  the  contour  Ci  must  cross  the  positive 
real  axis).  When  fo  =  1,  the  condition /'(fo(M))  =  0  then  yields  «  =  1  (~x'  = 
or  X  =  ±:ct).  This  result  indicates  that  for  large  tf  (corresponding  to  vanishing 
k)  the  disturbances  represented  by  Fqj  will  concentrate  about  the  sonic  wave 
fronts  X  =  zLct,  a  fact  already  predicted  by  the  characteristics.Now  we  write 
the  exponential  function  in  (A-4)  as 

exp  {«'(f  -  1)*(1  +  f-‘)} .  exp  {(/'  -  x')(f*  -  l)/f} 

and  assume  that  |  f'  —  x'  |  is  bounded  as  t'  —*  <x>.  Then  the  path  of  steepest 
descent  Ci  passes  through  the  saddle  point  f  =  1  with 

Im  {(f  -  1)*(1  +  r‘)}  =  0 

/ 

on  Cl .  Since  most  of  the  contribution  to  the  integral  comes  from  the  neighbor-  t 
hood  of  f  =  1,  Cl  may  be  approximated  near  f  =  1  by 

f  =  {  -h  ti;  =  (1  —  ijV4)  +  iv 


together  with  the  same  approximation  for  the  functions  in  the  integrand.  Conse¬ 
quently  we  obtain 


(A-5) 


where  ff(x,  t)  is  given  by  Eq.  (46). 

For  small  values  of  tf  the  attenuation  of  physical  quantities  should  be  governed 
by  the  parameter  x'/t,  as  can  be  seen  from  (A-1).  Hence  we  first  apply  to  Eq. 
(A-4)  the  transformation  w  =  (<')V>  then  approximate  the  integral  by  as¬ 
suming  that  If  is  small  but  x'*/tf  is  of  lower  order  than  Finally  we  obtain 


To,  =  - — ;  f  exp  \w'  —  x'w/f'*}  dw[l  -f-  0(f')] 


(A-6) 
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VIBRATION  AND  STABILITY  PROBLEMS  OF  BEAMS  TREATED 

BY  MATRICES* 

By  K.  Marouerre 


1.  Introduction.  In  vibration  problems,  matrix  calculus^  is  known  in  connection 
with  the  method  of  influence-coefficients.*  The  method  of  Myklestad*  is  ap¬ 
parently  more  effective  than  the  influence  coefficient  method  for  determining  the 
higher  modes  of  vibration  of  a  shaft  of  variable  cross-section  with  intermediate 
supports  (critical  speed  of  machinery).  Myklestad’s  method,  however,  can  also 
be  interpreted  as  a  matrix  method,*  a  fact  which  greatly  facilitates  understand¬ 
ing  and  handling  of  the  procedure.  We  therefore  give  a  short  survey  of  the 
matrix  method  for  the  differential  equation  of  a  vibrating  beam,  and  for  the 
related  problem  of  the  column.*  It  turns  out  that  the  equation  for  the  eigenvalue 
appears  always  as  the  condition  that  a  second  order  subdeterminant  of  the 
governing  matrix  must  vanish  (in  the  influence-coefficient  method  the  determi¬ 
nant  is  of  the  order  of  the  number  of  degrees  of  freedom).  Amazingly,  systematic 
difficulties  arise  in  the  especially  interesting  cases  of  intermediate  rigid  supports 
or  ideal  pin  connections.  Even  if  the  supports  or  the  hinges  are  elastic  and  there¬ 
fore  can  be  taken  into  account  by  a  transition  matrix,  another  very  inconvenient 
thing  can  occur:  the  coefficients  of  the  equation  for  the  eigenvalues  appear  as 
differences  of  large  numbers.  Both  difficulties  can  be  overcome  by  introducing 
the  notion  of  a  kind  of  associated  matrix,  called  the  A-matrix,  for  which  simple 
rules  of  calculation  can  be  given. 


2.  Vibration  and  Buckling  of  Beams  Computed  by  Matrix  Methods.  Thediffer- 
ential  equations  for  the  vibration  and  for  the  buckling  of  a  uniform  beam  (m  mass 
per  unit  length,  P  axial  load)  are  well  known: 


EIw^^  —  <aiiw  =  0 


or  w 


-j^w^O 


with  \* 


c/ftt 

'W 


Ptc"  =  0 

IV  ,  X*  /f  « 

'  w  -f  —  tr  =  0 


with  X*  = 


El 


(1) 


w  denoting  the  deflection.  The  solutions  of  these  equations 

*  This  paper  was  prepared  under  the  sponsorship  of  the  Office  of  Scientific  Research 
of  the  United  States  Airforce  while  the  author  was  a  Visiting  Professor  at  Washington 
University,  St.  Louis,  Missouri. 

*  Further  details  will  be  found  in  two  Dissertations:  H.  Fuhrke,  Bestimmung  von  Stab- 
werkschwingungen  mit  Hilfe  des  Matrizencalcills,  Ing.  Arch.  23,  p.  329  (1955);  W.  Schnell, 
Krafteinleitung  in  versteifte  Cylinderschalen,  Zeitschrift  f.  Flugwissenschaften  1955.  Also: 
W.  Schnell,  ZAMM  35,  p.  296  (1955). 

*  Thomson,  Mechanical  Vibrations,  2nd  Ed.,  1953,  p.  169. 

*  Myklestad,  J.  Aero.  Sc.,  1944,  p.  153. 

‘  Thomson,  J.  Appl.  Mech.,  1950,  p.  337. 

'  The  procedure  so  far  is  not  “new”,  but  we  do  not  know  what  paper  could  be  quoted. 
Thomson,  e.g.,  J.  Aero.  Sc.  1949,  p.  623,  deals  only  with  the  special  case  that  no  transverse 
force  occurs  in  the  axially  compressed  column. 
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w  —  A  cos  X|-+BsinX|-  w  ==  A  cos  ^  ^  +  B  sin  \j 

+  CCo8hx|  +  OSinhx|  +Cj+D 

can  be  arranged  in  a  manner  such  that  instead  of  the  four  constants  A  D 
(which  have  no  obvious  mechanical  meaning),  the  deflection,  slope,  moment  and 
shearing  force  at  the  point  x  =  0  appear  as  constants  of  integration.  (For  a 
reason  which  will  readily  be  understood  from  Fig.  2  below,  we  choose  x  =  0  at 
the  rt^/iZ-hand  end  of  the  beam  and  count  x  towards  the  left.)  For  the  vibrating 
beam  the  4  mechanically  interesting  quantities  are  (see  Fig.  1) 

w,  \l/  =  w',  M  =  EI^',  and  Q  =  M' 


In  the  case  of  the  column,  instead  oi  Q  =  M'  we  have  to  use  the  combination 
V  =  M'  -{■  Pw\  because  in  the  presence  of  a  large  axial  force  P  it  is  necessary 
to  state  clearly  that  at  a  “free”  end  not  the  shearing  force  acting  on  the  inclined 
surface  disappears  but  rather  the  vertical  force  V  (perpendicular  to  P).‘ 

The  calculation  which  replaces  A  Dhy  to(0)  =  wo  ,4>o ,  Mo ,  Vo  is  elemen¬ 
tary  and  leads  to  the  following  results: 

u)(x)  =  wb  J  ^Cosh  ^  ^  +  cos  X  ^ 

+  W^(sinhX?+Mnxi) 

The  primary  quantity  of  interest  is  the  eigenvalue,  which  is  found  from  the 
condition  that  the  four  boundary  conditions  at  x  =  0,  x  =  Z  are  homogeneous 
equations  for  the  four  constants  Wo  "•  Vo.  This  leads  to  non-trivial  solutions 
only  in  the  case  that  a  characteristic  determinant  vanishes.  As  two  of  the  four 
constants  are  immediately  known  from  the  conditions  at  x  =  0,  only  two  equa¬ 
tions  need  to  be  written  down  explicitly  and  the  determinant  just  mentioned 
will  be  of  the  second  order.  We  introduce  the  following  abbreviations: 


ip(x)  =  UDo 


-f  ^zisinXp 


+  m4^^(i-c«X?)  ® 


Co  = 
Sx  = 

Co  = 

So  = 


i(Cosh  X  -f-  cos  X), 
(Sinh  X  -f-  sin  X), 

(Cosh  X  —  cos  X), 


—  (Sinh  X  —  sin  X) 


Co  =  cos  X 

)Si  =  i  sin  X 
A 

Ct  =  (1  -  cos  X), 

-Si  =  i  (X  -  sin  X) 


(3) 


*  The  simplest  proof  of  the  fact  that  V  and  not  M’  has  to  be  taken  as  the  fourth  quan¬ 
tity  at  X  ~  0  is  provided  by  the  energy  method  where  V  appears  as  the  “generalized  force" 
corresponding  to  the  displacement  w. 
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and  we  call  wQ)  etc.,  shortly  W\  etc.  Then  the  4  equations  connecting  the  4 
quantities  tci  •  •  •  with  tOo  •  •  •  can  conveniently  be  written  as  a  matrix  equation: 


w 

w 

Co  Si  Ci  Si 

= 

\*S,  Co  Si  Cl 
\*Ci\*Si  Co  Si 

1 

X  Si  X^Ci  X*(S|  Co 

to 

to 

1  Si  c.  s. 

1*  „ 

0  Co  Si  c. 

ss 

M 

El 

0  —  X  Si  Co  Si 

El 

—  V 

0  0  0  1 

[El 

1 

El 

(4) 


or 


(R 


{tcjo  I  {u>}i  = 

(40 


X  {ti’io 


{ti?)  denoting  the  column-matrix  with  the  four  “components”  of  equal  dimension 
wi  =  w,  wt  =  Wi  =  ^  7  (4*') 


The  two  matrices  transforming  {u>}o  into  {ipji  are  called  (R  =  [iB*]  and  X  —  [iiCa], 
the  first  in  honor  of  Lord  Rayleigh  who  introduced  the  combinations 
Cosh  \x/l  -f  cos  \x/l  etc.  into  the  solution  of  Eq.  (1). 

The  matrices  (R  and  X  are  s}munetrical  with  respect  to  the  cross  diagonal 
(“cross-symmetrical”).  Their  determinant  is  1,  and  the  reciprocal  matrices  (R~\ 
3C“^  are  identical  with  (R,  X  themselves,  their  elements,  however,  taken  with 
alternating  signs.  This  means  mechanically  that  the  transition  from  the  point 
“1”  to  the  point  “0”  has  the  same  matrix  as  that  from  “0”  to  “1”  except  that, 
obviously,  the  signs  of  ^  and  V  are  reversed. 

The  sense  of  the  matrix  notation  is  that  for  an  n-section  beam  (see  Fig.  2) 
Eq.  (4)  in  a  simple  manner  can  be  generalized :  If,  instead  of  using  1,  and  Eli  of 
every  field  for  the  definition  of  the  vector  {to},-  we  introduce  two  quantities  I 
and  El  “of  reference”  say  lo ,  EIo ,  the  condition  of  continuity  of  w,  yj/,  M,  V  at 
the  points  (!',  2),  (2',  3)  etc.  yields  the  continuity  of  the  “vector”  (to).  If,  there¬ 
fore,  with 


(5) 


we  write  Eq.  (4)  in  the  generalized  form 


Co  0Si  ^Ci 
a 

1 

pSi  ^Ci^S, 
a  a 

lx's,  C.  is. 

fl*  ^ 
-Cl 

a 

{«;}< 

{mj}.'  = 

0 

Co  ^  Si  ^  Cl 
a  a 

|x‘c,  |x‘s.  c. 

fiSi 

0- 

^X*Si  Co  pSi 
p 

|x‘s.  |x‘c.  ix‘S. 

Co 

i 

0 

0  0  1 

/ 


* 


(50 
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Fig.  3,  give 


Therefore,  the  equation  for  the  eigenvalue  is  obtained  from  the  condition  that 
the  determinant  of  the  two  equations 


must  vanish: 

Pu  Pu 
Pu  Pu 

For  a  =  (R  and  G  =  3C  we  find,  for  instance. 


c. 

c. 

s. 

=  0  or  tan  X  =  Tanh  X 

=  0  or  tan  X  ■=  X 

Co 

Si 

Co 

Si 

For  a  beam  with  many  sections,  the  transition  conditions  are  automatically 
fulfilled  by  the  matrix-notation.  Thus,  independently  of  the  number  of  sections, 
of  the  presence  of  elastic  supports,  and  also  of  the  order  of  the  eigenvalue,  the 
characteristic  equation  is  always  a  determinant  of  the  second  order.  Their  roots 
are  determined  by  substitution  of  estimated  eigenvalues  in  the  region  of  interest, 
e.g.,  in  the  neighborhood  of  the  angular  speed  of  machinery  (Holzer-Myklestad). 

We  note  that  the  matrices  (R  and  JC  can  be  generalized  to  cover  shear  deforma¬ 
tion,  or  rotatory  inertia  of  the  mass  n,  or  elastic  foundation,  etc.  As  to  the  vibrat¬ 
ing  beam,  the  first  two  generalizations  were  given  by  Fuhrke,’  but  the  formulas 
are  rather  complicated  for  practical  applications.  Elastic  foundation,  on  the 
other  hand,  offers  no  difficulty  [Eq.  (4)  remains  unchanged  but  an  —  {Elt/\*) 
+  K,  where  K  denotes  the  elastic  constant  of  the  foundation].  For  the  column, 
an  elastic  foundation  is  rather  awkward,  but  is  fortimately  without  practical 
interest  if  the  length  of  the  beam  is  larger  than  half  the  wave  length.  Shear 
deformation  of  the  column  (which  must  be  taken  into  account  for  beams  of 
the  sandwich  t3q)e)  changes  X.  into 

1  (1  +  X*f)5i  (1  +  X*f)Cj  (1  -f  X*f)  (St  —  {'Si) 

0  Co  Si  (i  +  x’rtc, 


(1  +  x’r)Si 


0  0 


’  loc.  eit. 
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with 


r  = 


El 

GA,P 


(il,  =  shear  area)  and  P  = 


X*  Er 
1+  X*f  P 


(4.) 


3.  Matrices  for  Points  of  Discontinuity:  Supports,  Single  Masses,  etc.  If 
the  structure  contains  concentrated  suppctrts,  concentrated  masses,  pin  con¬ 
nections,  and  the  like,  the  procedure  does  not  change,  but  special  matrices  are 
to  be  defined  for  such  points.  An  elastic  support  k*  and  a  mass  m  have  the  same 
kind  of  effeet  on  the  column  matrix  {w}:  the  first  three  components  remain 
continuous  and  V  jumps  by  an  amount  proportional  to  w.  In  the  same  manner, 
a  rotational  spring  k  and  the  moment  of  inertia  6  of  a  mass  makes  M  jump  pro¬ 
portionally  to 4'-  If  Tk  stands  for  (k*  —  ma)  {^/EIo),  Tu  for  {k  —  Qu){k/EIo) 
one  gets 


with 


{wji+i  =  S 


{«’}.• 


S  = 


1  0  0  0 

0  10  0 

0  r*  1  0 

-Ty  0  0  1 


(8) 


(80 


At  a  pin  connection  M  is  continuous,  but  4^  is  not.*  If  we  introduce  the  influence 
number  X  (reciprocal  to  an  internal  spring  constant)  and  call  (EIo/k)h  =  h 
the  matrix  is 


10  0  0 
0  1  /i  0 

0  0  10 

0  0  0  1 


(9) 


We  note  that  two  other  special  matrices  may  be  of  interest:  for  the  vibrating 
beam  we  define  an  “elastic  matrix”  8  for  those  parts  of  the  beam  where  the  mass 
is  comparatively  small  (8  =  dWo),  and  for  the  column  we  introduce  a  matrix 
£  for  the  rigid  parts  between  two  elastic  hinges  (£  = 


1 

/3 

a 

a 

1 

0 

0 

0 

1 

S 

£  = 

0 

1 

0 

0 

a 

a 

0 

-p/3 

1 

/3 

0 

0 

1 

P 

0 

0 

0 

1 

0 

0 

0 

1 

(10) 


*  The  case  of  discontinuity  of  w,  being  of  less  practical  interest,  is  not  discussed  here. 
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The  matrices  S,  K,  8,  JC  with  p  =  P^/EIo  are  useful  not  only  for  beams  where 
such  special  points  occur  but  also  for  the  approximate  calculation  of  beams  which 
in  reality  are  continuous,  for  the  transcendental  matrices  (R  and  X  are  rather 
intricate  as  long  as  no  special  tables  for  the  functions  iSi ,  Ci  •  etc.  are  avail¬ 
able.  And,  as  stated  in  2,  they  get  even  less  handy  if  shear  deformation,  etc. 
should  be  taken  into  account.  In  many  cases  it  may  therefore  be  advantageous  to 
replace  the  continuity-matrices  by  discontinuity-matrices:  for  8  with  shear  de¬ 
formation,  only  one  term  is  changed  - 

Eu  from  i/3* /a  to  (/3* /a)(i  —  f)  with  f  =  EI/GAj^  (10') 

A  suitable  number  of  matrices  S  (with  Fj#  =  0,  Fk  =  A:  =  k*t^/EIo)  may  re¬ 
place  elastic  foundations,  and  the  matrices  3C  and  £  permit  the  approximate 
treatment  of  columns  as  83^em8  with  a  finite  number  of  degrees  of  freedom.  In 
such  cases  hi  is  defined  by  {l/EI)i  and  the  pin  connection  is  located  in  the  middle 
of  the  piece  of  length  U . 

4.  Systemization  and  Simplification  of  Calculations  by  use  of  “A-Matrices”. 
The  matrix  edifice  briefly  described  in  the  last  sections  has  one  weak  spot.  It 
cannot  be  used  without  additional  considerations  for  the  especially  interesting 
limiting  cases  F  — >  « ,  h  — ♦  » ,  that  is  for  systems  with  rigid  supports  or  ideal 
hinges.  To  illustrate  this  problem,  consider  the  example  of  Fig.  5.  In  this  instance, 
the  equation  for  the  eigenvalue  is 

B\,Aa  —  kBuAti  Bif,A^  —  kBuAu 

=  Cok* cik  +  a  (11) 

Btr  Apt  —  kBnAit  BtnA/ii  —  kBuAu 

(Summation  over  the  repeated  indices.)  If  we  carry  out  the  calculations  of  the 
coefficients  c,- ,  it  appears  that  co  =  0,  and  that  half  of  the  sixteen  Ci-products 
and  eight  of  the  thirty  two  cj-products  vanish.  In  numerical  computations,  there¬ 
fore,  the  highest  power  of  A:  is  multiplied  by  a  small  number  (actually  0),  and  if 
k  is  large  this  leads  to  considerable  numerical  errors;  furthermore,  the  especially 
simple  case  of  rigid  supports  (k  =  <» )  is  numerically  unsolvable  by  direct  calcula¬ 
tion  in  this  way.  One  is  obliged  to  transport  k,  h,  etc.  as  parameters  throughout 
the  whole  calculation,  an  obviously  very  inconvenient  procedure. 

The  difficulties  thus  arising  can  be  overcome  by  a  device  that  makes  the  calcu¬ 
lation  of  the  final  determinant  more  straightforward.  We  arrange  the  thirty  six 
(2  X  2)  subdeterminants  of  a  (4  X  4)  matrix  again  into  a  matrix  scheme’,  in 
other  words  adjoin  to  the  4X4  matrices  G,  (B  the  6X6  “Armatrices”, 

It  then  can  be  shown’®  that  the  well-known  scalar  equation 

I  ©ft  I  =  I  ®  1 1  a  1 

for  any  two  m  X  m-matrices  can  be  generalized  to  the  matrix  equation 

*  Fuhrke,  loc.  cit.  p.  335. 

A  proof  is  given  in  the  thesis  of  Fuhrke  [footnote  1]  who  first  introduced  this  idea  into 
calculations  of  that  kind.  The  mathematical  lemma  itself,  as  we  found  out  recently  is  well 
known,  s.e.g.  Hasse:  Aufgabensammlung  zur  Hoh  Algebra,  Goschen  Nr  1082,  p.  67. 
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(12) 


valid  for  any  subdeterminant  “A”  of  order  ^m.  This  means  that  the  process  of 
passing  to  the  determinant  can  be  anticipated  and  it  turns  out  that  by  this  pro¬ 
cedure  the  terms  finally  cancelling  out  do  not  appear  at  all.  Thus,  fewer  terms 
need  to  be  calculated,  and  the  differences  of  large  numbers  cannot  occur. 

The  process  of  adjoining  the  A-matrix  to  the  original  matrix  is  to  a  certain  ex¬ 
tent  arbitrary.  We  adopt  the  following  simple  “dictionary”-rule  for  coordinating 
the  combinations  of  rows  and  columns  of  G  to  the  rows  and  columns  of  g‘”: 
The  combinations 


12  13  14  23  24  34 
are  called  1  2  3  4  5  6 


(120 


i.e.. 


/111  = 


A-iiAtt 
Ail  An 


All  An 

A  tiAn 


jW  _ 
•Ah  — 


AiaAu 

-4  41.^44 


etc. 


With  the  theorem  (12)  the  problem  Fig.  5  can  now  be  restated  as 


0  =  (fflSa)^'  =  ((b‘”s”’g‘”)» 


or 


1  0  0  0  0  0 
0  1  0  0  0  0 
0  0  1  0  0  0 
0  0  0  1  0  0 
fc  0  0  0  1  0 
_0  fc  0  0  0  1 

BiUiV  +-mVAiV  +  BiVAiV)  =  0 


\ 

MV  -1 

A^iV  . 

^  •  •  • 

An 

AiV  • 

AlV  • 

AiV  • 

(13) 


(Only  the  explicitly  written  matrix  elements  need  be  calculated.)  Here  the  case 
k  =  00  offers  no  difficulty:  for  3  rigid  supports  we  have 


Bn^i)A^  =  0  p  =  1, 2  (14) 

Accordingly  we  get 

f5i(4+T)CT{4+#)B»(4+#)4p4  =  0  T,  <r,  p  =  1,  2 

for,  e.g.,  five  supports.  This  formula  can  be  derived  from  a  formula  analagous  to 
(13)  with  A:  =  00 ,  and  dividing  by  k  throughout,  i.e.,  writing 

0  0  0  0  0  o' 

0  0  0  0  0  0 

0  0  0  0  0  0  ^  (,) 

0  0  0  0  0  0 

1  0  0  0  0  0 

0  1  0  0  0  0 

instead  of  between  the  g”\  •  •  •  (“r”  =  rigid). 

The  difficulty  mentioned  in  discussing  Eq.  (11)  is  an  example  of  a  very  general 
statement:  If  one  calculates  a  product  •  •  •  DCfflQ,  every  element  ,  f,x  of  the 
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matrices  •  •  •  C,  ®  appears  in  every  element  of  the  product.  These  elements  are 
therefore  squared  when  we  build  the  final  determinant.  But  from  (12),  most 
generally,  it  is  seen  that  the  final  determinant  is  a  linear  function  of  all  the  con¬ 
stituent  elements.  This  means  that,  since  the  factors  of  fa  *  *  *  never  disappear 
exactly  in  numerical  computations,  any  large  value  fa  compromises  the  accuracy 
of  numerical  work. 

If  the  boundary  conditions  of  a  problem  are  to  be  specified  in  advance,  the  final 
A-matrix  can  be  regarded  as  a  scheme  where  each  element  provides  the  solution 
for  a  special  combination  of  boundary  conditions.  Obviously  not  all  combinations 
are  mechanically  possible;  M  =  0  contradicts  if'  =  0,  and  so  do  F  *  0  and  w  = 
0.  The  remaining  elements  are  illustrated  below,  the  boundary  conditions  being 
s3nnbolized  in  the  order:  end-  1)  clamped,  2)  hinged,  3)  clamped  but  not  pinned, 
4)  free. 


Ih-  11  12  15  16 

£“  21  22  25  26 

E-  51  52  55  56 

—  61  62  65  66 


1.  h.  end 


h.  end 


(15) 


The  other  elements  of  the  Armatrix  are  necessary  for  the  computation  of  those 
indicated  if  products  of  several  Aj-matrices  have  to  be  considered. 


6.  List  of  A2*Matrices.  To  apply  Armatrices  for  practical  purposes  one  needs  / 


such  matrices 

.  Such  a 

list  is 

given  here: 

J(C'o  +  1) 

sr 

c? 

c? 

St 

i(l-c 

»)x4 

Co* 

-s,* 

-Sx* 

2C? 

St 

-\*ct 

-X‘5? 

KCo*+  i)i(c 

* 

0  “ 

1) 

St 

ct 

-xV? 

-X*5,* 

|(Co*  - 

0*  + 

1) 

St 

ct 

-\*st 

-2X'C,* 

-x's? 

■x's? 

ct 

St 

ix\i  -  Co*) 

-x'c?  - 

•xV? 

- 

-\*st 

i(C'o  + 

1) 

Co 

-S, 

c, 

Ct 

St 

ct 

— X*<Si 

Co 

Sx 

Si 

Si 

St 

0 

0 

1 

0 

Si 

Ct 

0 

0 

0 

1 

Si 

Ct 

0 

0 

0 

0 

Co 

Si 

0 

0 

0 

0 

-x*s, 

c« , 

(16) 
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with — in  (R”' — 

Co  =  Cosh  X  cos  X  =  1  ~  V^)*  +  •  •  * 

4! 

5*  =  ^  (Cosh  X  sin  X  +  Sinh  X  cos  X)  *  -r.  ~  +  •  •  • 

2X  1 !  5 1 

Ct  =  Sinh  X  sin  X  =  ^  ‘ ' 

<S*  =  ^  (Cosh  X  sin  X  —  Sinh  X  cos  X)  =  2  (X\/2)*  +  *  *  *  )  (16') 

4X*  \3 1  7 !  / 

and — in  3fC**’ — Co  ,  Si,  Co,  8%  as  before  and 
(S?  =  ^  (sin  X  —  X  cos  X)  =  ^  (Si  —  Co) 

A  A 


Cf  =  ^  (2(1  —  cos  X)  —  X  sin  X)  =  ^  (2Cf  —  Si) 


If,  for  a  beam  of  many  sections,  the  quantities  a,  from  Eq.  (5)  ought  to  be 
introduced  (see  Ekj.  (5'))  the  elements  of  the  matrices  (16)  must  be  multiplied 
element  by  element  by  the  scheme 


“  1 

a  1 

T3*  /3 


a  a  a 


i  ^  ^  ^  ^ 

a* 

a 


^  1  ^  /3  /3* 

P 


“ill 

^  /3*  /3  (8 


1  1  i8 

1  1  0 

1 


a  a  a  a  a 

^  ^  ^  is 


(16") 


The  functions  for  the  vibrating  beam  are  essentially  the  functions  of  Hohenemser 
and  Prager,“  slightly  modified  in  the  light  of  their  new  interpretation.  The  sym¬ 
bols  are  altered  according  to  the  fact  that  the  four  functions  can  be  interpreted 
as  Rayleigh-functions  of  the  argument  (1  +  i),  (Co8h(l  -f-  t)X  -f  co8(l  +  t)X  = 
2  Cosh  X  cos  X  etc.).  The  well-converging  series  maybe  helpful  for  numerical  com¬ 
putations. 

The  matrices  and  are  cross-symmetrical,  and  from  an  interpretation 
of  the  matrices  as  schemes  of  influence-numbers  it  can  be  seen  that  the  equalities 


"  Dynamik  der  Stabwerke,  Berlin  1933,  p.  127. 
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An»  =  A„t{n  =  1,  2,  5,  6)  Azm  =  =  1,  2,  5,  6)  are  the  consequences  of 

Maxwell’s  reciprocity  theorem  (see  7). 

The  Ai-matrix  for  supports,  or  for  concentrated  masses  is  (see  Eq.  8'): 


Furthermore 


S»> 


1  0  0  0  0  o' 

Tjr  1  0  0  0  0 

0  0  1  0  0  0 

0  0  0  1  0  0 

Ty  0  0  0  1  0 

rvTj,  Tr  0  0  r„  1 


1  yi  0  0  0  0 

0  1  0  0  0  0 

0  0  1  0  0  0 

0  0  0  1  0  0 

0  0  0  0  1 

0  0  0  0  0  1 


(17) 


(18) 


and 


= 


1 

0  1  /3 

0  0  1 

0  0  0 


|8  ^ 

0  /3 

1  ^ 


^(i  +  r) 

a 

I 

2a 

I 

2a 


0  0  0  0 
0  0  0  0 


a 

0  1 


-p/3 


0 

0 


0  0  0  0  0 

1  /3  ^  /3*  0 

0  10/80 
0  0  1  /3  0 

0  0  0  1  0 

0  0  0  -p/3  1^ 


(19) 


In  the  case  of  the  vibrating  beam  with  no  distributed  mass  [(R”^  8‘”],  and  also 

for  the  column  considered  as  a  chain  of  rigid  bars,”  it  may  be  useful  to  give  the 
matrices  which  combine  s”’  and  8®,  or  JE”’  and  (written  for  convenience  as 


Some  information  about  this  idea  can  be  found  in  Biezeno-Grammel,  “Technische 
Dynamik**,  Ist  ed.,  pp.  172,  509. 


VIBRATION  AND  STABILITY  PROBLEMS  OF  BEAMS 


39 


the  sums  of  matrices): 

!0)c«)  o(« 


S' 'S 


+  r, 


8'*'  + 


0 

0 

0 

0 


+  r, 


0 

[Ex 

0 

0 

0 


+  r^r, 


0 

0 

0 

0 

0 

[E^j 


3C 

U) 

= 

fl 

h 

0 

0 

0 

0 

'  0 

0 

1 

/3 

|3 

[^il 

0 

0 

1 

0 

-p/3 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

h 

0 

0 

0 

0 

0 

0 

1  ^ 

[H,l 

(20) 


[E: 


•  [/fi]  etc.,  indicate  the  first,  •  •  •  fifth  row  of  the  8'*^-,  JC^”-matrix.  Note 
the  simplifications  that  come  with  Fr  =  <»  etc.  and  which,  as  in  the  example  (14), 
can  most  generally  be  introduced  before  the  start  of  numerical  computations. 

In  the  especially  interesting  case  of  k*  =  k  =0  and  of  masses  with  negligible 
moments  of  inertia  (Fr  =  —mul^/EIo  ^  —  9,  — ♦  91l”’)  the  product  s‘*’  8 

simplifies  so  that  we  have  two  formulae  analogous  to  each  other: 


O) 


=  8^*^  -  q 


i  0 

f  0  1 

0 

m 

0 

0 

=  8^*’  -  p/3 

0 

0 

[Ex] 

0 

l^.]. 

(20') 


8^r,  explicitly  given  in  (20),  is  a  degenerated  matrix  8^”,  all  bending  elasticity 
being  concentrated  at  the  right-hand  end;  8^*\  naturally,  is  not  cross-symmetri¬ 
cal. 

The  formulae  (20')  show  that  for  simple  chains  of  n  concentrated  masses  or  n 
rigid  columns  the  equation  foT  the  eigenvalue  can  immediately  be  written  down 
as  an  equation  of  the  n-th  order,  the  coefficients  being  products  of  matrices 
which  do  not  contain  the  eigenvalue  and  therefore  (contrary  to  the  case  of  the 
trancendental  matrices)  need  be  caluclated  only  once. 


6.  An  Example.  To  illustrate  the  procedure  based  on  (20)  we  calculate  the 
Euler-load  for  a  hinged-hinged  column  which  we  replace  by  a  chain  according  to 
Fig.  6.  We  take  equally  spaced  hinges,  o  =  l/n,  h  =  a/EI,  and  make  the  distance 
between  the  first  hinge  and  x  =  0  equal  to  a/2.‘*  U  =  a  and  Eh  =  El  are  length 
and  stiffness  of  references.  For  reasons  of  symmetry  we  need  regard  one  one-half 
of  the  beam,  say  between  0  and  1/2.  The  boundary  conditions  for  the  product- 
Ai-matrix  are  then  “55”,  because  on  the  left-hand  side  tcj  and  Wx  are  zero,  and 
on  the  right-hand  side  wx  and  Wt  are  unknown.**  The  calculation  runs  as  follows: 

**  For  our  purpose  there  is  no  advantage  in  using  different  values  of  A  as  discussed  in 
Biezeno-Grammel,  pp.  172,  512. 

“With  this  formulation  the  hinge  i  0  is  regarded  as  “the”  boundary  (condition: 
Af  ~  0),  and  between  this  point  and  the  first  hinge  with  h  we  have  the  matrix  £(a)  (19). 
But  the  same  result  of  course  comes  out,  if  one  regards  the  hinge  z  —  0  as  a  part  of  the 
beam  (take  now  (20')  with  A  »  «  instead  of  (19)),  and  formulate  as  boundary  conditions 
the  fact  that  Af  —  V  0  immediately  right  of  z  ~  0.  Then  the  boundary  conditions  of  our 
problem  would  be  “56”.  This  second  interpretation  is  very  useful  in  many  cases,  e.g.,  for 
elastically  hinged  beams,  but  here  it  is  more  convenient  to  stay  with  the  first  one. 
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We  multiply  the  matrices  from  the  left  to  the  right,  starting  with  the  fifth  row 
of  the  At-matrix  for  the  piece  in  the  middle  of  the  length  a/2.  From  (20)  it  is  seen 
that  this  row  is  simply  [0,  0,  0,  0,  1,  A);  p  *=  Pc^lEI  does  not  appear  because  this 
piece  lies  in  the  direction  of  P.  The  product  of  this  row  with  the  next  matrix 
(20)  [a  =  1,  /3  =  1]  gives  a  new  fifth  row  [0,  0,  0,  0,  1,  2h]  —  pA[0,  0,  0,  0,  1,  A] 
the  next  step  leads  to  another  fifth  row. 

[0,  0,  0,  0,  1,  3A]  -  pA[0,  0,  0,  0,  3,  4A]  +  (pA)*[0,  0,  0,  0,  1,  A] 

etc.  The  last  step  would  be  multiplication  by  the  fifth  column  of  JC^*\l9)  (with 
0  =  ^),  i.e.,  multiplication  of  the  fifth  element  by  1,  of  the  sixth  element  by 
—  p/2.  With  2  standing  for  pA  we  thus  get  the  following  equations  for  n  (number 
of  hinges)  =  2,  4,  6,  8,  10: 


n  =  2 

1  -  i2  =  0 

n  =  4 

1  -  22  -1-  I2*  =  0 

n  =  6 

1  —  i  z  32*  J2*  =  0 

n  =  8 

1  —  82  -f"  IO2*  —  42*  "b  J2  =0 

0 

II 

1  —  ^  2  -f  252*  —  -|-  oz*  —  ^2®  =  0 

The  reasons  for  writing  down  these  equations  is  to  show  that  their  solution  offers 
no  difficulty,  because  from  3  terms  a  very  good  first  approximation  can  always  be 
found.  The  numerical  results  for  Pf /El  =  n*2  are: 


11-2 

4 

6 

8 

to 

first  approx. 

8 

9.38 

9.77 

9.92 

10.0 

converging 

final  value 

8 

9.38 

9.65 

9.77 

9.80 

to  T*  -  9.87 

If  one  wishes  to  avoid  trancendental  equations,  and  if  a  rough  estimation  is  suffi¬ 
cient,  this  procedure,  taking  only  a  few  hinges,  may  be  satisfactory,  especially  if 
the  eigen-shape  does  not  contain  inflection  points. 


7.  Inhomogeneous  Equations.  The  A-matrix  notation  is  very  convenient,  not 
only  for  determining  eigenvalues,  but  also  for  the  calculation  of  deflection  under 
lateral  loads  (forced  vibrations,*®  column-beam  problems).  The  example  Fig.  7 
where  (P  stands  for  the  product  of  the  matrices  •  •  •  (BG  may  illustrate  this  fact. 
At  the  right-hand  end  a  moment  M  =  Eh/ftWz  and  a  vertical  force  V  = 
(EIo/l*)  ©4  may  act.  The  left-hand  boundary  conditions  may  be  specified  by  any 
of  the  possibilities 

m,  n  12  13  24 

r  1  2  6 

•I -  A  Z - 

then  from  0  =  PmiWo  -f  Pmtloh  +  Pm 
0  =  —P  +  P  +  Fii; 


34 

6 

"f*  Fm4®4 
O3  -f-  F«4  ®4 


“  Fuhrke,  loc.  eit. 
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there  follows 


>(*) 


— /o^o  =  — /i®*  + 


Pw 

rl 


(J) 


Piv  *  '  Piv 


®4 


(22) 


The  coefficients  of  ®i  and  IP4  are  influence  coefficients  for  displacement  and  ro¬ 
tation  at  the  free  end.  From  Maxwell’s  theorem  it  follows  that 

Pir  =  PiV  (23) 

as  announced  above^*\  In  the  case  of  Fig.  8,  e.g.,  the  calculation  of  the  elements 
P'rV  gives 

'  0 
0 

(p"’  =  =  (b‘*’  I  ® 

Uil 

[A,] 


>(*) 


B[Va[V  +  BWAiV,  Pir  =  BiVAW  +  B[VAi\\ 


Pir  =  B[VA[V  +  etc. 


(24) 


a  procedure  which  may  prove  to  be  useful  even  for  mere  statics  (Cl'  ffl'  — ►  S'  ')• 
In  the  more  general  case  of  a  force  acting  at  an  intermediate  point,  i,  t  +  1 
(e.g.  Fig.  9)  we  get  (again  with  (P  =  (BCl) : 


“M^(0)  =  p(»)  (PaB» 

t  ij 


PnBu)  =  p(j)  (BtVAti  +  B^VAtx  +  Bir-da) 

•r  It 


F  F 

—  ’pit)  (PnBu  —  P^Bm)  =  ^(j)  (Bir^^u  +  Bii'-dn  +  Bje'-dji) 
i  11  tit 


(25) 


tPco)  tlifl'iO)  being  known  the  calculations  of  any  value  wix)  •  •  •  V(x)  offers  no  diffi¬ 
culty.  Note  that  rigid  supports  are  included  in  (25),  if  we  divide  by  k  throughout 
and  put  fc  =  00 . 


8.  Use  of  A'Matrices  in  Computational  Work.  The  use  of  A-matrices  is  obvi¬ 
ously  profitable  if  the  equation  for  the  eigenvalue  can  be  written  in  general 
terms;  for  an  elimination  in  advance  of  unnecessary  terms  is  clearly  very  ad¬ 
vantageous.  The  advantage  of  the  matrices  is  less  pronounced  if,  for  rather  com¬ 
plex  problems,  only  numerical  procedures  can  be  used.  It  can  easily  be  seen  that, 
e.g.,  the  number  of  multiplications  necessary  for  the  computation  of  the  final 
determinant  is  as  follows: 

Armatrices  matrices 

,  .  (26) 
t)*(n  -  2)  -f  6  =  36(n  -  2)  -|-  6  4*(n  -  2)2  +  4-4  -  32(n  -  2)  +  16 
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and  it  is  obvious  how  simple  matrix  multiplication  now  gets.  Two  fields  lead  to 


cos  Xt/3i 


sin  Xi 


+  cos  Xi/3j 


sin  Xj 
Xi 


0 


or 


+  4  =  0  with  ti  =  /3. 

At 

In  the  case  of  3  fields  we  find 

(X  X  ftXi  .  .  .  .  N  -  sin  Xi 

cos  X|  cos  Xi  —  sm  Xa  sin  Xi  1  — — - 

PtXi  /  Xi 

-f-  ^cos  Xi  /3i  — ?  +  /3|  — ?  cos  Xi^  cos  Xi  or  +  <i  +  <a  = 

In  the  case  of  4  fields  the  result  can  be  written  as 

^1  +  ^i  +  +  ^)  +  4*  ^  etc. 

An  analogous  simplification  is  feasible  for  the  cantilever-column  (1st  Euler 
case) :  V  being  zero,  and  w  without  influence  as  long  as  only  one  point  is  fixed, 
the  matrix  (4)  reduces  to 


-  0  sin  X 

cos  X  - 

a  X 

— ?  X  sin  X  cos  X 

El 

1 

Eh 

Technische  Hochschule 
Darmstadt,  Germany 
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80  that  for  n  >  4  the  Aj-matrices  require  slightly  more  computational  work  than 
the  direct  way.  But  this  difference  is  over-compensated  by  the  fact  that  the 
“A”-way  involves  no  dangerous  differences  of  large  numbers.  And  fdr  very  large 
values  of  n  a  combined  procedure  can  be  used:  at  parts  of  the  beam,  where  no 
highly  concentrated  masses  or  stiffnesses  act,  the  ordinary  matrix  multiplication 
is  used.  But  for  the  connection  of  these  parts  over  stiff  supports,  large  masses, 
etc.,  the  Aj-matrices  should  be  used  to  avoid  the  inaccurate  differences. 

The  mixed  procedure  which  in  the  case  of  a  4  X  4  matrix  problem  is  remunera¬ 
tive  only  for  very  large  values  of  n,  becomes  a  necessity  for  problems  of  higher 
order.  If,  for  example,  bending  and  torsion  are  coupled,  the  governing  differential 
equation  is  of  the  sixth  order,  and  the  resulting  matrix  therefore  of  6  X  6  order. 
As  three  boundary  conditions  ought  to  be  fulfilled  at  both  ends  of  the  beam,  we 
are  interested  in  determinants  of  the  third  order.  But  a  6  X  6  matrix  has  20  X  20 
subdeterminants  of  the  third  order  (A^’-matrix;  generally:  an  m  X  m  matrix 

has  subdeterminants  of  the  A***  order),  and  therefore  the  number  of  multi¬ 
plications  increases  very  rapidly,  e.g., 

20*(n  -  2)  -H  20  vs  3-6*(n  -  2)  +  6-9  (27) 

The  procedure  should  therefore  be  as  follows:  Calculate  q}*\  (B^*\  etc.  for  every 
“field”  in  the  normal  way  with,  of  course,  only  those  elements  which  are  needed 
for  the  actual  boundary  conditions;  then  multiply  these  matrices,  intercalating 
the  S^*’-matrix  for  the  supports.  If  there  are  rigid  supports,  the  -matrix  is 
highly  degenerate  so  that  fewer  multiplications  occur  as  Eq.  (27)  indicates.** 

9.  Conclusion.  This  paper  shows  that  matrices  are  very  useful  for  the  exact 
calculation  of  eigenvalues  of  vibrating  and  buckling  beams  with  varying  cross- 
section  and  intermediate  supports.  It  further  shows  how  calculations  can  be 
made  shorter  and  safer  by  introducing  auxiliary  matrices,  called  A-matrices.  A 
listing  of  all  matrices  eventually  of  interest  for  such  calculations  is  also  given. 

10.  Appendix.  Matrix  Solution  for  an  n-Section  Beam.  In  the  special  case 
of  the  hinged-hinged  beam  (2nd  Euler  case),  the  calculation  of  an  n-section 
column,”  a  typical  matrix  problem,  can  be  simplified  by  starting  with  the 
equation 

Elvf  +  Pw  =  0 

instead  of  (1).  The  matrix  formula  analogous  to  Eq.  (4)  is 

cos  X 
X  sin  X 

~ir~ 

“  An  example  of  frame  vibrations  evaluated  in  the  above-mentioned  thesis  of  Fuhrke 
(IiiK.  Arch.  1956)  shows  that  the  Ai-matrices  can  be  of  practical  value. 

”  Thomson,  Jour.  Appl.  Mech.  1950,  p.  132  avoids  the  much  handier  matrix  notation. 
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of  a.  If  after  a  has  reached  a  certain  value,  unloading  takes  place,  Eq.  (2.1)  is 
no  longer  valid  and  a  linear  relation  is  found  to  exist  between  a  and  e;  the  ratio 
of  the  differentials  of  stress  and  strain  is  constant.  For  a  complete  unloading  the 
specimen  displays  a  permanent  extension  given  by  OQ  in  Fig.  1.  Thus  for  simple 
tension  (or  compression)  the  governing  stress-strain  relations  for  the  stress 
theory  of  plastic  flow  are,  for  loading  and  unloading  respectively, 

dv  =  3Go  dt  —  (3aic  5atc*  -j-  •  •  •  )tdt  (2.2) 

da  “  3Go  d«  (2.3) 

where  Eq.  (2.2)  is  the  differential  form  of  Eq.  (2.1). 

A  possible  method  of  estaUishing  an  analytic  loading  criterion  in  terms  of 
strain  is  as  follows:  under  tension  de  >  0,  under  compression  de  <  0,  under 
either  ede  =  d((*/2)  >  0.  A  somewhat  more  convenient  form  can  be  obtained 
by  changing  Eq.  (2.2)  to 

da  “  3Go  de  —  (6ie  -(-  6j«*  +  •  •  *  )(«  *t*  e*  -h  *  •  *  )  de  (2.4) 

where  Ih  =  3oi ,  6i  *=  5a*  —  3oi ,  etc.  Here 

(€  +  e*  +  •  •  •  )  de  =  d(eV2  +  eV4  +•••)>  0 

can  serve  as  the  loading  criterion.  For  unloading,  when  d(e*/2  ■+■  e*/4  +  ’"  )  <0, 
the  stress-strain  relation  (2.3)  is  to  be  used.  It  should  be  noted  that  for  the  case 
when  die  12  el4  +  •••)*=  Of  which  has  no  ph3rsical  meaning  in  this  test, 
the  two  stress-strain  relations  (2.3)  and  (2.4)  are  identical. 

Generalizations  for  combined  states  of  stress  and  strain  involve  the  introduc¬ 
tion  of  the  stress  and  strain  deviations,  s.y  and  ta  respectively,  defined  as 

—  Ij./vu  (2.5) 

where  v.y  is  the  stress  tensor,  the  Kronecker  delta,  and 

=  ««7  “  (2.6) 
where  e,y  is  the  strain  tensor  given,  for  moderate  deformations  to  which  this 


STRESS  THEORY  OF  PLASTIC  FLOW 
D.  Trifan 

1.  Introduction.  This  paper  is  concerned  with  a  mathematical  theory  of 
plastic  flow  for  incompressible,  isotropic,  strain-hardening  materials  exhibiting 
a  gradual  transition  from  the  elastic  to  the  plastic  state.  A  flow  theory  for  mate¬ 
rials  of  this  type  was  introduced  by  Prager  [1]^  and  later  generalized  by  Handel- 
man,  Lin,  and  Prager  [2],  where  the  differential  of  strain  is  dependent  on  the 
state  of  stress  and  the  differential  of  stress.  One  may  refer  to  this  theory  as  a 
strain  theory  of  plastic  flow.  For  a  certain  set  of  problems  this  type  of  stress- 
strain  relation  is  not  in  a  suitable  form,  and  for  this  reason  another  flow  theory, 
referred  to  as  a  stress  theory  of  plastic  flow,  was  introduced  [3]  where  the  differ¬ 
ential  of  stress  is  dependent  on  the  state  of  strain  and  the  differential  of  strain. 
Prandtl  [4]  and  Reuss  [5]  introduced  still  another  type  of  flow  theory  where  the 
differential  of  stress  is  dependent  on  the  state  of  stress  and  the  differential  of 
strain,  however,  this  theory  is  not  valid  for  materials  under  consideration  here, 
but  for  perfectly  plastic  materials.  It  is  the  purpose  of  this  paper  to  generalize 
the  stress  theory  of  plastic  flow  as  given  in  [3]  and  [6]. 

The  general  stress-strain  relations  are  developed  in  Sec.  2  subject  to  the  condi¬ 
tions  of  incompressibility,  isotropy,  and  gradual  transition  from  the  elastic  to 
the  plastic  state.  In  addition,  these  relations  are  also  subject  to  the  continuity 
condition  which  requires  identical  differentials  of  stress  at  the  boundary  between 
the  domains  of  loading  and  unloading.  In  Sec.  3  the  inverted  form  of  the  stress- 
strain  relations  is  obtained  while  in  Sec.  4  the  conditions  on  the  arbitrary  func¬ 
tions  of  the  stress-strain  law  are  introduced.  Two  absolute  minimum  principles 
are  given  in  Sec.  5  while  the  last  section  emphasizes  some  limitations  of  the 
theory. 

2.  General  stress-strain  relations.  In  the  discussion  to  follow  only  states  of 
stress  and  strain  which  can  be  obtained  by  one  loading  followed  by  a  partial  or 
complete  unloading  will  be  considered.  For  a  simple  tension  test  where  a  denotes 
the  tensile  stress  and  c  the  corresponding  unit  extension,  this  can  be  illustrated 
by  the  following  stress-stflain  diagram  where  the  functional  relation  between  a 
and  c  for  loading  is  given  by  the  curve  OP  and  for  unloading  by  the  line  PQ. 

A  stress  theory  of  plastic  flow  for  this  simple  state  of  stress  and  strain,  the 
results  of  which  can  be  used  as  a  model  for  a  general  stress-strain  relation,  can 
be  developed  by  assuming  the  finite  relation  between  a  and  t  for  loading  as 

a  =  3(?o«  ~  (ai<*  +  dtt  -!-•••)»  (2.1) 

where  Go  is  the  elastic  shear  modulus,  and  the  remaining  coefficients  are  positive 
constants  which  are  also  dependent  on  the  material.  The  form  of  Elq.  (2.1)  as¬ 
sumes  that  under  simple  compression  the  stress-strain  diagram  will  be  symmetri¬ 
cal  wnth  respect  to  the  origin,  i.e.,  a  change  of  sign  of  c  merely  changes  the  sign 

'  Numl>en<  in  bracketH  refer  to  the  bibliography  at  the  end  of  (he  paper. 
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discussion  is  restricted,  by 

«.y  =  hiui.j  +  Ui,i).  (2.7) 

The  free  indices  i  and  j  are  to  take  on  values  1,  2,  3  and  the  re|)eated  indices  are 
to  be  summed  over  the  same  range  of  values.  The  function  m,  denotes  the  dis¬ 
placement  vector  of  the  material  particles  from  standard  state,  and  M,,y  repre¬ 
sents  dUi/dXj ,  where  are  the  rectangular  Cartesian  coordinates.  As  a  result 
of  the  definitions,  the  stress  and  strain  deviations  satisfy 

««  =  eu  =  0.  (2.8) 

Since  the  material  is  assumed  to  be  incompressible 

Ui.i  =  =  0.  (2.9) 

It  follows  firstly  that  c.-y  =  e,'> ,  and  secondly  that  stress-strain  relations  are 
dependent  on  stress  deviations  alone*. 

An  extension  of  the  stress-strain  relation  for  unloading  given  by  (2.3)  can  be 
obtained  by  assuming  that  the  differential  form  of  the  generalized  Hooke’s  law 
for  incompressible  solids  is  applicable,  i.e.  an  elastic  behavior.  Expressed  in 
terms  of  stress  and  strain  deviations,  the  stress-strain  relation  for  unloading, 
for  combined  states  of  stress  and  strain,  becomes 

dsij  =  2Go  dcij .  (2.10) 

For  an  extension  of  the  loading  stress-strain  relation  given  by  (2.4)  the  follow¬ 
ing  assumptions  will  be  made:  1)  the  differential  of  stress  deviation  is  a  linear 
function  in  the  differential  of  strain  deviation  as  is  indicated  by  (2.4);  2)  the  , 
principal  axes  of  stress  and  strain  coincide — due  to  the  isotropy  condition;  3)  the  , 
factor  (hit  -|-  htt  +  •  •  •  )  is  replaced  by  a  series  of  odd  powered  strain  deviations, 
say  Kij ;  4)  the  differential  factor  d(t/2  +  t/A.  -f  •  •  •  )  is  replaced  by  a  differen¬ 
tial  of  a  series  of  strain  deviation  invariants  of  even  order,  say  dg\  and  5)  the 
stress-strain  relation  reduces  to  (2.10)  for  neutral  change  of  strain.  The  most 
general  form  of  (2.4)  consistent  with  these  conditions  is 

dsii  =  2Godeij  —  K^dg  (2.11) 

where  dg  =  (dg/dea)  de^  .  The  expression  Ka  can  be  shown  to  be 

~  +  viPi  >  E\)eij  v(Et ,  E\)Ei6ij 

where  the  quantities  Et  and  Ei  are  contracted  tensor  products  defined  as 

Ei  =  iemnCmn  and  Et  =  \e^nen,e,m .  (2.12) 

This  representation  of  a  series  of  odd  powered  strain  deviations  is  based  on 
arguments  similar  to  those  given  by  Reiner  [7],  Prager  [8],  Handelman,  Lin,  and 
Prager  [2]  for  higher  powers  of  the  stress  deviation.  The  functions  q(Ei ,  Ej), 
p(Ei ,  E\),  and  v(Ei ,  E\)  are  not  entirely  arbitrary  but  subject  to  the  condition 

*  Since  a  state  of  hydrostatic  pressure  produces  no  deformation  in  an  incompressible 
material,  the  only  deformation  is  due  to  change  of  shape  which  is  given  by  the  stress 
deviation. 
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that  Kii  =  0  (see  Eq.  (2.11)).  For  non-vanishing  third  invariant  Et , 
V  =  —2Efq/3,  thus  Ka  becomes 

Kij  =  p{Et ,  E\)eij  -f-  q{Ei ,  E\)Ejfiafiki  —  2q{Et ,  Ei)EtEt/3Sij  (2.13) 

where  p  and  q  are  positive  definite  functions.  A  more  convenient  form  can  be 
obtained  by  noting  that 

dEtldea  =  e.v  and  dEt/dea  =  eafihj .  (2.14) 

Assuming  sufficiently  well  behaved  functions  p  and  g,  there  exists  an  integrating 
factor  \/G{Et ,  E\)  such  that 

(p/G)dE,/deij  -I-  (q/2G)dE\/deij  =  dg/dea .  (2.15) 

Here  g  is  a  function  of  Et  and  El  with  the  property  that 

dg/dEt  =  p/G  and  dg/dEl  =  q/2G.  (2.16) 

Representation  (2.13)  becomes 

Kii  =  Gdg/dea  -  (4G/3)E^idg/dEUii .  (2.17) 

In  a  similar  manner  the  differential  of  a  series  of  strain  deviation  invariants  of 
even  order  leads  to  a  differential  of  a  positive  definite  function  in  Ei  and  E\  . 
It  is  convenient  to  use  the  differential  of  g{Ei ,  El)  introduced  in  Eq.  (2.17)  as 
the  loading-unloading  criterion  with  the  property  that  an  infinitesimal  change 
of  strain  deviation  constitutes  loading,  unloading,  or  a  neutral  change  of  strain 
depending  on  whether  dg  is  positive,  negative,  or  zero.  While  the  vanishing  of 
d{e'/2  -f  t/4  -b  •  •  •  )  for  simple  tension  has  no  physical  significance,  the  vanish¬ 
ing  of  dg  for  combined  states  of  stress  and  strain  is  possible.  Neutral  change  of 
strain  can  be  regarded  as  a  limiting  case  of  either  loading  or  unloading,  and  so 
for  that  reason  stress-strain  relations  for  both  should  give  identical  results  when 
dg  =  0.  Thus  for  combined  states  of  stress  and  strain,  the  governing  stress-strain 
relations  for  the  stress  theory  of  plastic  flow  become 

dsii  =  2Godeij  -  G[dg/deij  -  {AEkEi/Z)dg/dElSii\  dg  for  dg  >  0  (2.18) 
dsii  =  2Gode,y  for  dg  ^  0.  (2.19) 


3.  Inverted  form  of  the  stress>strain  relations.  For  the  purpose  of  finding 
the  inverted  form  of  the  stress-strain  relation  (2.18),  it  is  convenient  to  let 


Cii  =  dg/dea  —  (4EjE»/3)dg/dE|4,y 


and  note  that 


dg  =  (dg/dea)  dea  =  C.y  de.y . 

Hence  (2.18)  becomes 

d«„  =  2^0  dea  —  GC.yCr.  de„  for  C„  de„  >  0. 


Following  the  procedure  of  Greenberg  [9]  or  Hill  [10]  for  strain  theories  of  plastic 
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flow,  Eq.  (3.2)  can  be  inverted.  Multipl3ring  for  C,,  gives 

Cijdsij  =  2GtCiideij  —  GCijCifinde„ 

(3.3) 

=  (2Go  -  G€ijC,i)Cr.  der. . 

The  contracted  product  €„  dcr,  can  be  evaluated  and  substituted  in  Eq.  (3.2), 
resulting  in  the  inverted  form  of  the  stress-strain  relation,  namely 

den  *  (rf«.y  +  G'{2Go  -  GC„C„)-‘C.Airf«*0/2Go  (3.4) 

with  a  loading  condition  (2(70  —  GC„Cr,)“‘C,y  d«,y  >  0.  The  inverted  form  of 
the  stress-strain  relation  (2.19)  is 

den  =  dsn/^o  for  (2(/o  —  GCr,C„)~^Cn  dsij  ^  0.  (3.5) 

4.  Conditions  on  functions  g  and  G.  These  functions  are  not  entirely  arbitrary, 
but  must  be  restricted  in  order  that  they  serve  the  purpose  for  which  they  were 
intended  in  the  stress-strain  relation  (2.18).  Firstly,  we  assume  that  both  func¬ 
tions  g  and  G  are  positive  definite  forms  in  the  invariants  Et  and  E\  ,  and  sec¬ 
ondly,  that  the  stress-strain  relation  (2.18)  reduces  to  (2.2)  for  simple  tension. 
This  condition  can  be  conveniently  obtained  by  considering  the  single  scalar 
equation  resulting  from  a  contracted  product  of  Eq.  (2.18)  with  den  > 

deaden  =  20^  den  den  —  Gidg)*.  (4.1) 

The  non-vanishing  stress  and  strain  components  for  simple  tension  are  an  =  a, 
«ii  =  «,  «a  =  «»  =  —  i«,  from  which  it  follows  that  Et  *  3e'/4  and  Et  —  t/^. 
Eq.  (4.1)  becomes 

da  dt  =  3Giidf  —  9G/4:{{dg/dEt)* f  4"  2{dg/dEt){dg/dEt)Ei^ 

(4.2) 

+  (dg/dE\)'EU*]  dt\ 

Thus 

9G/4{(dg/dEt)V  +  idg/dEt){dg/dE\)ty2  +  (dg/dEj)*«7l6} 

must  reduce  to  (3ai«*  -|-  5a*e*  +  •  •  •  )  for  simple  tension,  where  dgldEt  and 
dg/dEt  are  positive  definite  forms  (see  Eki.  (2.16)). 

The  application  of  the<Drucker  work-hardening  condition  [11]  dt^ndan  ^  0, 
where  de 'y  is  the  differential  of  the  plastic  strain  tensor,  establishes  an  additional 
condition  on  g  and  G  given  by  the  following  inequality 

0  ^  G{(dg/dEt)*Et  +  6{dg/dEt)idg/dE\)E\  -b  ^idg/dE\)'ElE\/3\  <  Go .  (4.3) 

For  incompressible  materials  the  work-hardening  condition  becomes 
den  den  ^  0-  second  term  of  Eq.  (3.4)  represents  den  so  that 

G{2Go{2Go  -  GCr,Cr,)r\Cnden)'  S:  0. 

Since  Go  >  0  and  G  ^  0,  (2Go  —  GC„C„)  >  0  or 

0  ^  GG„G„  <  2Go  .*  (4.4) 

*  The  author  is  indebted  to  the  referee  for  the  derivation  of  this  inequality. 
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From  (3.1) 

C„C„  =  {dg/de„){dg/der.)  -  %{dg/dE\){dg/de„)EtEt/Z 

+  mdg/dE\)'E'tE\/Z.  (4.5) 

Since  Ku  =  GCu  =  0  (see  (2.17)  and  (3.1)),  it  follows  that 
dg/ dtrr  ~  ^EtEfdg/ dE\ . 

In  addition  (see  (2.14)) 

dgider,  =  idg/dEt)er,  +  2E%{dg/dE!i)eTiier*  • 

Appl)dng  (2.12)  and  the  contracted  product  of  the  identity  = 

EiSrq  +  E^rq  with  Cq,  gives 

{dg/der.){dg/der.)  =  2Eq(dg/dEt)*  +  l2E\(dg/dE,)(dg/dEl)  +  SElEl(dg/dEl)*. 
Hence 

Cr.C„  =  2Et{dg/dEqf  +  l2E\{dg/dEq){dg/dE\)  +  Z{dg/dE\)'EXE\/Z 

which  tc^ether  with  (4.4)  establishes  (4.3). 

The  experimental  determination  of  the  stress-strain  relation  (2.18)  can  be 
done  by  a  series  of  tests  described  in  [12]  and  [13].  We  merely  demand  that  the 
conditions  imposed  on  g  and  G  in  this  section  be  satisfied. 

6.  Variational  principles.  A  formulation  of  boundary  value  problems  in  con¬ 
nection  with  the  plastic  flow  theory  of  materials  exhibiting  a  gradual  transition 
from  the  elastic  to  the  plastic  state  has  been  given  by  Prager  [14],  where  the 
state  of  stress  is  known  throughout  the  deformed  body,  while  velocities  or  rates 
of  change  of  surface  stresses  are  given  on  the  surface.  Boundary  value  problems 
of  this  type  are  natural  for'  the  stress-strain  relations  of  the  so-called  strain 
theory  of  plastic  flow.  In  this  section  we  shall  consider  a  tjrpe  of  boundary  value 
problem  more  suitable  to  the  stress  theory  of  plastic  flow. 

Let  V  be  any  bounded  simply  connected  closed  region  (over  which  the  di¬ 
vergence  theorem  holds)  with  surface  S,  and  let  a  differential  of  the  displace¬ 
ment  vector  dui  be  given  over  a  portion  of  the  surface,  say  Si ,  such  that  the 
surface  integral  of  the  normal  component  of  the  differential  displacement  vector 
vanishes,  and  a  differential  of  the  surface  stresses  be  given  over  the  remaining 
portion  Si  such  that  dTi  =  dvi/nj  where  ny  are  the  components  of  the  outer  unit 
normal  of  S  with  respect  to  V.  The  differential  of  stress  deviation  ds,,  is  deter¬ 
mined  at  every  point  of  V  by  stress-strain  relations  (2.18)  or  (3.2)  and  (2.19) 
whenever  the  state  of  strain  is  given  throughout  V  and  provided  the  differen¬ 
tial  of  strain  de.y  can  be  determined  at  each  point.  It  follows  that  the  evaluation 
of  de.y  constitutes  the  major  problem  here.  We  proceed  as  follows. 

Let  a  set  of  primed  differentials  of  strain  deviations  de'n  be  called  admissible 
if  they  are  derivable  from  a  set  of  differentials  dui  by  means  of  the  differential 
form  of  Eq.  (2.7)  with  the  property  that  dui.,  =  0  throughout  the  body  and 
dUi  =  dUi  on  Si .  The  corresponding  differentials  dsi y  for  a  fixed  state  of  strain  are 
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dsii  —  2Godeii  —  GCifindei,  for  Cr$del,  >  0  (5.1) 

dsij  2Godeij  for  C„deu^0.  (5.2) 

The  actual  differential  of  strain  de.y  existing  in  the  body  is  an  admissible  one 
whose  corresponding  differential  of  stress  deviation  satisfies  the  equations 
of  equilibrium. 

Minimum  Principle  for  Differential  of  Strain  Deviation.  For  any  admissible 
set  of  differentials  of  strain  and  corresponding  differentials  of  stress  deviation 
given  by  (5.1)  or  (5.2),  the  integral 

JidCi,)  =  i  f  den  den  dV  -  f  du\  dTi  dS 
Jr  Jet 

is  an  absolute  minimum  for  the  actual  differentials  of  stress  and  strain  occurring 
in  the  d^ormed  body,  i.e. 

J(de'ij)  —  J{den)  ^  0 

where 

Jiden)  =  i  f  den  —  f  dui  dTi  dS. 

Jy  Ja, 

The  boundary  condition  dTi  is  given  on  St .  Equality  can  hold  if  and  only  if 
dcij  =  den  •  It  follows  that  if  a  solution  den  of  the  mixed  boundary  value  prob¬ 
lem  exists  it  is  unique.  The  proof  depends  on  showing  that  J(deij)  is  equal  to 
J(den)  plus  terms  whose  sum  is  positive  or  zero. 

If  we  turn  our  attention  to  stress-strain  relations  (3.4)  and  (3.5),  we  note  that  / 

for  a  given  state  of  strain  en  at  every  point  of  V,  den  can  determined  provided  * 

dsij  is  known  throughout  the  body.  Here  the  major  problem  constitutes  the 
evaluation  of  dsn  .  Let  us  define  an  admissible  set  of  differential  stress  deviations 
dsn  as  one  whose  corresponding  differential  stress  tensors  don  (determined  only 
to  within  an  arbitrary  constant  hydrostatic  pressure)  satisfy  the  equations  of 
equilibrium  and  the  boundary  condition  on  Sj ,  i.e.  do-Jyny  =  dTi  =  dTi  on  S2 . 

The  corresponding  differentials  of  strain  are 

den  =  {{dsn  +  G[2Go- GCrM~^)/2Go\Cn€ki^^^^  for  C*,ds«  >  0,  (5.3) 

and 

den  =  (2(?o)“‘  dsn  for  Cut  deh  ^  0  (5.4) 

where  the  loading  condition  is  simplified  due  to  the  inequality  (4.3).  The  actual 
differential  of  stress  deviation  den  occurring  in  7  is  an  admissible  one  whose  cor¬ 
responding  den  satisfies  the  compatibility  equations. 

Minimum  Principle  for  Differential  of  Streee  Deviation.  For  any  admissible  set 
deli  aod  den  given  by  (5.3)  or  (5.4),  the  integral 

Kden)  =  i  f  den  den  dV  -  f  dTi  dut  dS 

Jy  Jsi 
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is  an  absolute  minimum  for  the  actual  differentials  of  stress  and  strain  occurring 
in  the  deformed  body,  i.e. 

Kdsu)  -  lids,,)  ^  0 

where 

I(dsij)  “if  dsi,  de,,  dV  —  f  dT,  du,  dS. 

Jr  Jai 

The  boundary  condition  du,  is  given  on  Si .  Equality  holds  if  and  only  if  ds,,  = 
dSi, .  It  follows  that  if  a  solution  exists  it  is  unique.  Both  of  these  principles  can 
be  proved  by  methods  similar  to  those  given  by  Hill  [15]  or  Greenberg  [16],  since 
the  stress-strain  laws  they  are  concerned  with  in  proving  minimum  principles 
have  the  same  algebraic  structure  as  those  that  are  considered  here.  It  follows 
that  inequality  (4.3)  must  be  applied  in  proving  the  first  principle,  while  in  the 
second  the  proof  is  quite  straightforward. 

6.  Concluding  remarks.  The  stress-strain  relation  for  loading  given  by  (2.18), 
(3.2),  or  (3.4)  is  limited  to  those  cases  where  a  single  loading  is  followed  by  at 
most  one  unloading.  This  restriction  is  necessary  because  the  behavior  of  the 
material  under  simple  tension  (or  more  general  states  of  stress  and  strain)  no 
longer  is  given  by  Fig.  1  on  repeated  loadings. 

It  is  of  interest  to  note  that  the  stress-strain  law  of  Hodge  and  Prager  [17] 
for  incompressible  materials  is 

de,,  =  (2Go)  *  dSij  +  HDi,Dpg  ds,^ 

where  D,,  =  dflda,,  and  H  end  /  are  positive  definite  functions  of  stress  invari¬ 
ants.  This  form  is  similar  to  (3.4).  On  the  other  hand  the  stress-strain  relation 
for  the  stress  theory  of  plastic  flow  (3.2)  is  similar  to  the  inverted  form  of  the 
Hodge  and  Prager  law  [16],  i.e.  the  inverted  form  of  the  stress-strain  relation 
for  the  strain  theory  of  plastic  flow. 
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ON  THE  PROBLEM  OF  BUCKLING  OF  A  HYPERBOLIC 
PARABOLOIDAL  SHELL  LOADED  BY  ITS 
OWN  WEIGHT* 

By  Anthony  Ralston 


1.  Fonnulation  of  the  Problem.  The  problem  which  we  wish  to  solve  is  that 
of  finding  the  smallest  uniformly  distributed  load  which  causes  the  buckling 
of  a  shallow  hyperbolic  paraboloidal  shell  which  has  moment  free  support  and 
whose  edge  stiffening  members  are  rigid  in  the  direction  of  their  axes  and  have 
negligible  bending  resistance  in  planes  tangent  to  the  shell. 

The  equation  of  the  undeflected  middle  surface  of  this  shell  is  of  the  form 


(1) 


and  the  weight  of  the  shell  per  unit  surface  area  is  designated  by  po  . 

The  differential  equations  of  the  classical  linear  stability  theory  for  this 
problem  have  been  derived  by  E.  Reissner  [1].  They  are  of  the  form 


vV* 


ab  dxdy 


(2) 


DvVtr  - 

ab  dxdy  c  dxdy 


(3) 


where  h  is  the  thickness  of  the  shell,  E  is  Young’s  modulus,  w  is  the  deflection 
of  the  shell,  $  is  a  stress  function  and  D  =  Eh*/12(l  —  r*). 

The  boundary  conditions  corresponding  to  the  assumed  edge  restraints  are 

[1] 


X 

y 


=  $„  =  0 


(4) 


the  subscripts  denoting  partial  differentiation.  To  these  boundary  conditions 
we  add  the  one  further  condition  that  the  integral  of  along  each  of  the  four 
edges  vanish.  That  is,  we  prescribe  that  the  resultant  shear  force  which  each  of 
the  edge  stiffeners  may  apply  to  the  shell  is  the  same  as  the  resultant  shear  force 
in  the  unbuckled  state.  Using  this  condition  in  conjunction  with  (4)  the  follow¬ 
ing  important  modification  of  (4)  may  be  effected 

*  ^  A  =  0  (5) 

y  =  0,bj 


The  significance  of  (5)  is  firstly  that  now  the  boimdary  conditions  for  w  and  # 

'  This  research  was  supported  by  the  Office  of  Naval  Research  under  contracts  N5ori60 
and  N5ori07834  with  M.I.T.  The  author  wishes  to  express  his  appreciation  to  Professor 
Eric  Reissner,  under  whose  supervision  this  work  was  done,  for  his  many  valuable  sugges¬ 
tions. 
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are  precisely  the  same  and  secondly  that  they  are  identical  with  the  boundary 
conditions  for  the  transverse  deflection  of  a  simply  supported  rectangular  flat 
plate.  Our  object  is  to  find  the  minimum  load,  pe ,  which  allows  us  to  find  non¬ 
zero  solutions  of  (2)  and  (3)  which  satisfy  (5). 

Equation  (3)  without  the  term  in  is  the  differential  equation  for  the  rec¬ 
tangular  flat  problem  if  we  identify  pt  a6/2c  with  hra^ ,  the  resultant  shearing 
stress  applied  to  the  edges  of  the  plate.  Using  u  for  the  transverse  deflection jind 
replacing  by  X  the  differential  equation  for  the  flat  plate  problem  is 

Z)VV«  =  X  ^  (6) 

dxdy 

and  the  boundary  conditions  are,  as  we  stated  above,  precisely  the  same  as  those 
for  w  and  4>  in  (5). 

Equation  (6)  together  with  its  boundary  conditions  is  an  eigenvalue  problem 
with  solutions  <•>.  corresi>onding  to  eigenvalues  Xu  .  The  smallest  eigenvalue  (in 
absolute  value)  corresponds  to  the  critical  shearing  stress  at  which  the  plate 
buckles.  We  will  consider  the  eigenvalues  with  distinct  magnitudes  to  be  enu¬ 
merated  so  that 

I  Xi  I  <  1  X,  I  <  I  X,  1  <  .  •  •  (7) 

For  the  shell  problem  as  given  by  equations  (2),  (3)  and  (5)  let 


w  =  Awn  =  Bwn  A,  B  constants 


(8) 


Since  each  w,  satisfies  the  same  boundary  conditions  which  are  to  be  satisfied 
by  w  and  4>,  both  w  and  $  in  (8)  satisfy  (5).  Substituting  (8)  into  (2)  and  (3), 
using  (6)  and  collecting  terms  we  get 


-  AEh^p^  =  0 

abj  dxdy 

(9) 

4-  «  ^  -  n 

(10) 

For  a  non-zero  solution  of  this  83r8tem  to  exist  the  determinant  of  the  coef¬ 
ficients,  A  and  B,  must  vanish.  Expanding  the  determinant  we  find  that  the 
eigenvalues  of  the  present  problem,  that  is  the  admissible  values  of  po  for  a 
non-zero  s(4ution  of  (2)  and  (3),  are  ' 


pS"’a5  .  .  DEh  /2c\* 

c  “  "  X,  \ab) 


(11) 


Since  the  eigenfunctions  Ua  form  a  complete  set  of  functions  we  have  found  a 
complete  set  of  solutions  of  (2)  and  (3)  subject  to  the  conditions  (5).  Thus  we 
have  shown  that  each  solution  of  the  fiat  plate  problem  is  a  solution  of  the  shell 
problem  and  vice  versa.  And  furthermore  we  have  found  the  relationship  (11) 
between  the  eigenvalues  of  the  two  problems.  To  find  the  load,  po ,  which  causes 
the  shell  to  buckle  we  must  then,  for  given  a,  6,  c  and  h  find  the  positive  X. 
(since  po  must  be  positive)  which  makes  po  a  minimum. 
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2.  Numerical  Results.  To  solve  the  differential  equation  (6)  subject  to  the 
boundary  conditions  of  simple  support  we  assume  in  the  usual  manner 

«  =  2]  53  i4ii.li  sin  sin  ^  (12) 

fi«l  A  0 

Substitution  in  (6)  leads  to  the  following  infinite  set  of  linear  algebraic  equations 
for  the  constants  A^n  and  the  parameter  X 


4.  A  —  ±\'TY'  ninpqA,, 

4  \  o»  5*  y  ""  (m*  -  p*)(n*  -  g») 

m±p,  n±g  odd,  m,  n  =  l,2,  ••• 

Before  solving  (13)  we  make  the  substitutions 

a  T*Da 


-4X  ZZ 


in  order  to  nondimensionalize  (13).  Substitution  of  (14)  into  (13)  gives 

J^+,A'a..=  tt, .  ■' 

\a*  /  p-i  ,-1  (m*  —  p*)(n*  —  g*)  (15) 

m  ±  p,n  ±:  q  odd,  m, n  —  1,2'" 

The  system  (15)  splits  up  into  two  separate  83nstems,  one  for  m  +  n  even  and 
one  for  m  +  n  odd.  In  order  to  solve  these  two  infinite  systems  we  will  terminate 
the  smnmations  in  (12)  at  finite  values,  solve  the  resulting  approximate  systems 
and  then  see  how  the  solutions  converge  as  we  increase  the  number  of  terms 
used.  In  all  the  calculations  we  have  performed  we  have  assumed  that  a  =  1 
(square  plate)  although  the  calculations  could  be  carried  through  equally  well 
for  any  value  of  a. 

The  approximate  finite  problem  was  solved  on  the  Whirlwind  I  computer  at 
M.I.T.  for  each  of  the  two  systems  m  +  n  even  and  odd  (hereafter  called  Cases 
E  and  O),  starting  with  only  the  first  two  terms  of  (12)  and  increasing  this  to 
as  many  as  17  terms  in  Case  E  and  18  terms  in  Case  O.  The  numerical  method 
used  to  solve  the  two  cases  was  based  on  the  fact  that  in  each  case  the  matrices 
of  coefficients  associated  with  both  sides  of  (15)  are  symmetric  (if  we  order  the 
equations  properly)  and  the  matrix  associated  with  the  left  hand  side  of  (15)  is 
positive  definite.  Computationally  then  the  positive  definite  matrix  was  first 
reduced  to  its  canonical  form  while  simultaneously  the  elementary  operations 
required  to  do  this  were  also  applied  to  the  second  matrix.  Then  the  second 
matrix  was  diagonalized.*  The  results  of  this  computation  were,  if  n  terms  of 
(12)  were  used,  the  n  eigenvalues  and  associated  eigenvectors  (modes  of  de¬ 
flection)  of  the  system  of  equations  (for  either  Case  E  or  0).  Less  than  n  useful 
eigenvalues  were  obtained  for  each  approximation,  however,  due  to  the  fact 
that  to  each  positive  m  satisfying  (15)  there  is  also  an  eigenvalue  —a  (which, 
using  (11)  and  (14),  we  see  corresponds  to  a  negative  po)  and  also  there  were 

*  This  method  ia  more  fully  described  by  Corbatd  in  [5]. 
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often  single  or  multiple  roots  n  =  0  (corresponding  to  an  infinite  po).  The  largest 
absolute  value  of  m  obtained  (which  corresponds,  using  (14),  to  the  smallest 
absolute  value  of  X  =  Xi)  was  an  eigenvalue  of  Case  E  and  it  is  this  value  which 
corresponds  to  the  buckling  stress  in  the  flat  plate  problem.  This  has  been 
calculated  by  various  authors  (e.g.  [2],  [3])  with  results  agreeing  very  closely  to 
the  result  we  have  obtained  (see  footnote  to  Table  1).  The  other  eigenvalues  of 
Case  E  and  all  of  those  of  Case  O  correspond  to  shearing  stresses  greater  than 
the  buckling  stress.  These  are  of  little  interest  in  the  flat  plate  problem  but  as 
equation  (11)  indicates  and  as  we  shall  see  graphically  each  positive  eigenvalue 
for  both  Cases  E  and  O  corresponds  to  a  critical  load  for  the  shell  problem. 

Using  the  first  17  terms  of  (12)  with  m  +  n  even  6  positive,  non-zero  values 
of  fi  were  obtained  for  Case  E  (along  with  6  n^ative  and  5  zero  eigenvalues). 

For  the  two  largest  eigenvalues  the  convergence  of  the  approximations  to  n 
using  lees  than  17  terms  to  the  17  term  approximation  was  very  good  with 
each  eigenvalue  being  found  with  an  error  of  less  than  1  %.  The  good  convergence 
was  also  indicated  by  the  fact  that  the  components  of  the  eigenvectors  corre¬ 
sponding  to  relatively  large  values  of  m  -f-  a  were  very  small  compared  to  the 
components  corresponding  to  small  m  4-  n.  The  convergence  for  the  third 
largest  eigenvalue  was  also  quite  good  (less  than  5%  error).  For  the  fourth 
eigenvalue  the  convergence  was  poor  while  for  the  final  two  17  terms  is  not 
enough  to  indicate  their  accuracy.  For  Case  0  in  the  18  term  approximation  8 
positive  non-zero  values  of  n  were  obtained  (along  with  8  n^ative  and  2  zero 
eigenvalues).  Again  the  two  largest  eigenvalues  were  found  very  accurately 
(error  less  than  1  %),  the  convergence  to  the  third  eigenvalue  was  fair  (less  than 
5  %  error),  the  convergence  to  the  fourth  eigenvalue  was  poor  while  for  the  last  / 
four  eigenvalues  18  terms  is  not  enough  to  indicate  their  accuracy.  * 

Corresponding  to  each  eigenvalue  of  both  Cases  E  and  O  there  is  an  approxi¬ 
mation  to  an  eigenvalue  of  (6)  and  then  using  (11)  we  have  an  approximation 
to  an  eigenvalue  of  (2)  and  (3).  The  closeness  of  this  approximation  depends  on 
how  well  the  solutions  of  (15)  converge  as  discussed  above.  Using  (14)  we  may 
express  the  eigenvalues  of  (6)  in  the  form 

xi,*’  =  H  m  -I-  n  even 

(16) 

m  +  n  odd 


where  we  have  used  a  =  1.  We  further  assume  that  the  X«  ’  and  xi,®’  are  ordered 
as  the  X,  in  (7).  Values  of  iCi,* ’  (n  =  1  to  6)  for  the  17  term  approximation  and 
values  of  (n  =  1  to  6)  for  the  18  term  approximation  are  found  in  Table  1. 

In  order  to  relate  the  results  of  the  plate  problem  to  the  shell  problem  we  first 
define  P  =  h/c  and  then  define 


Po  / a5 Y  ^  po\/l2(l  —  iP)  ^ 

y/D^  \2c/  4E/3*  (* 


(17) 


J 
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TABLE  1 

Value*  of  Kn^  and  for  equation  (18)* 


n 

Ki*’ 

1 

184.3 

228.0 

2 

401.2 

530.7 

3 

652.0 

614.6 

4 

833.3 

911.5 

5 

1628. 

1366. 

6 

1801. 

1454. 

Then  substituting  (11)  into  (17)  and  using  (16)  we  may  write 


;  Vl2(l  -  r») 

4Vl2(l  -  F*) 

J_  Vl2(l  - 

Wmi  - 1^) 


Using  the  values  of  Kn^  and  in  Table  1  values  of  and  Pn^  as  a 
function  of  /3  are  plotted  in  Figure  1  for  n  =  1,  2,  3  (using  v  =  .3).  Since  the 
convergence  to  the  three  largest  values  of  m  was  quite  good  the  curves  in  Figure 
1  are  quite  accurate  since  the  three  largest  values  of  m  in  each  case  correspond 
to  the  three  smallest  values  of  Kn^  and  ^  The  solid  curve  determines  the 
critical  value  of  P  at  which  the  shell  becomes  unstable.  That  is,  using  (17),  it 
determines  the  minimum  po  which  enables  us  to  find  non-zero  solutions  of  (2) 
and  (3).  This  curve  is  made  up  of  portions  of  each  Pn^  and  curve  and  this 
would  still  be  true  if  curves  for  all  the  Pi,*’  and  Pi,®’  (n  =  1, 2,  •  •  • )  were  included 
in  Figure  1.  This  is  because,  as  we  can  see  from  (18),  each  Pi,*’  and  Pi,®’  curve 
has  a  minimum  at  1  and  no  Pi,*’  or  Pi,®’  curve  ever  goes  below  1  so  that  the 
minimum  point  for  each  curve  is  on  the  critical  curve.®  Therefore  each  of  the 
eigenvalues  for  Cases  E  and  0  is  the  determining  one  for  the  buckling  load  for 
some  value  of  /9. 

To  actually  find  the  critical  load  for  a  given  shell  with  a  =  b  we  determine  /3 
and  then  from  Figure  1  find  the  critical  value  of  P.  Then  using  (17)  in  the  form 


_ 4E0*P  c* 

^  “  Vl2(l  -  v*)  b* 


(19) 


we  can  calculate  the  critical  load.  Although  the  critical  curve  in  Figure  1  is 
only  shown  for  values  of  as  small  as  .01  it  seems  likely  that  for  values  of 
smaller  than  this  the  critical  curve  will  remain  very  close  to  the  minimiun  line 
at  1.  This  is  because  all  the  minima  on  the  P5,*’  and  P«  ’  curves  for  n  >  3  are 

'  corresponds  to  the  critical  shearing  stress  in  the  flat  plate  problem.  The  constant 
commonly  defined  in  the  literature  (see  [4,  p.  360])  is  Jk  —  Ki‘^/2w*  and  the  value  given  for 
k  is  0.34.  Using  the  present  A,*’  we  get  k  —  9.338. 

*  We  note  that  this  minumum  value  has  been  obtained  earlier  by  Reissner  [1]  by  con¬ 
sidering  a  special  simple  solution  of  the  system  (2)  and  (3). 
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Fio.  1.  Buckling  load  coefficient  P  as  a  function  of  ^  —  h/c 


bunched  between  /3  equals  .01  and  0.  Thus  for  practical  purposes  we  will  be  able 
to  take  the  critical  value  of  P  to  be  equal  to  1  for  <  .01.  For  this  reason  and 
because  even  on  the  computer  the  calculations  with  more  than  18  terms  of  (12) 
are  quite  lengthy  we  have  not  attempted  to  determine  the  critical  curve  ac¬ 
curately  for  values  of  /9  smaller  than  .01. 

The  critical  cxirve  in  Figure  1  is  not  so  “regular”  (e.g.  the  space  between  the 
Pi®’  and  Pj*’  portions  of  the  curve  is  much  larger  than  that  between  the  Pi*’ 
and  Pi®’  portions)  as  in  the  case  of  similar  curves  for  other  problems  in  elasticity 
(e.g.  the  curve  used  to  find  the  critical  stress  in  the  problem  of  a  simply  supported 
rectangular  flat  plate  uniformly  compressed  in  one  direction  [4,  p.  330]).  This  is 
because  Figure  1  is  made  up  of  curves  derived  from  the  solutions  of  two  separate 
sets  of  equations,  Cases  ^  and  0,  and  because,  as  we  stated  above,  the  curves 
will  become  increasingly  bunched  together  as  /3  decreases. 

The  results  obtained  here  may  of  course  be  extended  to  hyperbolic  paraboloidal 
shells  where  a  is  not  equal  to  6.  But  for  each  value  of  a  a  complete  new  calcula¬ 
tion  using  (15)  would  have  to  be  made  and  then  a  new  curve  analogous  to 
Figure  1  would  have  to  be  plotted.  Alternatively  if  (15)  was  solved  for  a  suf¬ 
ficient  number  of  values  of  a/&,  curves  could  be  plotted  with  a/h  as  abscissa 
for  a  constant  value  of  h/e. 
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Fig.  1.  Geometry  and  loading  for  the  case  of  two  cracks,  (k  «  2) 

and 

•  <r,  -  <r.  +  2tT^  -  2[V'(Z)  +  ^'(Z)],  (3) 

where  the  prime  notation  denotes  differentiation  with  respect  to  Z  and  the  bars 
denote  complex  conjugates. 

It  is  convenient  for  the  purpose  of  enforcing  boundary  conditions  to  introduce 
an  auxiliary  complex  plane,  the  f-plane,  such  that  the  unit  circle,  f  =  <r  = 

*  (where  <p  is  used  here  to  denote  angular  measure  in  the  f-plane),  and  its  exterior 
0  are  mapped  into  t  and  its  exterior,  respectively,  by  the  analytic  function 

Z  =  a,(f).  (4) 

The  stress  functions  ^(Z)  and  ^(Z)  will  be  considered  as  functions  of  the  param¬ 
eter  f .  The  necessity  for  introducing  considerable  new  notation  can  be  avoided 
by  designating  ^(Z)  =  ^[w(r)]  as  ^(f),  etc.,  which  leads  to  such  relationships 
as  v'iZ)  =  etc.  The  analyticity  of  ^(f)  and  ^(f)  which  follows  from 

their  definitions  contributes  significantly  to  the  advantage  gained  by  using 
the  complex  variable  method. 

The  mathematical  anal}rsis  of  the  problem  requires  the  determination  of  the 
functions  and  which  are  anal}rtic  for  |  f  |  >  1  (with  the  exception  of 
the  point  at  infinity)  and  lead  to  the  proper  loading  conditions  at  infinity  and 
an  the  internal  boundary  t.  The  forms  of  ^(f)  and  \^(f)  can  be  chosen  a  priori 
to  yield  the  proper  loading  conditions  at  infinity.  The  condition  that  r  be  load- 
free  can  be  written  as 

^(a)  +  «(<r)^p'(ff)/<i>'(ff)^  -|-  ^(<r)  “  0  .  (5) 

3.  Description  of  the  Mapping  Function.  The  mapping  function  can  be  deter¬ 
mined  in  a  fairly  easy  manner  by  considering  separately  the  transformation 


ANALYSIS  OF  AN  INFINITE  PLATE  CONTAINING  RADIAL  CRACKS 
ORIGINATING  AT  THE  BOUNDARY  OF  AN  INTERNAL 
CIRCULAR  HOLE 

By  O.  L.  Bowib 

1.  Introduction.  Considerable  advance  has  been  made  in  recent  years  in  the 
apphcation  of  energy  type  of  theories  in  determining  the  influence  of  cracks  in 
the  specimen  geometry  on  the  strength  of  the  specimen.  In  order  to  apply 
theories  such  as  that  developed  by  A.  A.  Griffith  [1]*,  it  is  necessary  to  calculate 
the  elastic  strain  energy  of  the  system.  Although  only  the  boundary  stresses 
and  displacements  are  actually  necessary  for  this  calculation,  one  must  never¬ 
theless  formally  solve  the  problem  as  a  whole  to  obtain  this  information. 

We  shall  consider  the  solution  of  the  class  of  plane  problems  in  elasticity 
corresponding  to  a  distribution  of  radial  cracks,  equal  and  finite  in  length, 
originating  at  the  boundary  surface  of  a  circular  hole  in  an  infinite  plate  under 
the  two  load  systems  shown  in  Figure  1.  The  geometry  of  the  internal  boundary, 
r,  can  be  conveniently  described  by  considering  the  plate  as  the  complex  Z-plane 
where  Z  =  x  +  =  re*.  Then,  if  the  center  of  the  hole  is  chosen  as  Z  =  0, 

we  specify  that  radial  cracks  of  equal  length,  L,  lie  along  0  =  0,  2r/A;,  •  •  ■  , 
(fc  —  1)  2r/k  where  k  ^  1  is  an  integer  which  specifies  the  number  of  cracks. 

In  addition  to  the  plane  stress  applications  of  the  case  of  uniform  (all-around) 
tension  at  infinity,  the  analysis  by  a  shght  modification  enables  us  to  study  the 
plane  strain  problem  corresponding  to  internal  pressure  acting  in  hollow  cylinders 
of  large  wall  thickness  with  longitudinal  cracks  originating  along  the  inside 
surface.  Indeed,  this  latter  problem  is  solved  by  a  modification  of  the  manner 
in  which  the  elastic  constants  enter  in  the  displacement  relations  and  by  the 
superposition  of  the  simple  solution  corresponding  to  uniform  hydrostatic 
pressure. 

2.  Stress  Problem  Formulated  in  Terms  of  Complex  Variables.  Due  to  the 
irregular  geometry  of  the  internal  boundary,  it  would  appear  that  the  problem 
described  above  can  be  most  conveniently  handled  by  the  complex  variable 
method  of  Mushelisvili  [^].  This  method  depends  upon  the  representation  of 
the  well-known  Airy’s  stress  function,  U{x,  y),  in  terms  of  two  analytic  func¬ 
tions  of  the  complex  variable,  Z,  namely,  ^(Z)  and  ^(Z),  where 

U{x,  y)  =  Re  [^(Z)  -|-  /  V(2)  dZ^ .  (1) 

With  this  representation,  the  stress  components  in  rectangular  coordinates  can 
be  written  as 

V,  +  V.  =  2W{Z)  +  7(^1  =  4  Re[,.'(Z)]  (2) 

*  Numbers  in  brackets  refer  to  the  references  at  the  end  of  the  paper. 
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In  this  paper,  the  method  of  dealing  with  the  singularities  of  the  stress  func¬ 
tions  will  depend  on  the  representation  of  the  mapping  function  by  polynomial 
approximations.  By  using  pol}momial  approximations  of  the  internal  boundary, 
an  accurate  description  of  the  stress  distribution  at  the  crack  roots  can  be  ob¬ 
tained  by  introducing  cusps  in  the  polynomial  mappings  to  describe  the  crack 
roots.  On  the  other  hand,  the  process  circumvents  a  rigorous  consideration  of 
the  singularities  of  the  stress  functions  which  occur  at  the  roots  of  (9),  i.e., 
physically  at  the  points  of  juncture  of  the  cracks  and  the  circle.  Convergence 
of  polynomial  approximations  of  the  exact  problem  can  be  considered  a  matter 
of  choosing  a  sufficiently  accurate  polynomial  approximation  of  the  mapping 
function  such  that  a  closer  approximation  will  not  effect  an  improvement  in 
the  specified  accuracy  of  the  desired  information. 

The  existence  of  cusps  at  locations  corresponding  to  the  crack  roots  is  ensured 
in  polynomial  mapping  approximations  by  demanding  that 

dZ/df  =  «'(f)  =  (1  -  (10) 

where  g{C)  is  a  polynomial  with  coefficients  chosen  so  that  the  roots  of  flf(f )  =  0 
fall  inside  the  unit  circle.  Due  to  the  convergence  of  (8)  at  all  but  a  finite  number 
of  points  on  the  unit  circle,  suitable  polynomial  approximations, 

z  =  «(r)  -  c [r  +  Z  ‘.r*"**],  (n) 

can  be  obtained  by  setting  Cn  =  ;  modifications  of  the  c^’s  being  made  to 

satisfy  (10). 

6.  “All'Around”  Tension  at  Infinity.  Consider  now  the  case  of  uniform  tension 
*  at  infinity  illustrated  in  Figure  la.  It  can  easily  be  shown*  that  the  loading 
condition  <r,  =  =  T  on  ]  Z  |  =  iE  where  R  is  very  large  is  satisfied  by  choosing 

v(f)  and  i^(f)  such  that  they  approach  CTi/2  and  CTyolT^,  respectively,  for 
large  1  f  |  .  Therefore,  let  us  assume  that  ^(f)  is  a  pol)momial  of  the  form 

v(f)  =  CT  [f/2  -f  z  .  (12) 

Such  indeed*  would  be  the  form  of  ^(f)  were  there  no  boundary  irregularities 
implied  by  the  mapping  function  (11). 

Next,  we  write  the  boundary  condition  (5)  as 

«X®’)l^(v)  =  —  w'(<7-)^(<r)  —  <o(v)v'(<^)-  (13) 

The  function  w'(f)^(f)  is  analytic  exterior  to  the  unit  circle  and,  with  ^(f)  as¬ 
sumed  as  (12),  is  given  as  a  continuous  function  on  the  unit  circle  by  (13). 
Thus,  if  the  coefficients  on  can  be  chosen  so  that  the  coefficients  of  all  positive 
powers  of  f  in  the  Laurent  expansion  of 

«'(f)v»(l/f)  +  c-(l/f)^'(r)  (14) 

*  A  detailed  discussion  of  the  stress  functions  for  infinite  regions  can  be  found  in  [4]. 

*  E.g.,  the  case  for  A:  —  2,  AT  —  2  has  been  discussed  by  Morkovin  [5)  in  some  detail. 
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between  two  upper  half  planes  which  carries  the  real  axis  of  one  into  the  real 
axis  interrupted  by  vertical  slits  (cracks)  of  finite  length  of  the  other  and  the 
transformation  canying  each  of  the  above  regions  into  a  circle  and  its  exterior. 
The  mapping  function  (4)  is  the  product  transformation  and  can  be  expressed 
in  differential  form  as 

dZ/Z  =  (1  -  r‘)df/f(l  +  2€f-*  +  r“)*.  (6) 

In  (6),  c  is  a  real  parameter  such  that  0  ^  |  c  |  ^  1  and  the  denominator  is 
considered  positive  at  ^  =  1  in  order  to  define  the  desired  branch  of  the  multi¬ 
valued  mapping  function.  By  varying  c,  the  crack  depth  can  be  adjusted  to 
assigned  values.  It  is  evident  from  sjnmmetry  considerations  that  the  unit  circle 
is  mapped  by  (6)  into  a  circular  boundary  interrupted  by  k  symmetrically 
distributed  radial  cracks  of  equal  depth. 

It  is  possible  to  determine  the  closed  form  of  the  mapping  function  by  quadra¬ 
ture.  For  k  =  1,  it  can  be  shown  that 

z  =  »(f)  -  cif  +  f-‘  +  (1  + «)  +  (1  +  r‘)(r’  +  2.f  + 1)*,  (7) 

where  C  is  a  constant  of  proportionality.  The  closed  form  of  the  mapping  func¬ 
tion  increases  in  complexity  with  larger  integers,  k. 

For  purposes  of  the  subsequent  stress  analysis,  it  is  desirable  to  find  a  series 
representation  of  (6)  converging  on  and  exterior  to  the  unit  circle.  The  form  of 
such  a  series  is  evidently 

z  =  «(f)  =  c  [f  -f  z  ,  (8) 

where  the  .du’s  are  real.  The  AnB  may  be  obtained  numerically  from  simple 
recursive  formulae  determined  by  expanding  both  sides  of  (6)  in  series  form 
and  equating  coefficients  of  equal  powers  of  j*.  The  convergence  of  (8)  on  and 
exterior  to  the  unit  circle  can  be  studied  by  examining  the  coefficients  ^1,. .  It 
can  be  shown^  that  limit»««>  An  =  0;  thus,  using  a  well-known  theorem 
found  in  [3],  the  series  (8)  converges  exterior  to  the  unit  circle  and  at  all  points 
on  the  unit  circle  except  at  the  roots  of 

f**  -H  2€f*  -H  1  =  0.  (9) 

4.  Polynomial  Approzidiation  of  the  Mapping  Function.  A  mathematical 
difficulty  common  to  most  problems  in  the  stress  analysis  of  regions  involving 
irregularities  in  boundary  contours  is  the  determination  a  priori  of  the  forms  of 
singularities  of  the  stress  function  associated  with  the  irregularity.  Often,  the 
issue  is  avoided  by  assuming  that  the  singularities  are  of  such  a  nature  that  the 
stress  functions  can  still  be  expanded  in  an  infinite  series,  converging  in  the 
region  of  the  problem  at  all  but  the  singular  points  of  the  boundary.  Although 
results  which  are  undoubtedly  valid  are  usually  obtained  when  this  argument  is 
used,  it  is  virtually  impossible  to  verify  rigorously  the  convergence  assumed. 

*  The  proof  is  particularly  simple  for  ib  —  1.  From  (7),  it  can  be  seen  that  the  A.’s  behave 
essentially  as  the  Legendre  polynomials.  The  proof  is  more  difficult  for  ^  ^  2. 
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vanish,  we  can  determine  explicitly.  By  multiplying  both  sides  of  (13)  by 
l/2«(‘^  ~  f)  aJid  integrating  around  the  unit  circle,  we  obtain  by  a  well-known 
theorem* 

=  — «^(f)<p(l/f)  —  «(l/f)/<fl  (15) 

It  is  interesting  to  note  that  the  cusp  roots  are  reflected  by  singularities  in 
^(f)  in  the  form  of  simple  poles. 

To  complete  the  ansl}rsis  it  is  necessary  to  verify  that  the  coefficients  a.  can 
be  determined  to  meet  the  condition  set  forth  above.  If  the  coefficients  of  all 
positive  powers  of  ^  in  the  Laurent  expansion  of  (14)  are  equated  to  zero,  the 
following  system  of  linear  simultaneous  equations  results: 

M-p 

o,  -f-  21  o^,€,(l  —  nA:)  -I-  2Z  «iH^»a«(l  —  nk)  -f  «,/2  *  0, 

«-i  —I  (16) 

p  =  i,2, 

The  conditions  can  therefore  be  met  by  the  solution  of  (16)  for  the  N  coefficients, 
a,  ,  n  •=  1,  2,  •  •  •  ,  iV. 

It  is  evident  that  the  state  of  stress  is  unaffected  by  the  addition  of  a  linear 
expression  of  the  form  DiZ  -f  o  -|-  ib  to  ip{Z)  or  a  complex  constant  a  -f-  t/S  to 
f  (Z).  Thus,  for  A:  =  1,  the  quantity  oi  determined  by  (16)  plays  no  role  in  the 
actual  stresses.  Similarly,  identical  satisfaction  of  the  boundary  condition  (5) 
can  be  realized  by  proper  adjustments  of  the  coefficients  of  the  above  arbitrary 
additions. 


6.  Tension  in  One  Direction  at  Infinity.  For  the  case  of  tension  in  one  direction 
at  infinity  (illustrated  in  Figure  lb),  the  anali^sis  can  be  carried  out  in  a  manner 
similar  to  that  of  the  preceding  section.  It  can  be  shown  that  the  loading  condi¬ 
tion  at  infinity,  <ry  =  T,  ia  satisfied  by  requiring  the  stress  functions  ^(j*)  and 
^(f)  to  approach  CT^Ii^  and  CTi/2,  respectively,  for  large  |  f  |.  The  stress 
function  ^(f*)  is  again  assumed  to  have  the  form  of  a  pol}momial 


-  klf  - 

V»(r)  =  CT  i/4.  +  T,  . 


By  an  argument  similar  fo  that  of  the  preceding  section,  it  can  again  be  shown 
that 


«'(f)^(f)  =  -«'(f)v»(l/f)  -  wil/iWii)  (18) 

provided  that  the  coefficients  an  are  chosen  so  that 

-«'(f)^(l/r)  -  «(l/rV(f)  C*n/2,  for  large  |f|.  (19) 

Due  to  the  relative  lack  of  symmetry  in  this  case,  it  is  difficult  to  present  the 
linear  systems  of  simultaneous  equations  for  the  determination  of  the  a.’s  in 
compact  form  for  arbitrary  integers  k.  Therefore,  only  the  systems  for  the  single 

*  Reference  (4),  p.  146. 
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crack  (k  *  1)  and  the  two  crack  (k  =»  2)  cases  will  be  explicitly  formulated. 
For  k  =  1, 


M^p  N^p 

«>  +  51  a»+,€n(l  —  n)  +  —  n)  +  e,/4 

l«~l  M-al 


I  0,  p^2 

[-J,  p  -  2 


For  jfc  =»  2, 

M-P 

otp  +  X)  “*(»+F)  <»(l  ~  2n) 

f»«il 


p  =  1,2,  ••  •  ,  AT 


(20) 


+  Zf  «iH->«*"(l  ~  2n)  +  ep/4  = 


I  0,p>l 

1-1/2,  p  =  1 


(21) 


=  0, 


p  =  1,2,  •••  ,iV, 


7.  Stability  Condition  of  the  Griffith  Theory  for  Brittle  Failure.  An  applica¬ 
tion  of  the  preceding  results  is  the  determination  of  the  critical  applied  load 
for  which  the  radial  cracks  begin  to  spread.  A  purely  elastic  criterion  is  found 
in  the  Griffith  theory  of  the  rupture  of  brittle  materials  [1].  The  Griffith  hy¬ 
pothesis,  when  applied  to  the  present  problem,  leads  to  the  following  stability 
condition: 

dV 

^dL  ^  -2khGdL,  (22) 

aL 

where 

F  =  Ft  —  Fo  =  reduction  of  the  potential  energy  due  to  the  presence  of 
the  radial  cracks, 

F,  =  potential  energy  of  the  system  with  radial  cracks, 

Fo  =  potential  energy  of  the  system  without  cracks, 
k  «  number  of  radial  cracks, 
h  =  thickness  of  the  specimen  (axially), 

G  —  surface  tension  per  unit  area  of  the  crack  surface, 

L  =  length  of  the  radial  crack(s), 
d  —  notation  for  differential. 

The  critical  applied  load  can  be  determined  from  (22)  once  the  reduction  of 
potential  energy,  F,  has  been  found  as  a  function  of  L. 


8.  Calculation  of  the  Reduction  in  Potential  Energy,  F,  for  the  Case  of  “all* 
around”  Tension  at  Infinity.  In  order  to  compare  the  difference  in  potential 
energies  in  the  physical  systems  with  and  without  cracks,  it  is  convenient  and 
more  motivating  to  refer  to  the  exact  geometry  rather  than  pol3rnomial  approxi¬ 
mations.  Accordingly,  the  calculation  of  F  first  will  be  carried  out  in  terms  of 
the  stress  functions  as  referred  to  the  original  Z-coordinate  system  and  the 
exact  boundary  shape. 
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For  the  case  of  uniform  tension  at  infinity,  the  potential  energy  of  the  system 
with  cracks,  Vc ,  under  the  assumption  of  plane  stress,  reduces  to  the  calcu¬ 
lation  of 

F.  =  Urn  I  -  jf  (<r,  f/,  -f  T,#  U,)R  (23) 

where  <rr ,  Trt ,  Ur  and  U $  are  stress  and  displacement  components  in  polar 
coordinates.  The  integrand  in  (23)  can  be  expressed  in  terms  of  the  original 
stress  functions  ^(Z)  and  iKZ)  defined  by  (2)  and  (3)  from  the  relations 

«rr  -  iV„  =  ,p'(+  Z)  -  e*’*[2^''(Z)  -b  ^'(Z)]  (24) 

and 

2M(C/r  -}-  iU,)  =  c-’W(^)  -  2^-  mi  (25) 

where,  in  terms  of  Young’s  Modulus,  E,  and  Poisson’s  ratio,  v, 

M  =  E/2{\  -f  y)  (26) 


and 


= 


|(3  -  v)/{l  +  .), 
[3-4., 


for  plane  stress 
for  plane  strain. 


(27) 


The  stress  functions  tp{Z)  and  are  certainly  analytic  exterior  to  r  except 
for  the  point  at  infinity.  Therefore,  for  the  case  of  uniform  tension  at  infinity 
the  stress  functions  may  be  expanded  in  series  form, 

m  =  riZ/2 -t- OiZ*-‘ -b  ...]  (28) 

and 

m  =  TlfioZ-*  -b  6iZ-‘-‘  -b  •  •  •  ].  (29) 

The  expansions  (28)  and  (29),  valid  for  large  R,  can  be  substituted  into  (23) 
to  determine  F* .  It  follows,  after  some  algebra,  that 

F«  =  ^  ((1  -  .)R*  -  2i^| .  (30) 


In  order  to  obtain  the  potential  energy,  Fo ,  for  the  uncracked  plate,  the 
stress  analysis  for  a  concentric  ring  with  inner  radius  Ri  and  outer  radius  R 
loaded  on  the  outer  boundary  by  the  same  applied  load  (as  the  system  with 
cracks)  was  carried  out.  This  analysis  was  straightforward  and  the  details  will 
not  be  included  here.  The  results  lead  to  the  value  of  the  potential  energy  of  the 
uncracked  plate. 


Fo 


irr*A(ff*  -b  5o)*[(l  -  v)I^  +  2.Kj] 
£(«*  -  «»)» 


(31) 


In  the  limit,  therefore,  the  reduction  in  potential  energy  for  the  case  of  “all- 
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around”  tension  at  infinity  for  the  plane  stress  assumption  is  given  by 

V  =  2Tr*A(6o  +  R\)/E.  (32) 

We  now  must  interpret  this  result  in  terms  of  the  previous  analysis  based  on 
polynomial  approximations  of  the  problem.  The  stress  function  given  by 
(15)  for  polynomial  approximations  of  the  geometry  can  be  expanded  in  a  series 
of  the  form 

m  =  CTlyo  +  7of“‘  +  7ir*"*  +•••].  (33) 

On  the  other  hand,  a  series  expansion  of  \^(^)  for  the  exact  geometry  which  is 
certainly  valid  for  |  f  |  >  1  can  be  found  by  substituting  the  exact  mapping  (6) 
into  (29).  If  we  assume  that  the  polynomial  approximation  can  be  made  to  con¬ 
verge  to  the  exact  solution,  we  find  by  the  comparison  of  the  coefficients  of 
in  the  expansions  of  ^(^)  that 

C*7o  bo  (34) 

The  hitherto  unspecified  constant  C  occurring  in  the  mapping  function  will  now 
be  chosen  so  that  the  radius  of  the  circular  hole  in  the  physical  plane  is  the  unit 
of  length.  Thus,  if  o-  =  <ri  is  that  point  on  the  unit  circle  in  the  f -plane  which 
corresponds  to  the  junction  of  the  crack  and  the  circle  in  the  Z-plane,  then  C 
is  chosen  so  that 

Ri  =  1  «(ax)  I  =  1.  (35) 

Thus,  if  a  sufficiently  accurate  polynomial  mapping  is  taken,  we  can  write  (32) 
within  an  arbitrarily  specified  accuracy  as 

V  =  2Tr*/l{7«/[a,(.rx)/C]*  +  1]/E.  (36) 

The  reduction  in  potential  energy  can  be  determined  as  a  function  of  the  crack 
length,  L,  by  noting  that  L,  measured  in  units  of  the  radius  of  the  circular  hole, 
can  be  written  as  •  . 

L  =  «(l)/a.((ri)  -  1.  (37) 

Thus,  for  the  case  of  plane  stress  and  “all-around”  tension  at  infinity, 

V  =  2rT'hfiL)/E,  (38) 

whcrB 

/(L)  =  7o[(L  +  DhiiyCf  +  1.  (39) 

In  (39),  it  should  be  noted  that  both  70  and  w(l)/C'  are  functions  of  L. 

For  plane  strain,  the  second  form  of  1;  in  (27)  must  be  used  for  the  calculation 
of  the  displacements.  Otherwise,  the  calculation  is  identical  with  that  for  the 
case  of  plane  stress.  The  reduction  in  potential  energy  for  the  case  of  plane 
strain  is  given  by 

V  =  2irT^h{\  -  y)f(L)/E  (40) 

where /(L)  is  given  again  by  (39). 
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9.  The  Reduction  in  Potential  Energy  for  the  Case  of  Simple  Tension  at 
Infinity.  The  calculation  of  V  for  the  case  of  simple  tension  at  infinity,  ay  ™  T, 
can  be  carried  out  in  a  manner  similar  to  the  preceding  section.  For  the  case 
of  plane  stress,  we  find 

V  =  2it'r^hg{L)IE, 

where 

g{L)  =  (to  +  2a,  -  AML  +  l)/«(l)/CT/2  +  I 
In  (42),  the  quantities  yo,  at,  and  A  are  defined  by 

CTyo  =  coefficient  of  in  the  Laurent  expansion  of  ^(f), 

o,  =  coefficient  of  in  the  Laurent  expansion  of  ^(f ), 

CA  =  coefficient  of  in  the  Laurent  expansion  of  w(f). 

10.  The  critical  load  according  to  the  GrifiSth  Hypothesis.  The  critical  value 
of  the  applied  load,  T, ,  can  now  be  calculated  for  the  cases  considered  by 
substituting  (38),  (40),  or  (41)  into  the  stability  condition,  (22).  The  results 
can  be  summarized  as  follows: 

For  plane  stress, 

Tc  =  [—kEG/irfiL)^  for  uniform  tension  at  infinity,  (44) 

and 

Tc  =  [—kEG/vg'{L)^  for  simple  tension  at  infinity.  (45) 

For  plane  strain, 

Tt  =  {—kEG/wil  —  i'*)/'(L)]*  for  uniform  tension  at  infinity.  (46) 

According  to  the  Griffith  hypothesis,  the  crack(s)  become  unstable  if  T  ^  . 

The  plane  strain  criterion  (46)  is  intended  for  the  study  of  radial  cracks  in 
cylinders  under  internal  pressure,  P.  Such  a  load  S3r8tem  is  obtained  simply  by 
superimposing  a  hydrostatic  pressure  on  the  load  system  corresponding  to  the 
uniform  tension  case  for  T  ,=  P.  Since  it  can  be  shown  that  the  superposition  of 
a  hydrostatic  stress  state  does  not  affect  the  critical  stress  as  calculated  above, 
the  critical  internal  pressure,  Pa ,  is  also  given  by  (46). 

11.  Numerical  Results  for  the  Case  of  **All-Around”  Tension  at  Infinity.” 
The  anal}rsis  carried  out  in  the  previous  sections  was  numerically  evaluated  for 
the  cases  of  a  single  crack  (A;  =  1)  and  two  cracks  (k  =*  2).  In  particular,  the 
stress  analysis  was  carried  out  for  nine  values  of  the  crack  length-determining 
parameter,  «.  From  these  results,  the  function  /(L)  was  found  in  tabular  form. 
These  data,  in  turn,  were  numerically  differentiated  with  respect  to  L  to  find 
/'(L).  The  critical  stresses  according  to  (44)  or  (46)  were  then  determined. 

For  example,  when  k  =  2  the  coefficient  to  in  (39)  is  given  by 


(41) 

(42) 

(43) 


ANALYSIS  OF  AN  INFINITE  PLATE 


69 


70  =  -  [l  +  2  Z  «-«.(!  -  2n)  j  .  (47) 

It  was  found  that  7o  can  be  obtained  to  three  significant  figure  accuracy  for  the 
crack  lengths  chosen  if  an  average  of  thirty  terms  of  the  polynomial  approxima¬ 
tion  of  the  mapping  function  is  retained.  Actually,  only  a  few  terms  of  the 
polynomial  are  required  for  moderately  large  crack  lengths,  whereas  the  con¬ 
vergence  is  poor  for  small  lengths.  Illustrative  results  for  the  case  of  k  =  2 
are  listed  in  Table  1 . 


TABLE  1 


• 

L 

-(DA 

Tt 

m 

-1.000 

0.000 

1.000 

-1.000 

0.000 

-0.866 

0.303 

1.269 

-1.076 

-0.152 

-0.707 

0.497 

1.383 

-1.160 

-0.369 

-0.600 

0.732 

1.500 

-1.267 

-0.689 

0.000 

1.414 

1.707 

-1.509 

-2.018 

-t-0.600 

2.732 

1.866 

-1.762 

-6.008 

-f-0.707 

4.027 

1.924 

-1.862 

-11.640 

-t-0.866 

6.596 

1.966 

-1.933 

-27.860 

+  1.000 

00 

2.000 

-2.000 

—  00 

For  large  values  of  L,  the  solution  approaches  the  form  corresponding  to  the 
case  of  a  single  crack  of  length  2(1  -|-  L)  in  an  infinite  plate.  Thus,  for  large  L 

/(L)« -(L -h  1)V2  +  1.  (48) 

Similar  computations  were  made  for  the  case  of  a  single  crack  {k  =  1).  The 
form  of  /(L)  for  large  L  in  this  case  was  found  to  be 

/(L)«-(L-1-2)V8+1.  (49) 

The  variation  of  the  critical  (oad,  T, ,  was  then  found  by  differentiating  /(L) 
numerically  and  substituting  into  (44)  or  (46).  For  the  case  of  plane  strain,  the 
variation  of  the  critical  load  with  crack  length  is  shown  in  Figure  2. 

12.  Numerical  Results  for  the  Case  of  Simple  Tension  at  Infinity.  In  a  similar 
manner  the  cases  for  A:  =  1  and  k  =  2  were  evaluated  for  the  loading  —  T 
at  infinity.  For  example,  to  calculate  g{L)  in  (42)  the  quantity  70  for  A:  =  2 
is  determined  from 

70  =  €i/2  -  [^1/2  -f  2  L  tnatnd  -  2n)j  (50) 

Illustrative  data  for  A:  =  2  is  shown  in  Table  2. 

For  large  crack  lengths  g(L)  approaches  the  respective  forms  of  /(L)  in  (48) 
and  (49),  which  is  consistent  with  the  well-known  result  that  a  single  crack  in 
an  infinite  sheet  is  unaffected  by  a  tension  in  the  direction  of  the  crack.  The 
critical  stresses,  determined  by  substituting  the  function  g'(L)  into  (45),  are 
shown  as  a  function  of  L  in  Figure  3. 
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Fio.  2.  Variation  of  the  critical  load  with  crack  length  for  the  case  of  “all-around"  ten¬ 
sion  at  infinity. 


TABLE  2 


• 

•  1 

T# 

tU.) 

-1.000 

0.00 

-0.60 

-0.60 

0.00 

-0.866 

0.07 

-0.61 

-0.62 

-0.28 

-0.707 

0.15 

-0.69 

-0.74 

-0.57 

-0.500 

0.25 

-0.76 

-0.87 

-1.00 

0.000 

0.50 

-0.83 

-1.13 

-2.63 

+0.600 

0.76 

-0.82 

-1.33 

-6.69 

+0.707 

0.86 

-0.80 

-1.41 

-12.40 

+0.866 

0.03 

-0.78 

-1.46 

-28.80 

+  1.000 

1.00 

_ i _ 

-0.75 

-1.50 

00 

13.  Observations.  For  large  crack  lengths,  say  L  >  1,  (in  units  of  the  radius 
of  the  inner  hole)  the  effect  of  the  stress  field  caused  by  tihe  circular  hole  is 
negligible  insofar  as  the  critical  stress  is  concerned.  In  fact,  the  solution  for  a 
single  crack  in  an  infinite  plate  can  be  used  provided  that  the  single  crack  is 
compared  with  a  crack  of  length  2(1  +  L)  for  A:  =  2  and  a  length  of  L  +  2 
for  k  =  1. 

On  the  other  hand,  for  very  small  crack  lengths  the  critical  load  appears 
to  be  governed  primarily  by  the  local  stress  field  of  the  hole.  This  observ'ation 
is  made  on  the  basis  of  the  following  argument:  Since  the  tangential  stress  in 
the  immediate  vicinity  of  the  hole  where  the  crack  is  to  be  placed  is  3T  for  the 
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Fio.  3.  Variation  of  the  critical  load  with  crack  length  for  the  case  of  simple  tension  at 
infinity.  > 


case  of  simple  tension  and  2T  for  the  case  of  all-around  tension,  one  would 
expect  that  the  ratio  of  the  critical  load  for  simple  tension  to  the  critical  load 
for  all-around  tension  would  be  two-thirds  if  governed  by  the  local  stress  field. 
A  comparison  of  the  data  of  Figure  2  and  Figure  3  indicates  that  such  indeed 
is  the  case  as  the  crack  length  approaches  zero.  (Note  that  the  factor  (1  —  r*) 
must  be  neglected  to  make  a  consistent  plane  stress  comparison.) 

For  crack  lengths  intermediate  to  those  above,  the  behavior  of  the  critical 
load  does  not  appear  capable  of  such  simple  physical  arguments. 

Finally,  the  critical  internal  pressure  for  the  plane  strain  problem  of  a  cylinder 
of  very  large  wall  thickness  can  be  found  simply  by  replacing  Te  by  P*  in  Figure  2. 
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FORMULAE  RELATING  SOME  EQUIVALENT  NETWORKS* 

R.  J.  Duffin  and  Eusa  Kkitzek 

1.  Introduction.  Frequently  in  electrical  and  mechanical  systems  undergoing 
forced  vibrations  there  arise  equations  of  the  form 

(1)  5  -  (ap  +  «  +  ep-‘>y 

where  p  ~  d/d/  and  script  letters  denote  matrices, 


The  physical  situation  for  passive  systems  requires  that  the  real  symmetric 
matrices  G,  (B,  and  6  be  semi-definite,  i.e.,  for  any  real  a:,- ,  t  =  1,  2,  •  •  •  ,  n, 

1  ^  0,  bipCiXi  ^  0,  CifXiXj  ^  0. 

(1)  might  be  said  to  define  an  ideal  network  since  it  does  not  represent  an 
actual  electrical  network  without  ideal  transformers  unless  further  restrictions 
on  G,  (B,  and  6  are  met.  G,  (B,  and  6  may  be  considered  as  inductance,  resistance, 
and  elastance  matrices  respectively;  7  and  ‘y,  as  voltage  and  current  matrices; 
and  p,  as  j  X  (angular  frequency). 

The  driving-point  impedance  of  this  ideal  network  may  be  defined  as 

^  _  determinant(6p  +  <B  •+•  6p”*) 

[determinant (Gp  -f  ffl  -f-  Cp”')]^' 

where  [determinant  (Gp  -f-  (B  -|-  Cp"*)]"  denotes  the  minor  of  the  term  in  the 
first  row,  first  column  of  the  matrix  (Gp  -f-  (B  -f  Cp~*).  It  was  shown  by  Bott  and 
Duffin  that  there  exists  a  network  without  transformers  having  this  same  driving- 
point  impedance.  In  this  pap)er  we  are  interested  in  showing  how  this  method  may 
be  carried  out  in  algebraic  form  in  simple  cases. 

We  are  concerned  only  with  2-loop  networks,  i.e.,  the  case  n  =  2.  Suppose  that 
G,  (B,  and  6  are  real  semi-definite  matrices.  First  it  is  shown  by  means  of  a  matrix 
transformation  of  the  type  employed  by  Howitt  [1]  that  there  is  a  network  of  a 
particular  form  which  has  the  same  impedance  function  Z  as  has  (1).  (Actually 
this  step  can  be  carried  out  for  arbitrary  n.)  Let  the  inductance,  resistance,  and 

*  The  work  on  this  paper  was  sponsored  by  the  Office  of  Ordnance  Research,  U.  S.  Army, 
Contract  DA-36-061-ORD-378.  The  material  in  this  paper  is  part  of  a  thesis  submitted  by 
the  second  author  to  Carnegie  Institute  of  Technology  in  partial  fulfillment  of  the  require¬ 
ments  for  the  Ph.D.  degree. 
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elastance  matrices  of  this  new  network  be  denoted  by  £,  (R,  and  S.  Then  from 
the  impedance  function  defined  by  the  £,  (R,  and  S  matrices  we  derive  by  syn¬ 
thesis  theory  a  network  with  no  transformers  which  has  the  same  impedance 
function  as  has  the  network  determined  by  (2,  (B,  and  G.  Further  this  derived 
network,  which  has  one  of  four  given  structures,  is  of  the  simple  series-parallel 
type.  Also,  the  parameters  of  the  derived  network  are  given  explicitly  by  rational 
functions  of  the  elements  of  the  £,  (R,  S  matrices,  which  themselves  are  rational 
functions  of  the  elements  of  the  Cl,  (B,  6  matrices. 

The  principal  result  of  this  paper  is  thus  to  show  explicit  formulae  for  the  ele- 
mente  of  a  network  without  transformers  which  has  the  same  driving-point  impedance 
as  an  arbitrary  two-loop  passive  network.  The  expressions  for  the  elements  of  this 
network  are  given  by  rational  functions  of  the  elements  of  the  ideal  network. 


2.  Reduction  to  a  Network  with  Real  Transformers.  The  ideal  network  defined 
by  G,  (B,  C  would  in  general  require  ideal  transformers.  First  we  want  to  show 
that  it  is  possible  by  use  of  the  transformation  introduced  by  Howitt  to  obtain 
an  equivalent  network  (as  far  as  the  impedance  is  concerned)  which  employs  only 
real  transformers. 

Suppose  there  are  given  three  real  symmetric  semi-definite  matrices, 


«=(::)•  -(::)• 

Then  if  911  is  a  matrix  of  the  form 


with  X  and  y  real,  and  911*  is  its  transpose 


the  network  with  the  inductance,  resistance,  and  elastance  matrices  911*0911, 
91l*(B9ll,  9II*C9Tl,  has  the  same  impedance  function  as  the  network  which  O,  (B,  C 
define  [1]. 

First  it  is  desired  to  determine  x  and  y  so  that 

9ll*(B9Tl  =  (R  »  y 

\  -r,  r,  -H  r,/’ 

=  *)• 


a 
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(i  X  X :) 

^  /ci  +  2ciX  +  c,x*  y(oi  +  Cix)\ 
“  \  y(c»  +  ctx)  CtV*  / 


-(? :)- 


gR*ffl3n 


+  2biX  +  b,x'  y(bt  +  b,xT 
yibt  +  btx)  hty'  , 


“C- 


+  r,  -ft  > 
-r»  ri  +  fjy 


For  biCt  —  bicj  ^  0,  it  is  possible  to  select  x  and  y  so  that  ri  =  0.  This  requires 
that 


This  jpves 


y[hiy  +  (6*  +  fell)]  =  0,  y(c,  +  ci  x) 


—ctfci,  y  =  [cj6,  —  Ci6j)/6|C,. 


When  btCt  —  btCt  =  0,  it  isn’t  always  possible  to  select  x  and  y  so  that  ra  =  0, 
but  in  this  case,  x  and  y  can  be  selected  so  that  the  synthesis  is  a  simple  applica- 


TABLE  1 


CMC  1 

Cmc  2 

Cmc  3 

Cmc  4 

CmcS 

kct 

hct  •• 

«  *i  —  l»  —  0 

ii  «i  -  a  -  0 

•  1 

Ct 

Ct 

Ct 

6»  +  6i 

0 

c, 

Cl 

Ct 

bt 

y 

bict  —  btc, 

btCt 

1 

1 

1 

1 

h 

oi  +  2a«2  + 

at  +  fiotx  +  oiof* 

Oi  +  2atx  +  Oil* 

at  +  2atz  +  Oil* 

Oi 

U 

aty* 

Oi 

Oi 

Oi 

a, 

m  \ 

y{at  +  o»ar) 

at  +  OiX 

rtt  +  a»r 

at  +  aix 

at 

e,ct  -  <i 

CiCi  Cf 

CiCi  —  c* 

j 

i 

Ca 

Cl 

Cl 

C| 

Cl 

cj/* 

Cl 

Cl 

0 

0 

n 

hibi  —  fej 
b^ 

h,bt  -  b\ 

6i 

6, 

bib,  -  bi 
b. 

b, 

rt 

biV* 

0 

•  0 

b. 

0 

r» 

0 

bi 

0 

0 

0 
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tion  of  the  Brune  theory.  The  case  when  —  btCt  ^  0  is  more  involved  and 
will  receive  most  of  our  attention.  The  values  of  x  and  y  and  the  resulting  ele¬ 
ments  of  the  £,  (R,  S  matrices  are  shown  in  Table  1. 

The  network  with  £,  (R,  S  as  its  inductance,  resistance,  and  clastance  matrices 
is  shown  in  Figure  1. 


Fio.  1 


3.  Reduction  to  a  Network  Without  Transformers.  In  the  preceding  section 
we  have  seen  that  we  can  always  reduce  the  ideal  network  to  the  network  shown 
in  Figure  1.  In  this  section  we  will  carry  out  a  synthesis  to  obtain  an  equivalent 
network  without  transformers.  This  will  be  at  the  expense  of  increasing  the 
number  of  loops.  Except  for  the  case  when  6jCj  —  63C1  =  0,  it  is  necessary  to  con¬ 
sider  only  the  network  shown  in  Figure  2.  It  will  be  seen  that  the  exceptional  case 
is  easily  dealt  with. 


Fio.  2 


The  impedance  function  of  the  netw'ork  of  Figure  2  is 

Z(p)  =  [(hit  -  m*/lt)p  +  n  -f- 

(3)  -|-  ”*)*/Mp*  "h  {sitn* /U)p  +  Sjrt 

Up*  +  rip  +  8t 

=  KhU  -  m'/U)p  +  r,  -I-  +  Z'(p) 

It  can  be  verified  that  Z'(p)  may  be  written  in  two  other  forms: 

(4)  Z'(p)  =  [m(U  +  m)/U]p  -  [(U  -b  m)p*  -f-  sil[mp  -  rj]/[Iip*  +  rip  -b  «,], 

(5)  Z'(p)  =  [-ms, /Up] 

.  +liU  =b  m)p*  -b  Sj][ri(lj  -b  m)p  -b  s,m]/Up(Up*  +  T,p  -b  «*) 
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Using  the  synthesis  procedures  of  Brune  [2],  Bott  and  Duffin  [3],  and  another 
procedure  which  replaces  one  step  in  the  Brune  method,  a  network  can  be  written 
down  which  is  passive,  has  no  transformers,  and  has  the  function  Z{p)  given  by 
(3)  as  its  driving-point  impedance.  As  long  as  (fi  -f  m)  >  0,  the  methods  of 
Brune  and  Bott  and  Dufiin  are  used  to  give  the  synthetic  network.  These  methods 
are: 

(a)  If  Z(p)  has  a  pole  at  p  =  t«,  then  Z(p)  =  c/(p*  -1-  w*)  H-  Zi(p),  where 
c  >  0  and  Zi(p),  a  positive  real  function,  does  not  have  a  pole  at  p  =  tw. 

(b)  If  Zip)  has  a  zero  at  p  iw,  then  Z~\p)  =  c/(p*  -j-  «*)  +  ^r*(p),  where 
c  >  0  and  Zi(p),  a  positive  real  function,  does  not  have  a  zero  at  p  =  tw. 

(c)  If  Zip)  has  no  poles  on  the  imaginary  p  axis  and  real  [Z(p)]  >  0  there, 
then  Zip)  =  minimum  (real(Z)]ini .».*!•  +  ^i(p),  where  Zi(p)  is  a  positive 
real  function,  and  real  [Zi(p)]  has  a  zero  on  the  imaginary  p  axis. 

(d)  If  Zip)  has  no  poles  or  zeros  on  the  imaginary  p  axis  but  real  [Z(p)]  has  a 
zero  at  p  tu,  w  >  0,  then  there  is  a  fc  and  either  an  L  >  0  or  an  5  >  0 
so  that  either 

Z(t«)  =  icoL,  Zik)  =  kL, 
or 

Z(t«)  =  S/t«,  Z(ik)  =  S/k. 

In  either  case, 

Z(p)  =  [p/kZik)  -H  l/ft(p)Z(fc)]-‘  -}-  {Rip)/Zik)  -H  k/pZik)Y\ 

where  Rip)  is  the  Richard's  function  [4], 

R(p)  =  [A:Z(p)  -  pZik)\/[kZik)  -  pZ(p)]. 

With  k  as  selected  above.  Rip)  has  a  zero  on  the  imaginary  p  axis  or 
Rip)  has  a  pole  there,  so  that  both  R~^ip)  and  Rip)  can  be  reduced  by 
Brune ’s  method. 

When  (fj  +  »»)  <  0,  the  polynomial  fraction  in  (4)  has  no  poles  on  the  im¬ 
aginary  p  axis  and  the  real  part  of  Z  has  no  zeros  there.  As  long  as  the  network 
parameters  have  given  numerical  values,  there  is  no  particular  difficulty  in 
determining  that  minimum  resistance  to  be  removed  in  the  Brune  process.  In 
the  case  of  this  paper,  ho,wever,  the  resistance  may  be  one  of  several  different 
functions  of  the  network  parameters,  depending  upon  their  interrelations. 
To  avoid  this  difficulty,  a  different  method  is  developed.  Recall  that  a  factor  of 
[(fj  -H  m)p*  -f  «j]  occurs  in  the  polynomial  fraction  of  (4).  This  term  has  the  real 
roots  p  =  ±[— -|-  m)]*.  If  k  is  selected  as  the  positive  real  root,  and  L 
or  S  (whichever  is  >0)  is  selected  as  Zik)fk  or  kZik)  respectively,  then  these 
values  of  k  and  L  or  S  can  be  used  in  the  Richard’s  function  for  Zi(p)  to  give 

Z,(p)  =  [p/kZ,ik)  -f  l/Zi(A:)/?(p)]-‘  -H  [Rip)/Z^ik)  -H  k/pZ^ik)r\ 

where  terms  cancel  in  Rip)  to  give  a  function  which  can  be  reduced  by  the  Brune 
process. 

It  must  be  emphasized  that  this  last  procedure  cannot  in  general  replace  the 
step  of  removing  the  minimum  resistance.  However,  in  certain  cases  it  is  valid. 


FORMULAE  RELATING  EQUIVALENT  NETWORKS 


77 


Suppose  that  a  rational  impedance  function  has  no  poles  on  the  imaginary  p 
axis  and  its  real  part  has  no  zeros  there.  Then  this  function  has  the  form 

=  fip)/g(p) 

where /(p)  and  g(p)  have  the  same  degree,  say  n.  If  n  is  an  odd  number,  then  there 
exist  real  k  and  L  or  S  such  that  Z(k)  —  kL  or  S/k,  and  the  Richard’s  function 
formed  using  this  positive  value  of  k  with  Lot  S  has  the  form 

R(p)  =  Mp)/giip) 

where  the  sum  of  the  degrees  of  /i(p)  and  gi(p)  is  less  than  2n.  That  this  is  true 
can  be  shown  by  an  algebraic  argument.  (Note  that  the  result  here  is  a  gener¬ 
alization  of  the  Corollary  to  Theorem  VI  in  Richard’s  paper  [4].) 

There  are  three  possibilities  to  be  considered  in  getting  the  synthetic  network  of 
Figure  2: 

(i)  m  >  0;  (m  =  0  is  trivial) 

(ii)  — m  >  It  ;  (— m  =■  is  trivial) 

(iii)  li>  —  m  >  0. 


In  (i),  pi  >  0,  and  (4)  is  used  in  the  Bott-Duffin  method  with 
L  =  m(fj  -H  m)/lt ,  w  =  +  m)]*,  k  =  rj/m.  We  have 

kLR~\p)  =  kL[kZ'ik)  -  pZ’ip)]/[kZ'(p)  -  pZ'(k)] 

=  kL[k'L  -  pZ'(p)]/[kZ'ip)  -  pkL] 

=  Lf-p  -  L(p*  -  fc*)/(Z’(p)  -  pL)] 


where 


m(lt  -1=  m) 

f  —  (p  -  k)(p  -1-  k)(ltp'  +  r,p  +  si) 

U  ' 

m(lt  -1-  m)  \ 

[  ^  m(p  -  k)[(lt  + 

\(kL'  1  ri)tj*  -\-  ( krt  +  ^ 

m)p^  -f  «*] 

p  +  fc«*l 

1  yKlt  T  rup  T  !  "<'1  T  ,  ,  I 

1  \  +  Wl/ 

Q  1 

m(i*  +  m)  < 

[  p*  -f  Si/ (It  +  »*) 

[  (r\  Sttn  \ 

\  fi(h  ■[-  wi)  j  \m  f*  -f-  m)  / 

J 

>1 

■I 

l\  1 

[  m  p*  4*  s*/(^  +  "*) 

=  R*  +  [p/s*  -|-  1/L*p]  *, 

Ri  —  F*(f*  +  Tn)*/ii  , 

St  =  mik  +  m)[rj/m  -f  «*m/(f»  -b  m)]/fj , 


L*  =  St(lt  +  m)/ St . 
kLR(p)  =  k*L*[Rt  +  (p/St  +  l/LtprT 
=  [1/R.  -H  l/(L,p  -f  St/p)r\ 
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where 

RiRt  =  LiSi  =  SiLi  =  r\{lt  -f*  • 

The  network  for  Z,  case  (i),  is  shown  in  Figure  3,  (The  values  of  li,  ,  m  * 
,  r* ,  Si ,  in  terms  of  the  o’s,  6’s,  c’s  are  given  in  Table  1,  Page  74.) 


Fio.  3 


In  (ii),  —m>U,  and  (4)  is  used  with  L  =  m(fj  +  m)/lt ,  k  =  +  m))* 

in  the  procedure  outlined  for  ili+  m)  <  0.  We  have 

kLR-\p)  =  L[-p  -  Up'  -  k')/{Z'{p)  -  pL)\ 

m(l.+  m)|  ^  !!!(k^  (p  -  t)(p  +  k)\Up'  +  +  alj 

”  u  [  ^  -  (ft  -f  m)(p  -  k){p  +  k)[—mp  +  r,]  ) 

^  m(f»  +  m)  i—rtik  +  m)p  —  ms»\ 
f*  \  —TOP  +  r*  / 

=  \\/Ri  +  \/Up\  ^  "{■  [^/Ri  +  p/St]  *, 

where 

Rt  =  rj(f*  +  m)*/l\  =  -rtUlm, 

Si  =  TOSj(/j  +  to)/ZJ  =  —rtRtlm. 

kLR(p)  -  fc‘L*[(l/i2,  +  l/LiPT^  +  (l/R*  +  p/5,)"']"‘ 

=  [(«!  +  Si/p)"*  +  (Rr  +  Up)-T\ 

where 


RiRx  =  Si^/j  —  RtRi  =  LiSi  —  —rnSt  • 
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The  network  for  Z,  case  (iii),  is  shown  in  Figure  5. 


In  case  2  (see  Table  1,  page  74)  rj  =«  0,  and 

_  _  .  .  _-i  I  +  hriv'  +  Ii«ip 

A  =  ri  -h  «iP  -J - j — j— j - ; - 

I|p*  +  Tip  +  8t 


ritn  i  ,  Sim 

*  P  +  -i-  P 


_ I  ^  1  hh  —  m  It  It 

=  r,  +  .a.  +— S— J-+ V  +  r.p  +  ^ 

_  ■  -1  ,  Wl  —  wi*  I«P  \  * 

^  It  ^  \w»*P  rjm*p  +  «jm*/  . 


In  case  3,  rt  =  rt  =  0,  and 


7  mw  r  I  Jt  Ti"*  I  “  *”*^*^*  ^*** 

-  I  -  ^-1  I  ~  I  ^ 

-r.  +  .^  +-T— P  +  ^TT^.' 


In  case  4,  «j  =  ri  =  0,  and 


<7  _  I  _  ^-1  I  ""  ”^*)p*  +  ’■*(^1  +  ^  +  2m)p 

Z-r.+  .rf.  + - - 


IL  m’  r  (!•  +  '")’p 

r.  +  .U.  +— S— P+  to+V,  • 


In  case  6,  r*  «  r,  =  «*  =  0,  and 


<7  -1  _L 

Z  -  r,  +  «ip  +  — - p. 
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In  cases  2-5,  the  synthetic  networks  are  similar,  so  that  all  may  be  illustrated 
by  one  diagram.  Figure  6.  The  values  of  the  parameters  in  each  case  are  given 
in  Table  2. 


Fig.  6 


TABLE  2 
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Thus  we  see  that  the  ideal  network  has  an  equivalent  network  without  trans¬ 
formers  with  the  same  impedance.  The  equivalent  network  is  of  the  form  shown 
in  Figure  3,  4,  5,  or  6.  It  is  clear  that  all  of  these  networks  can  be  represented  in 
the  form  of  Figure  7. 

This  reduction  to  the  form  of  Figure  7  is  not  unique.  If  one  proceeded  numeri¬ 
cally  it  might  be  possible  to  obtain  a  network  of  simpler  form.  The  point  of  this 
paper,  however,  was  to  obtain  algebraic  formulae  so  that  algebraic  simplicity 
was  also  of  concern. 
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AN  EXISTENCE  THEOREM  FOR  DRIVING-POINT  IMPEDANCE 

FUNCTIONS* 

By  N.  DeClaris 

In  the  field  of  network  synthesis,  we  frequently  notice  that  the  structural 
form  of  certain  types  of  networks  is  characterized  by  specific  zero-pole  patterns 
of  their  associated  impedance  functions.  Thus,  for  example,  a  simple  zero-pole 
altemance  on  the  imaginary  axis  of  the  complex-frequency  plane  implies  an  LC 
network,  whereas  poles  and  zeros  alternating  along  the  real  axis  characterize 
RC  or  RL  networks. 

The  purpose  of  this  paper  is  to  determine  the  pole-zero  pattern  for  a  driving- 
point  impedance  realizable  as  an  RC  network  terminated  to  an  inductance. 
In  essence,  this  situation  is  similar  to  that  arising  in  the  well-known  method  of 
Darlington  (1),  who  showed  that  any  realizable  RLC  driving-point  impedance 
function  can  be  synthesized  as  an  LC  network  terminated  to  a  resistance.  The 
results  obtained  are,  however,  not  quite  so  general  as  Darlington’s  since  not  all 
RLC  driving-point  impedance  functions  can  be  realized  in  this  manner. 


Fia.  1.  RC  Network  Terminated  to  One  Inductance 


Consider  an  RC  network  terminated  in  an  inductance  L,  shown  in  Fig.  1. 
In  general,  for  a  two-pair  terminal  network  we  have 

El  =  Ziili  +  Zu/i ,  Ei  =  zij/i  -f-  za/*  (1) 

Since,  in  this  case,  Ej  =  —  Ls  /»,  it  is  easy  to  derive 

Z  ^  ~  2ii  4*  ziiLs  ^2) 

”  /i  Zjj  +  Ls 


„  _  _  (l/ya)  +  L8 

—  Zii  - 1 — = — 

Ztt  +  Ls 


“  r~z - X 

is  the  short-circiiited  driving-point  admittance  of  the  RC  network.  . 

*  Thia  work  was  supported  in  part  by  the  Army  (Signal  Corps),  the  Air  Force  (Office  of 
Scientific  Research,  Air  Research  and  Development  Command),  and  the  Navy  (Office  of 
Naval  Research). 
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It  is  well  known  that  for  an  RC  network  the  driving-point  impedance  and 
admittance  have  simple  real  negative  poles  and  zeros  which  alternate  along  the 
real  axis  of  the  «-plane.  Therefore 


Zu 


j,  nr.iCs  +  Pi) 

-H  Qi) 


where  n'  =  m\  or  n'  -|-  1  =  m',  and  qi  <  pi.  Similarly, 


(4) 


Zn 


,  (s  +  di)(z  -h  dt)”‘ 
(»  +  9i)(«  +  9i)*  •  • 


9i  <  di 


(5) 


1/8 


.  (s  -f  mi)(s  -t-  mt)» 
*  («  +  ni)(s  -h  th)  • 


(s  +  WIm) 
«  +  n,) 


<  ni 


By  substitution,  Eq.  3  becomes 

_  PCs)  NCs)  +  c,  SLUM  ^ 

“  ”  M(s)  D(g)  +  c9LQ(s)  * 

where 


Cl  =  k», 


A 


Let  us  study  the  polsmomial 

R(«)  =  N(s)  -h  CiLsM{8) 


(6) 


(7) 


(8) 


Nis)  and  Mis)  have  all  of  their  roots  real  negative  (— ni ,  — n* ,  •  •  •  ,  — n»  ,  and 
— mi ,  —  mt ,  ’  *  ■  ,  —trim)  which  alternate  when  arranged  in  a  sequence  according 
to  their  ascending  magnitude.  A  sketch  of  Nis)  and  Mis)  is  given  in  Fig.  2  for 
s  real  and  negative.  Both  Mis)  and  Nis)  start  positive,  since  Af  (0)  tnimtmt  •  •  * 
m«  ,  and  NiO)  =  nintna  •  •  •  n,  . 


A  plot  of  the  polynomial  s  Mis)  is  given  in  Fig.  3.  Observe  that  s  Mis)  <  0 
for  0  >  «  >  —  mi ,  since  Mis)  is  positive  for  that  region  and  s  is  negative  real. 
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According  to  the  fundamental  theorem  of  algebra  (2),  the  total  number  of 
roots  of  the  polynomial  £(«)  is  m  +  1.  By  inspection  of  Fig.  3,  it  is  obvious  that 
regardless  of  the  magnitude  of  AT,  M,  and  L  there  will  be  one,  and  only  one, 
zero  of  Ris)  in  the  region  — n,  >  «  >  — wij+i ,  where  »  ■=  1,  2,  •  •  •  ,  m.  Therefore, 
regardless  of  the  value  of  L  the  polynomial  A(<)  will  always  have  m  —  1  real  and 
negative  roots.  No  real  roots  exist  in  the  intervals  — m,  >  «  >  — n^,  where 
t  *  1,  2,  •  •  •  ,  m. 

There  remain  two  additional  roots.  If  these  roots  are  to  be  real,  at  least  one 
must  occur  in  the  region 

0  <  «  <  —mi  (9) 


However,  by  reference  to  Fig.  3  it  is  possible  to  select  a  value  L  such  that  no 
real  root  of  Ria)  exists  in  the  interval  0  <  «  <  —  mi .  Hence,  by  elimination, 
the  two  remaining  roots  must  be  complex  conjugates.  A  similar  analysis  can  be 
carried  out  for  the  polynomial 


Xia)  =  D(a)  +  CtLaQia)  (10) 

As  a  result  the  following  can  be  stated. 

Theorem.  The  driving-point  impedance  of  an  RC  network  terminated  to  an 
inductance  will  have  at  the  most  one  pair  of  complex  conjugate  zeros  and  one 
pair  of  complex  conjugate  poles. 

Corollary  1.  The  driving-point  impedance  of  an  RL  network  terminated  to  a 
capacitor  will  have  at  the  most  one  pair  of  complex  conjugate  zeros  and  one  pair 
of  complex  conjugate  poles. 

The  proof  is  identical  to  that  in  the  case  of  an  RC  network  terminated  to 
an  inductance. 

Thus  far  it  has  been  shown  that  the  polynomials  R(a)  and  X(s)  at  the  most 
will  have  a  pair  of  complex  roots  each.  We  shall  establish  the  set  order  of  the 
remaining  real  roots.  Consider  the  equation 


Zn(a) 


Pm’(a)  Rm+i(a) 
M^ia)  X^,+iia) 


(11) 
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The  subscript  m'  refers  to  the  number  of  poles  of  the  open-circuit  impedance 
zu(«),  and  m  the  number  of  zeros  of  the  short-circuit  admittance  yn(«)  of  the 
RC  network.  Without  loss  of  generality,  we  shall  consider  the  case  where  all 
the  zeros  of  &nd  are  real.  For  if  contains  a  pair  of  com¬ 

plex  conjugate  roots,  s,  and  i,  (and  this  is  the  maximum  number  it  can  ever  have) 
one  simply  writes: 

ft»+i  =*  («)[(«  -  «,)(«  -  «,))  (12) 

and  considers  in  the  following  argument  the  polynomial  Rnis)  in  place  of  Am+i(s)- 
Similarly  for  +,(«).  Rearranging  Equation  (11)  we  have 


Zit(s)  — 


Rm+lis)  Pm'(s) 
M^ia)  X^,+x(s) 


(13) 


Let  — r, ,  — m, ,  — p, ,  —Xi ,  (»  =  1,  2,  3,  •  •  •)  be  the  roots  of  the  pol3momial8 
R«+i(«),  P«'(«),  and  X«»+i(«)  respectively.  It  has  been  shown,  Fig.  3, 

that  if  one  arranges  m,  and  r,-  according  to  their  ascending  magnitude  the  follow¬ 
ing  sequence  is  formed 

ri ,  mi ,  ri ,  m*  ,  •  •  •  ,  m„  ,  r«+i  (14) 

If  we  are  considering  Rn{s)  in  place  of  the  polynomial  i2«+i(s),  then  n  and 
are  missing.  Similarly  the  sequence* 


xi ,  ?i ,  X, ,  •  •  •  ,  ,  x^'+i  (15) 

follows  from  Equation  (10)  where  —q,  are  the  roots  of  the  polynomial  Q(«),  and 
from  Equation  (4) 

»  Pi  I  9*  f  ■ '  ‘  >  9"'  >  P"'  (Ib) 


We  shall  now  show  that  x,-  and  p,  form  a  sequence  in  which  no  more  than  two 
Xi  or  two  Pi  can  occur  in  succession.  From  the  sequence  of  (15)  it  follows  that 
between  qt  and  qk+i  there  is  one  and  only  one  x*  and  from  the  sequence  (16)  it 
follows  that  in  the  same  interval  qt  and  qt+i  there  is  one  and  only  one  p* .  Now 
Xk  and  p*  can  be  in  one  of  the  two  orders  xtp*  or  p*x*  .  From  the  same  argument, 
x*+i  and  p*+i  will  occur  between  the  bounds  qt+i  and  qt+t ,  and  they  will  be  in  the 
order  Xk+iPk+i  or  pk^-iXk+i .  It  is  clear,  therefore,  that  we  can  have  the  four  pos¬ 
sible  subsequences 

Xk  qk  Xk+i  qk+i ;  9*  ^*+i  9*+i 


Xk  qk  qk+i  Xk+i ;  Xk  qk  Xk+i  qk+i 

in  the  sequence  of  Xi  and  pi .  However,  at  any  rate  no  more  than  two  Xi  or  pi 
can  occur  in  succession.  The  same  result  can  most  easily  be  seen  from  Fig.  4. 

•  Herewith  by  the  term  “sequence”  we  shall  mean  the  arrangement  of  two  sets  of  real 
numbers  in  order  of  their  ascending  magnitude. 
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X  -  ZEROS  OF  X($) 
A  —  ZEROS  OF  Q(S) 
0  —  ZEROS  OF  P(t) 


Fia.  4.  Relation  of  the  zeros  of  X(»),  Q(»),  P(») 


Fig .  4c  shows  only  a  part  of  the  pole-zero  sequence  of  the  driving-point  imped 
ance  function  zn(s).  To  complete  the  pole-zero  pattern,  one  has  to  insert,  see 
Equation  (13),  in  their  appropriate  order,  the  poles  and  zeros  of  the  rational 
function  /2»+i(«)/Af,«(«).  We  shall  now  introduce  a  new  notation.  Let 

Xi  S  Pi  denote  the  sequence  of  the  sets  {x,}  and 

m,  S  r<  denote  the  sequence  of  the  sets  {m,}  and  {r,j 

a,  S  ^i  denote  the  sequence  of  the  sets  (a^)  and  {j9,} 

where  {o,}  =  {x,}  U  {m,}  and  {/3<}  =  {p<)  U  {r<}. 

Clearly  from  Equation  (13) 

a<  S  =  X,  S  p<  U  m,-  S  r<  (17) 

Thus  far  we  have  established  the  following: 

(a)  X,  S  Pi  consists  of  succession  of  pairs  x,p<  and  p^x,-  with  the  possibility 

of  termination  in  either  a  single  Xi  or  a  single  p. 

(b)  rrii  S  r<  consists  of  succession  of  pairs  either  m,Ti  or  r,in< 

For  X,  different  from  r,  and  p,  different  from  m, ,  it  follows  from  Equation  (17) 
that  no  more  than  three  a,-  or  /3,-  can  occur  in  succession.  That  is,  where  the  triplets 


Xj  Xy+i  r* 


Xj  r*  Xj+i 
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are  possible,  no  quadruplet  can  occur  in  a.  S  .  For  example 

Xj  Xy+i  r*  Xjjft 

is  not  possible,  since,  upon  the  removal  oi  r*  ,  there  will  be  three  x,  in  succession, 
contradictory  to  x,  S  p< . 

We  shall  now  consider  the  case  where  some  Xi  of  the  set  {x,  }  are  equal  to  some 
Ti  of  {r,}  and  some  Pi  equal  to  m, .  Because  of  the  properties  of  x,  S  p, ,  removal 
of  one  X,  alone  will  not  create  more  than  three  p,  in  succession.  Similarly,  re¬ 
moval  of  one  p,  alone  will  not  create  more  than  three  x,  in  succession. 

Suppose  we  have  the  triplet 


m>  ry  my+i 

from  m,  S  r,-  and  in  forming  a,  S  /9y ,  ry  =  x*  .  This  can  create  the  succession 

**-i  p*-i  p*  p*+i  x*+i 

Now  if  my  and  my+i  are  different  from  any  p,  of  {p<},  we  have  the  previous 
situation.  Furthermore,  for  m,  <  p*_i  and  my+i  >  p*+i  (otherwise  the  three  p< 
will  cease  to  be  in  succession),  there  can  be  no  other  r,'  occurring  in  that  interval. 
That  is  {r<)  contains  no  element  r,-  such  that  p*_i  <  r<  >  pt+i .  Thus  no  more 
than  three  or  a,  can  occur  in  succession.  If  my  is  equal  to  some  p,  of  {p,}, 
then  the  situation  repeats  itself  and  can  create  no  more  than  three  or,  or  three  /3. 
in  succession  until  we  reach  distinct  and  different  element  values  of  x,  S  Pi  and 
THi  Sr,,  a  situation  that  we  have  previously  considered.  Thus  in  all  cases  no 
more  than  three  a,  or  three  can  occur  in  succession  in  a,-  S  .  We  have  there¬ 
fore  proved 

Corollary  2.  The  real  poles  and  zeros  of  an  RC  (or  RL)  driving-point  im¬ 
pedance  terminated  to  an  inductance  (or  capacitance)  form  a  set  when  arranged 
according  to  their  ascending  magnitude  in  which  no  more  than  three  poles  or 
three  zeros  can  occur  in  succession. 
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ON  DISCRETE  OPERATORS  CONNECTED  WITH  THE 
DIRICHLET  PROBLEM!  •» 


By  Mervin  E.  Muller 

1.  Introduction.  The  N-dimensional  Dirichlet  problem  is  the  following. 
Given  a  bounded  finitely  connected  A-dimensional  domain  in  a  Euclidean  space 
with  boundary  r[D],  and  a  continuous  function  /(x)  defined  on  the  boundary 
r[D],  the  W-dimensional  Dirichlet  problem  consists  in  finding  a  function  u(x) 
continuous  in  D  +  r[Dl,  reducing  to  /(x)  on  r[D],  and  having  in  D  continuous 
partial  derivatives  of  second  order  which  satisfy  Laplace’s  differential  equation, 
i.e.,  to  find  u(x)  such  that 

(1.1)  aW)  -  f  =  0  z,D 

•-1  OX* 

(1.2)  uix)^f(x)  x«r[D]. 

Some  writers  have  generalized  the  Dirichlet  problem  to  allow  the  following: 
i.e.,  in  place  of  (1.1)  the  general  linear  elliptic  operator 

Lf«l  =  aij(x)  -1-  23  bj(x), 

aXi  axj  >_i 

is  introduced  where  a^ix),  bj(x)  possess  continuous  second  order  derivatives  in 
D,  while  in  place  of  (1.1)  they  have  m(x)  =  g(x),  x  c  r[D],  where  jjf(x)  is  per¬ 
mitted  to  have  points  of  discontinuity  on  r[D].  These  generalizations  of  the 
Dirichlet  problem  will  not  be  considered  in  this  paper  even  though  some  of  the 
material  developed  is  applicable  to  the  more  general  problem.  Since  the  one¬ 
dimensional  Dirichlet  problem  reduces  to  finding  a  straight  line  through  two 
points  it  will  be  completely  omitted  from  subsequent  consideration  in  this 
paper. 

The  contribution  that  any  numerical  study  might  make  to  boundary  value 
problems  when  the  analjrtical  questions  of  existence  and  uniqueness  of  a  solu¬ 
tion  have  not  been  settled  is  a  moot  (|uestion.  Consequently,  we  make  the  fol¬ 
lowing  assumption : 

Fundamental  A8SUB4Ption.  Throughout  this  paper  the  boundary  r[D]  will 
be  assumed  to  be  of  sufficient  regularity  to  ensure  that  the  Dirichlet  problem 
has  a  solution  and  that  it  is  unique.  Kellogg  [17]  and  [18]  has  a  detailed  dis¬ 
cussion  and  bibliography  concerning  regularity  conditions  on  r[D];  see  also  de 
La  Vall4e  Poussin  [33].  The  term  “Monte  Carlo”  is  being  used  here  as  it  has 
been  used  by  others,  e.g.  Metropolis  and  Ulam  [23],  in  order  to  convey  that 

‘  Sections  of  this  paper  are  part  of  a  Doctoral  Dissertation  written  at  the  University 
of  California,  Los  Angeles.  The  research  was  sponsored  in  part  by  the  National  Bureau 
of  Standards  while  the  author  was  a  Fellow  in  Mathematics  at  the  Institute  for  Numerical 
Analysis. 

*  The  preparation  of  this  paper  was  sponsored  (in  part)  by  the  Office  of  Naval  Research. 

89 


90 


MERVIX  E.  MULLER 


an  unknown  solution  to  a  given  physical  problem  is  being  estimated  by  a  method 
which  essentially  depends  on  a  statistical  sampling  technique. 

2.  Operator  and  Network  Considerations.  2.1.  Introduction.  The  classical 
approach  of  Numerical  Analysis  has  been  to  attempt  to  solve  a  given  boundary 
value  problem  numerically  by  the  method  of  “finite  differences,”  e.g.,  see  Milne 
[24].  This  involves  replacing  the  given  domain  and  boundary  by  a  predeter¬ 
mined  network  of  points  and  then  replacing  the  differential  or  integral  operator 
by  an  appropriate  difference  operator.  In  contemplating  a  numerical  technique 
using  finite  differences  it  seems  natural  to  ask  what  would  be  the  “beet”  pro¬ 
cedure  of  this  type  to  employ.  The  purpose  of  this  section  is  to  consider  this 
question.  It  has  been  customary  to  select  a  specific  type  of  network  (A  points. 
Then,  relative  to  this  network  of  p>oints,  an  approximation  to  the  op>erator  in 
question  is  derived.  Here  we  will  reverse  the  order  of  procedure  by  stud3dng 
first  how  “best”  to  approximate  the  given  differential  or  integral  operator 
without  reference  to  a  specific  predetermined  network  of  points.  This  seems  to 
be  a  reasonable  approach  when  considering  a  problem  using  a  high  speed  digital 
computer  since  both  the  difference  operator  and  network  need  to  be  pro¬ 
grammed  for  the  particular  computer. 

Though  the  application  of  this  procedure  will  be  restricted  to  the  Dirishlet 
problem  the  germ  of  the  idea  can  be  used  for  other  finite  difference  problems. 
Essentially  it  will  be  necessary  to  expand  the  operator  under  investigation  into 
a  series  of  “difference  operators”  with  arbitrary  coefficients.  Then  with  the 
desired  order  of  approximation  specified,  the  selection  of  the  associated  finite 
difference  operator  subject  to  a  proper  set  of  points  is  made.  This  collection  of 
points  will  be  referred  to  as  a  “neighbor  set.”  One  of  our  purposes  will  be  to 
search  for  “best”  neighbor  sets.  For  application  we  would  then  construct, 
whenever  possible,  a  network  of  points  consisting  of  “best  neighbor  sets.” 

This  approach  is  suggested  in  order  to  facilitate  the  formulation  of  mathe¬ 
matical  criteria  which  will  serve  as  a  rational  basis  for  selecting  a  “best”  net¬ 
work  of  points.  The  approach  seems  promising  for  higher  dimensional  problems 
which  \^ill  depend  for  their  solution  on  the  use  of  computing  equipment.  For 
the  two  dimensional  Dirichlet  problem  it  is  seen  in  section  2.3  that  this  approach 
adds  further  justification  fpr  the  networks  already  suggested,  see  for  example 
CoUatz  [5],  Milne  [24],  and  Southwell  [29].  Grinter  [14]  contains  a  very  exten¬ 
sive  bibliography  of  such  numerical  methods. 

Other  authors  sometimes  refer  to  a  network  of  points  as  a  grid  or  lattice  of 
points.  However  we  will  use  the  term  lattice  only  in  those  situations  where  the 
network  of  points  actually  satisfies  the  following  technical  definition  of  a  lat¬ 
tice. 

Defootion  2.1.  N -dimensional  lattice.  An  N-dimensional  lattice  consists  of 
all  points  P  =  ,  where  Xi ,  •  •  •  ,  Xjv  are  integers  and  ci ,  •  •  ■  ,  are 

given  indei>endent  vectors  in  an  iST-dimensional  Euclidean  space. 

Definition  2.2.  Neighbors  on  a  kUtice.  Two  points  Pi  and  Pj  are  neighbors 
on  a  lattice  if  |1  Pi  —  Pj  ||  =  c,-  for  some  i,  where  P>  =  t  j  —  1»  2. 
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Since  we  will  study  approximations  to  an  operator  in  a  neighborhood  of  a 
given  point  it  is  convenient  to  refer  to  the  discrete  collection  of  points  used  in 
the  approximation  as  the  “neighbor  set”  of  the  point.  For  the  sake  of  emphasis 
we  will  now  give  a  formal  definition  of  a  neighbor  set. 

Definition  2.3.  N -dimensional  neighbor  set.  If  there  is  a  rule  for  associating 
a  specific  set  of  points  in  an  iV-dimensional  space  with  an  arbitrary  point  xa  of 
the  space  then  this  set  of  points  will  be  referred  to  as  the  neighbor  set  of  x« . 
If  the  points  of  the  neighbor  set  form  an  iV-space  then  the  set  is  referred  to  as 
an  JV-dimensional  neighbor  set  of  xq  . 

The  rules  for  specifying  a  particular  type  of  neighbor  set  will  be  made  in 
subsequent  pages.  It  will  be  seen  that  in  a  Monte  Carlo  solution  of  a  boundary 
value  problem  a  neighbor  set  of  a  given  point  represents  the  possible  positions 
from  the  given  p>oint  after  a  single  transition  in  the  appropriate  Markov  chain. 
In  a  Relaxation  technique  a  neighbor  set  of  a  given  point  would  denote  the  set 
of  points  relative  to  the  given  point  about  which  a  single  step  of  the  relaxation 
process  would  take  place.  Concerning  Relaxation  techniques,  see  for  example 
Southwell  [29]. 

2.2.  Preliminary  definitions  for  the  discrete  Diriehlet  problem.  When  replacing 
the  W-dimensional  Diriehlet  problem  by  a  discrete  approximation  it  has  been 
conventional  to  seek  discrete  approximations  to  Laplace’s  operator  on  a  given 
specified  network  of  points,  e.g.,  CoUatz  [5],  Milne  [24],  Phillips  and  Wiener 
[27],  and  Southwell  [29].  Bickley  [3]  and  Albrecht  [1]  together  constitute  a 
study  of  how  to  improve  the  order  of  the  approximation  to  the  Laplacian  in  the 
two  dimensional  case  when  using  certain  fixed  networks. 

However  in  stud3dng  approximations  to  the  operator  vnthout  reference  to  a 
predetermined  network  of  points  we  will  need  to  consider  criteria  from  which 
it  will  be  possible  to  decide  on  an  appropriate  approximation.  The  task  of  find¬ 
ing  criteria  which  will  serve  as  a  basis  for  selecting  an  appropriate  discrete  ap¬ 
proximation  for  the  Diriehlet  problem  will  be  somewhat  simplified  here  if  we 
make  use  of  the  fact  that  the.  desired  solution  is  harmonic  in  its  domain  D. 

Since  the  solution  to  the  Diriehlet  problem  is  a  harmonic  function  in  the  do¬ 
main  D  the  function  has  the  surface  and  volume  mean  value  properties,  see  for 
example  Courant  and  Hilbert  [8],  page  249.  Thus  the  value  of  the  harmonic 
function  at  the  point  xo  which  belongs  to  D  is  equal  to  the  mean  of  its  values, 
either  on  the  surface  or  over  the  volume,  of  any  W-dimensional  sphere  contained 
in  D  with  center  at  xo .  Hence  rather  than  determining  discrete  analogs  to  La¬ 
place’s  operator  directly,  it  is  advantageous  first  to  consider  discrete  analogs 
to  the  integral  mean. 

The  latitude  present  when  formulating  a  discrete  mean  value  approximation 
is  considerable.  Before  delineating  the  class  of  discrete  mean  value  approxi¬ 
mations  so  that  they  will  pK)8sess  or  reflect  certain  desirable  attributes,  we 
consider  the  following  general  definitions. 

Definition  2.4.  A  general  discrete  mean  value.  The  operator  C7*(xo ,  r,  v,  w)  is 
a  A;-point  mean  value  approximation  about  the  point  xo  to  the  integral  mean 
about  Xo  for  all  functions  u  that  are  harmonic  in  the  domain  D  of  the  iV-dimen- 


92 


MERVIN  E.  MULLER 


sional  Dirichlet  problem  if 

(2.1)  Vkixft ,  r,  V,  w)  =  535-1  A:  ^  iV  +  1, 

where  the  w/s  are  considered  as  weights  satisfying  the  following 

(2.2)  try  is  a  real  number  forj  =  1,  2,  •  •  •  ,  A:  and5|)y_i  Wj  =  1, 
where  the  k  points  constituting  the  neighbor  set  of  xo  belong  to  D  and 

(2.3)  xy  =  xe  +  ryvy ,  i  =  1,  2,  •  ■  •  ,  k, 

and  where  the  ry’s  are  scalars  and  the  sy’s  denote  fixed  unit  vectors  in  A^-space 
with  coordinates  vn,  I  —  1,  2,  •  •  •  ,  AT. 

Definition  2.5.  k-point  harmonic  approximation  of  order.  Subject  to  the 
conditions  of  definition  2.4  the  operator  Vtix^ ,  r,  v,  w)  will  be  called  a  A:-point 
harmonic  approximation  of  order  m  if  ?7*(xo ,  r,  v,  to)  =  m(x*)  -f  0(f’")  for  all 
fimctions  u  harmonic  in  D  and  where  f  =  min  {ry ,  j  =  1,  2,  •  •  •  ,  A:}.  0(f**) 
signifies  that  as  f  — ►  0,  |  0(f")|  <  Cf",  where  C  is  a  positive  constant. 

The  approach  will  be  to  study  the  discrete  operator  F*(x#  ,  r,  v,  to)  at  a  given 
point  Xo .  For  a  given  value  of  A;  it  is  not  immediately  clear  what  arrangement  of 
the  k  points  constituting  the  neighbor  set  would  be  “best.”  Nor  is  it  immedi¬ 
ately  clear  what  values  of  the  weights  would  be  “beet.” 

Intuitively  it  is  reasonable  to  feel  that:  (1)  the  approximation  should  in  the 
limit  possess  the  properties  possessed  by  the  continuous  problem,  (2)  the  neigh¬ 
bor  set  should  be  as  compact  as  possible  to  avoid  increasing  the  numerical 
complications  at  the  boundary  of  the  given  domain,  and  (3)  the  neighbor  set 
should  consist  of  as  few  points  as  possible  to  save  machine  time,  if  possible, 
but  enough  points  to  insure  a  reasonable  order  of  approximation. 

Thus  we  formulate  the  following  criteria. 

Definition  2.6.  Optimum  harmonic  approximation.  A  A-point  harmonic  ap¬ 
proximation  with  a  given  value  of  f  as  specified  by  definition  2.5  will  be  opti¬ 
mum  at  Xo  if  no  other  harmonic  approximation  at  Xe ,  with  the  same  value  of  f, 
based  on  k  or  less  points  has  as  high  an  order  of  approximation. 

Definition  2.7.  Uniformly  optimum  harmonic  approximation.  A  A-point 
harmonic  approximation  will  be  a  uniformly  optimum  harmonic  approxima¬ 
tion  over  a  set  of  points  if' it  is  an  <^timum  approximation  at  each  point  of  the 
set  and  if  the  order  of  the  approximation  is  the  same  for  each  point  of  the  set. 

We  will  study  the  question  of  (^timum  harmonic  approximations  for  a  fixed 
value  of  A  in  two  situations.  In  the  first  case  we  will  specify  that  the  A  points 
are  all  at  the  same  distance  from  xe ,  i.e.,  fy  =  f,  y  =  1,  2,  •  •  •  ,  A.  We  then 
seek  how  the  A  points  should  be  oriented,  i.e.,  determine  the  vectors  vy  ,  y  = 
1,  2,  •  •  •  ,  A,  and  also  seek  how  the  weights  u»y ,  y  =  1,  2,  •  •  •  ,  A,  should  be 
selected.  In  the  second  case  we  will  specify  that  all  the  weights  are  uniform, 
i.e.,  iPy  =  1/A,  y  =  1,  2,  •  •  •  ,  A.  We  then  seek  how  the  ry’s  and  »y’s,  j  *=  1,  2, 
•  •  •  ,  A  should  be  selected. 

If  a  network  of  points  is  formed  from  neighbor  sets  we  ^^ill  observe  the  fol¬ 
lowing  conventions.  If  the  network  of  points  is  a  lattice  then  an  interior  point 
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of  this  network  follows  the  customary  requirement  of  having  all  its  neighbors 
included  in  the  domain  D.  If  the  network  is  not  a  lattice  then  an  interior  point 
of  this  network  must  have  its  neighbor  set  included  in  the  domain  D. 

In  addition  to  the  interior  and  boundary  points  of  the  network  there  may  be 
a  set  of  points  which  we  will  call  intermediate  points. 

Definition  2.8.  Intermediate  points.  An  intermediate  point  of  a  given  network 
is  any  point  of  the  network  which  is  contained  in  the  given  domain  D  but  has 
the  addition  prc^rty  that  one  or  more  members  of  its  neighbor  set  relative  to 
the  network  are  not  in  D. 

Clearly,  unless  r[D]  is  of  a  very  special  nature  intermediate  points  will  occur 
on  the  network.  It  is  hoped  that  the  use  of  the  nomenclature  intermediate  point 
will  add  clarity  in  the  subsequent  discussions.  Since  an  intermediate  point  is 
not  an  interior  point  some  may  prefer  to  look  upon  these  points  as  boundary 
points.  However  it  is  precisely  at  the  so-called  intermediate  points  where  one 
finds  an  interpolation  scheme  used,  or  at  least  a  subsequent  change  in  the  be¬ 
havior  of  the  random  walk  or  relaxation  method. 

We  next  consider  the  following  definition. 

Definition  2.9.  Admissible  network.  A  network  of  points  will  be  called  ad¬ 
missible  for  a  given  problem  if  there  exists  a  uniformly  optimum  approximation 
method  on  the  interior  points  of  this  network. 

In  passing  it  is  interesting  to  note  that  in  the  event  u(xo)  —  Vk{xt ,  r,  v,  w), 
with  Tj  =  r  and  Wj  =  l/k,  j  —  1,  2,  *  •  •  ,  A;,  at  each  point  of  the  network  then 
in  the  two  dimensional  case  the  function  is  a  harmonic  polynomial  and  the 
works  of  Walsh  [34]  and  Beckenbach  and  Reade  [2]  are  applicable.  When  k  = 
2N  and  the  interior  points  form  a  lattice  whose  basic  cell  is  an  AT-dimensional 
f  hyper-cube  and  when  u{xi)  =  Vk{xo ,  r,  v,  w),  with  rj  =  r  and  wj  =l/2N,j  = 
1,  2,  *  •  •  ,  2N,  then  on  these  points  u(xt)  is  called  a  discrete  harmonic  function 
by  Heilbroon  [15]  and  he  has  studied  some  of  the  properties  of  u. 

The  definitions  of  this  section  were  formulated  in  a  manner  such  that  the 
questions  of  optimum  approximations  and  admissible  networks  could  be  trans¬ 
lated  to  questions  concerning  “beet”  neighbor  sets.  Each  type  of  boundary 
value  problem  it  is  hoped  will  have  its  classes  of  “best”  or  admissible  networks 
depending  on  the  order  of  approximation  desired. 

2.3.  The  two  dimensional  discrete  Dirichlet  problem.  The  two  dimensional  case 
is  treated  separately  as  it  is  not  a  si>ecial  case  of  the  AT-dimensional  problem  in 
that  the  techniques  employed  and  the  results  obtained  do  not  all  generalize 
for  higher  dimensions. 

Theorem  2.1.  In  a  two  dimensional  problem  a  harmonic  approximation 
Ck(xo ,  r,  V,  w)  which  uses  k  points  all  at  the  same  distance  r  from  xo  is  optimum 
if  and  only  if  the  weights  wj  =  l/k  for  j  —  1,  2,  •  •  •  ,  A:  and  the  k  points  consti¬ 
tuting  the  neighbor  set  are  restricted  to  be  the  vertices  of  a  regular  inscribed  polygon 
of  k  sides  with  center  xo  and  radius  r.  The  optimum  order  of  approximation  is  k. 

Proof.  By  definition  of  Vk(xo ,  r,  v,  w),  (definition  2.4),  and  by  the  conditions 
of  this  theorem  the  k  points  are  chosen  such  that  XjtD  and  ||  xy  —  xo  1|  =  r, 
3  =  1 ,  2,  •  •  •  ,  A-.  Since  the  class  of  functions  being  considered  is  harmonic  it 
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will  be  possible  to  have  a  Taylor  series  representation  about  Xo  for  each  of  the 
k  values  of  any  arbitrarily  selected  harmonic  function  u,  i.e., 

(2.4)  u(xy)  =  u(xo)  +  Z-i 

Since  r*(x# ,  r,  v,  w)  =  w/uixi),  =  1»  and  ry  =  r,  j  =  1,  2,  •  •  •  , 

k,  we  have 

(2.5)  f7t(xo ,  r,  V,  w)  =  u{x9)  +  c»(23/-j  tcyr’"®’"*')- 

It  will  now  be  shown  that  by  a  proper  choice  of  the  w/b  and  d/a,  j  »=  1,  2,  •  •  •  , 
k,  that  the  terms  involving  r”,  m  —  1,  2,  •  •  •  ,  A:  —  1,  can  be  made  to  vanish 
simultaneously,  i.e.,  we  have 

(2.6)  Z}y-i  =  0,  for  m  =  1,  2,  •  •  •  ,  A:  —  1. 

Since  f  =  r,  (see  definition  2.5),  it  is  clear  then  if  (2.6)  holds  for  m  =  1,2, 
•  ,  k  —  1  that  the  A;-point  harmonic  approximation  is  optimum  in  the  sense 

of  definition  2.6.  Further  the  optimum  order  of  approximation  is  k. 

Consider  the  following  vectors  Qm  ,  m  =  1,  2,  •  •  •  ,  A;  —  1,  where  the  coordi¬ 
nates  of  Qm  are  y/wj  j  =  1,  2,  •  •  •  ,  A:,  and  the  vector  g*  has  coordinates 
y/wj ,  j  =  1,  2,  •  •  •  ,  A:.  We  will  assume  without  any  loss  in  generality  that 
u)y  >  0,  y  =  1,  2,  •  •  •  ,  A;.  Only  minor  modifications  are  needed  if  we  allow  any 
of  the  U7y’s  to  take  on  negative  values.  However  we  would  ultimately  arrive  at 
the  same  results,  namely,  that  u>y  =*  1/A:,  j  =  1,  2,  •  •  •  ,  A:. 

Now  consider  the  following  matrix  Q  of  row  vectors. 


y/v^***  •  •  •  \/t^*** 

Vwje***’  •  •  • 


Since  ^y_j  try 


v^c*^*-"**  ••• 

L  y/wi  y/uh 

1  and  from  (2.6)  we  have  then  that 


yAok 


fl  if  8  =  t 

iq>  ,«<)=«.•  =  (  «;  f  =  1,  2;  •  •  •  ,  A:. 

[O  if  8  t 


Consequently  the  k  vectors  ,  m  =  1,  2,  •  •  •  ,  A:  are  orthonormal  and  span 
a  A;-dimensional  space.  Hence  the  matrix  Q  must  be  an  orthogonal  matrix.  Thus 
its  columns  c, ,  8  =  1,2,  •  •  •  ,k  must  be  orthonormal,  i.e.,  (c, ,  c»)  S,t,  8,  t  = 
1,2,  ,A:. 

Consequently  we  have  that 

w.-l  -h  w.  =  1  =  (c. ,  c.) 
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SO 

(2.7)  .  s=  1,2,  •••,*. 

Further 

to.tD,  +  y/ w,wt  =  0  =  (c, ,  Ci)  « 

Thus  y'^i  +  1=0.  Summing  this  geometrical  progression  we  ob¬ 

tain  that 

(2.8)  =1  s  f  =  1,  2,  •  •  •  ,  Jfc. 

Thus  the  k  angles  dj  are  equally  spaced  as  the  A:***  roots  of  unity.  However 
the  A:***  roots  of  unity  determine  the  k  vertices  of  a  regular  polygon  inscribed  in 
the  unit  circle.  Thus  the  k  points  Xj  ,j  =  1,2,  •  ■  ■  ,  A;  form  a  neighbor  set  about 
xo  with  the  property  that  these  points  are  the  vertices  of  a  regular  inscribed 
polygon  of  k  sides  with  center  xo  and  radius  r.  With  this  result  and  (2.7)  the 
conclusion  of  the  theorem  is  obtained. 

The  converse  follows  at  once  since  (2.6)  will  be  valid  for  m  =  1,  2,  •  •  •  , 
ifc  -  1. 

Theorem  2.2.  In  a  two  dimensional  problem  a  harmonic  approximaUon 
Uk(xo ,  r,  V,  w)  which  uses  equal  weights,  (i.e.,  Wj  =  1/A:,  j  =  1,  2,  •  •  •  ,  A:),  is 
optimum  if  and  only  if  the  distances  rj  and  the  orientation  of  the  vectors  Vj ,  j  = 
1,  2,  •  •  •  ,  A:,  which  determine  the  neighbor  set  of  Xo  are  arranged  such  that  Vf  =  i 
for  j  =  1,  2,  •  •  •  ,  A:  and  such  that  the  k  points  of  the  neighbor  set  are  the  vertices 
of  a  regular  inscribed  polygon  of  k  sides  with  center  x©  and  radius  r  =  r.  The  opti¬ 
mum  order  of  approximation  is  k. 

*  Proof.  Some  of  the  details  will  be  similar  to  those  of  the  proof  of  theorem 
2.1.  We  now  have  in  place  of  (2.5)  the  following  representation  of  the  operator, 
i.e., 

(2.9)  Vkixn ,  r,  V,  w)  w(xo)  +  ^  Z)  fe  r'fe”^^ . 

K  M-i  \y_i  / 

We  will  now  show  then  by  a  proper  choice  of  the  0y’s  and  r>’s,  j  =  1,  2,  •  •  •  , 
k,  that  the  terms  involving  r"*,  m  =  1,  2,  •  •  •  ,  A:  —  1  in  (2.9)  can  be  made  to 
vanish  simultaneously,  i.e.,  we  can  have 

(2.10)  E*-i  =  0,  for  m  =  1,  2,  •  •  •  ,  A:  -  1. 

Hence  as  in  the  proof  of  theorem  2.1  if  (2.10)  holds  for  m  =  1,  2,  •  •  •  ,  A:  —  1 
then  the  A:-point  harmonic  approximation  is  optimum  and  the  optimum  order 
of  approximation  is  k.  It  will  turn  out  that  f  =  ry ,  j  =  1,  2,  •  •  •  ,  A:. 

Consider  tj  =  fyc**,  j  =  1,  2,  •  •  •  ,  A:,  then  the  k  functions  tj  are  such  that 
their  first  (A:  —  1)  elementary  S3rmmetric  functions  are  zero.  This  follows  by 
appealing  to  (2.10)  for  m  =  1,  2,  •  •  •  ,  A:  —  1,  and  by  recursive  use  of  Newton’s 
formula  for  sums  of  pmwers  (see,  for  example,  Uspensky  [32],  chapter  XI)  for 

Si  =  yiSt-i  +  +  •  •  •  +  (—1)*  \h-iSi  +  (— l)*f7*  =  0 


96 


MERVIN  E.  MULLER 


where  I  <  k  and  where  Si  is  the  sum  of  the  powers  and  y,  is  the  p***  elemen¬ 
tary  83rmmetric  function.  Hence  the  <y’s  are  roots  of  the  equation  of  the  form 
(*  —  c  “  0.  But  c  =  (— •  Hence  ry  «=  r  and  the  k$j’B  are  arranged 
as  the  A:***  roots  of  unity.  Then  this  part  of  the  proof  follows  by  the  same  argu¬ 
ments  used  in  theorem  2.1.  Similarly  the  converse  follows  at  once  since  (2.10) 
is  valid  for  m  =  1,  2,  •  •  •  ,  A:  —  1. 

Having  studied  two  classes  of  operators  relative  to  neighbor  sets  we  next 
turn  our  attention  to  the  operators  defined  over  networks  of  points  which  are 
developed  from  these  neighbor  sets. 

Theorem  2.3.  In  a  two  dimensional  problem  a  harmonic  approximation  ob¬ 
tained  from  the  general  operator  Ukixt ,  r,  v,  w)  which  veee  rt  =  r  or  Wj  =  \/k 
for  j  =  1,  2,  •  •  •  ,  A:  possesses  three  classes  of  admissible  networks  for  the  two  di¬ 
mensional  Dirichlet  problem.  These  are  the  three  regular  plane  tesselations. 

Proof.  To  have  an  optimum  harmonic  approximation  of  order  k,  k  ^  3,  at 
a  given  point,  say  xo ,  for  the  two  dimensional  case  we  know  from  theorems  2.1 
and  2.2  that  if  the  operator  l7*(xo ,  r,  v,  w)  has  ry  =  r  or  =  1/A;,  j  =  1,  2, 
*  •  *  ,  A:,  it  is  necessary  and  sufficient  that  the  neighbor  set  about  the  point  Xo 
consists  of  k  points  where  the  k  points  are  the  vertices  of  a  regular  A;-8ided  poly¬ 
gon  with  center  Xo  and  radius  r  with  wj  =  1/A:,  j  =  1,  2,  •  •  •  ,  A:.  If  a  network 
of  points  is  to  be  admissible  for  the  Dirichlet  problem  we  know  from  definition 
2.9  that  the  structure  of  its  interior  points  must  admit  a  uniformly  optimum 
approximation  on  these  interior  points.  Thus  from  theorems  2.1  and  2.2  this  is 
the  same  as  insisting  that  the  interior  points  of  the  network  form  a  regular 
plane  tesselation,  (see,  for  example,  Coxeter  [9],  page  58).  Further  from  Coxeter 
we  find  that  in  the  plane  there  are  only  three  regular  tesselations,  namely  regu¬ 
lar  hexagons,  squares,  and  equilateral  triangles.  Hence  under  these  conditions 
there  are  only  three  classes  of  admissible  networks. 

The  admissible  class  of  networks  selected  would  depend  on  whether  the  order 
of  approximation  desired  is  3,  4,  or  6. 

2.4.  The  discrete  Dirichlet  problem  in  higher  dimensions.  For  the  N-dimen- 
sional  problem,  N  ^  3,  the  questions  of  optimum  harmonic  approximations  for 
the  class  of  harmonic  functions  and  admissible  networks  for  the  Dirichlet  prob¬ 
lem  have  to  be  approached  in  a  slightly  different  maimer.  In  the  first  place  when 
the  dimensionality  is  greater  than  two,  regular  polytopes  with  k  vertices  exist 
for  only  special  values  of  k.  Thus  we  cannot  expect  a  complete  generalization 
of  theorems  2.1  and  2.2.  Secondly,  for  N  ^  3,  excluding  N  =  4,  there  is  only 
one  regular  iV-dimensional  tesselation,  this  being  formed  from  the  iV-dimen- 
sional  hyper-cube.  For  JV  =  4  there  is  one  other  regular  tesselation,  (see  Coxeter 
[9],  page  156). 

We  now  study  the  construction  of  neighbor  sets  in  iV-dimensions. 

Theorem  2.4.  In  an  N -dimensional  problem  a  k-point  harmonic  approxima¬ 
tion  Vkixa ,  r,  V,  w)  is  a  harmonic  approximation  of  order  0(f*)  if  and  only  if  the 
k  points  constituting  ihe  neighbor  set  satisfy  the  following  conditions 

(2.11)  “  0  where  I  =  1,  2,  •  •  •  ,  iV, 

(2.12)  tcyTyWyiVy,  =  cij,  where  I,  s  —  1,2,  •  -  •  ,N, 
and  c  is  a  positive  constant. 
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(The  ujy’s,  r/s,  and  vji’a  are  specified  by  definition  2.4.) 

Proof.  By  the  definition  of  the  operator  Ut(xo ,  r,  v,  w)  and  the  fact  that  u 
is  any  function  of  the  class  of  functions  harmonic  in  we  have  a  valid  sum 
of  Taylor  series,  namely, 

Vkixo,  r,  t),  w)  *  5]  Wiuixj)  =  uixt)  +  21  toy  1 22  «  |  \ 

i-l  j-l  (l-l  \  OXoi/ 

where  f  is  specified  by  definition  2.5. 

Given  conditions  (2.11)  and  (2.12)  direct  substitution  then  shows  that  the 
operator  Ut(x$ ,  r,  v,  to)  is  a  A;-point  harmonic  approximation  of  order  0(f*). 

It  follows  from  inspection  of  the  sum  of  the  Taylor  series  given  above  that 
conditions  (2.11)  and  (2.12)  are  necessary  if  Ut(xt ,  r,  o,  to)  is  to  be  a  harmonic 
approximation  to  order  0(f*)  for  all  functions  harmonic  in  D.  For  if  these  con¬ 
ditions  are  not  given  then  it  is  possible  to  find  harmonic  functions  in  D  for 
which  Ut(xo ,  r,  o,  to)  is  not  a  harmonic  approximation  to  order  0(f*). 

Theorem  2.5.  In  an  N -dimensional  problem  a  harmonic  approximation 
Vir+iixn ,  r,  V,  to)  which  uses  (N  -h  1)  points  aU  at  the  same  distance  r  from  Xo  is 
an  optimum  harmonic  approximation  of  order  0(r*)  if  and  only  if  the  weights 
toy  =  l/(,N  -f  1)  for  j  =  1,  2,  •  •  •  ,  iV  -f-  1  and  the  {N  -{■  \)  points  constituting 
the  neighbor  set  are  restricted  to  be  the  vertices  of  an  N-dimensional  regular  simplex 
inscribed  in  the  N-sphere  of  radius  r  with  center  xo . 

Proof.  If  we  are  to  have  a  harmonic  approximation  of  third  order, 
i.e.,  Ukixt ,  r,  0,  to)  »  u(xo)  -b  0(f*),  for  the  class  of  all  functions  harmonic  in 
D  it  is  necessary  and  sufficient  to  have  conditions  (2.11)  and  (2.12)  of  theorem 
2.4  satisfied.  Here  ry  =  r  =  f  for  j  =  1,  2,  •  •  •  ,  k. 

The  problem  of  demonstrating  that  we  have  an  optimum  approximation  of 
order  0(r*)  resolves  itself  to  finding  the  smallest  value  of  k  for  which  we  have 
an  approximation  of  order  0(r*).  Since  a  neighbor  set  must  utilize  at 
least  (N  +  1)  points  we  will  surely  have  an  optimum  harmonic  approximation 
if  we  can  show  that  when  A:  =  iV  1  we  have  an  approximation  of  third  order. 

Consider  the  following  matrix  Q 


\/iviVu 

y/wiVn  • 

•  y/^kVki 

-y/tvifu 

y/wiVn  • 

•  y/mvki 

Q  = 

• 

• 

• 

VwiVlAr 

y/v^vis 

•  y/wkVkN 

•  yUk  . 

We  now  assume  that  the  elements  of  Q  satisfy  the  conditions  (2.11)  and  (2.12) 
of  theorem  2.4  with  ry  =  r  =  f  for  j  =  1,  2,  •  *  •,  A;  so  as  to  have  an  approxi¬ 
mation  of  third  order. 
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Let  Qt  denote  the  row  of  Q.  Then  by  (2.11)  the  inner  product  of  gi ,  <  = 
1,  2,  •  •  •  ,  N,  with  qi,+i  yields  that  (qt ,  g^r+i)  =*  0,  <  =  1,  2,  •  •  •  ,  N.  Further 
by  (2,12)  (9« ,  q,)  —  c/r*Su  ,  t,  s  ^  1,  2,  •  •  •  ,  AT.  Hence  the  rows  from  a  basis 
for  a  space  of  (N  +  1)  dimensions  when  A;  «■  AT  +  1. 

As  in  theorem  2.1  we  assume,  without  loss  of  generality,  that  wj  >  0,  j  = 
1,  2,  •  •  •  ,  AT  +  1.  We  will  now  show  that  the  wj  =  l/(Ar  +  l),y  =  1,  2,  •  •  •  , 
AT  +  1,  and  that  the  (N  +  1)  points  of  the  neighbor  set  must  be  the  vertices 
of  an  AT-dimensional  regular  simplex  inscribed  in  the  AT-sphere  of  radius  r  with 
center  xo . 

From  (2.12)  and  that  i>*j  =  l,j  =  1,  2,  •  •  •  ,  JV  +  1  we  have  that  c  = 
r*/N',  consequently 

(2.13)  /=  1,2,  •..,Ar. 

j-i  iV 


Thus  the  rows  of  Q  can  be  normalized  to  yield  the  matrix  M  whose  rows  are 
orthonormal  and  span  an  (N  +  l)-space.  ThusAf  is  an  orthogonal  matrix  and 
hence  its  columns  c, ,  s  =  1,  2,  •  •  •  ,  iV  +  1,  must  be  orthonormal,  i.e. 

y/NwiVii  y/NwtVn  •••  y/Nrj^iVH+i.» 
y/NwiVa  y/NwtVn  •••  y/Nwi,+iVK+i.» 

3/  - 

y/NwxVis  y/NxDiVv,  •••  -k/Nwm+iVn+i.n 

_  Vwi  •  •  •  vWh 

Consequently 

N 

(ci,C|)  =  Nwt^v*i  +  «;<=!  for  <  =  1, 2,  •  •  •  ,  AT  -f-  1. 

i-i 

Hence  we  obtain 


(2.14) 

Further 


Wt  = 


1 


N  +  1 


/=  i,2,---,Ar  +  i. 


(ci ,  c,)  =  Ny/w,w,^i-i  Vtiv.i  +  y/w(w,  =  0,  for  s  ^  t  =  1,  2,  •  •  •  ,  AT  +  1. 
Hence  we  have 


(2.15) 


If  1 

2Z  ViiV.i  =  —  Tr  «  =  1, 2,  •  •  • ,  AT  +  1. 

{-1  ly 


This  requirement  is  the  same  as  insisting  that  the  cosine  of  the  angle  between 
the  vectors  v,  and  Vt  equals  —  1/N  for  a  ^  I  =  1,  2,  •  •  •  ,  AT  +  1.  Hence  all  the 
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angles  between  the  vectors  emanating  from  xe  to  the  points  of  the  neighbor 
Betxjfj  =  1,2,  •  •  •  ,  iV  +  1  are  equal  to  cos”*  1/N.  Thus  these  (iV  +  1)  points 
determine  the  vertices  of  an  iV-dimensional  regular  simplex  inscribed  in  the 
iV-sphere  of  radius  r  with  center  xo .  This  fact  along  with  (2.14)  stating  that 
Wj  =  l/(iV  +  l),j  =  1,  2,  •  •  •  ,  AT  +  1,  yields  the  desired  conclusion  of  the 
theorem. 

The  converse  of  the  theorem  is  obtained  as  follows.  If  the  (N  +  1)  points 
are  the  vertices  of  an  AT-dimensional  regular  simplex  inscribed  in  the  iV-sphere 
of  radius  r  with  center  xo  then  the  converse  follows  by  direct  verification.  For 
example,  it  follows  by  showing  that  M*M  =  /  =  MM',  where  I  is  the  {N  +  1) 
hy  (N  +  1)  identity  matrix,  since  this  procedure  yields  that  conditions  (2.11) 
and  (2.12)  are  satisfied. 

Theorem  2.6.  In  an  N -dimensional  problem  a  harmonic  approximation 
Vs+iixt ,  r,  V,  w)  which  uses  equal  weights,  (i.e.,  wy  =  1/{N  +  1),  j  =  1,  2,  •  •  •  , 
N  +  \)  is  an  optimum  harmonic  approximation  of  order  0(f*)  if  an  only  if  the 
distances  ry  and  the  orientation  of  the  vectors  vj ,  j  =  1,  2,  •  •  •  ,  iV  +  1,  which 
determine  the  neighbor  set  of  Xo  ore  arranged  such  that  ry  =  f  for  j  =  1,  2,  •  •  •  , 
AT  +  1  and  such  that  the  {N  1)  points  constituting  the  neighbor  set  are  restricted 
to  be  the  vertices  of  an  N -dimensional  regular  simplex  inscribed  in  the  N -sphere 
of  radius  r  =  r  with  center  xo . 

Proof.  Certain  details  of  the  proof  are  similar  to  those  found  in  the  proof 
of  theorem  2.5.  For  the  sake  of  brevity  we  will  not  repeat  these  details.  In  place 
of  the  matrix  Q  we  now  have  R  where  we  now  make  use  of  the  fact  that  w,  = 
lA,  J  =  1,  2,  •••  ,  A. 


’ri  vii 

rtVn 

•••  r^Vki' 

TiVit 

TiVn 

••• 

ri  Vi„ 

riVv/ 

•••  ruVkM 

1 

1 

1  _ 

We  now  assume  the  elements  of  R  satisfy  the  conditions  (2.11)  and  (2.12) 
of  theorem  2.4  with  wy  =  i/k,j  =  1,  2,  •  •  •  ,  A:  so  as  to  have  an  approxima¬ 
tion  of  third  order. 

Let  Qt  denote  the  row  of  R.  Then  by  (2.11)  the  inner  product  of  qi ,  t  = 
1,  2,  •  •  •  ,  N  with  qjf+t  yields  that  (qt ,  9iv+i)  =  0,  <  =  1,  2,  •  •  •  ,  AT.  Further 
by  (2.12)  (qt ,  q,)  =  (k)*cSt*  «  =  1»  2,  •  •  •  ,  AT.  Hence  the  rows  form  a  basis 
for  a  space  of  (iV  -f  1)  dimensions  when  A:  =  AT  -f  1. 

We  will  now  show  that  ry  =  r  forj  =  1,  2,  •  •  •  ,  AT  1,  where 
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and  that  the  (N  +  1)  points  of  the  neighbor  set  must  be  the  vertices  of 
an  iV-dimensional  regular  simplex  inscribed  in  the  AT-sphere  of  radius  r  with 
center  z« . 

From  (2.12)  and  that  t;*i  =  I,  j  =  1,  2,  •  •  •  ,  AT  -)-  1,  we  now  have 
that 

Hi} 

tr] 


consequently  we  obtain 


N{N  +  1)*’ 


rr+l  Tj 


/=  1,2,  ..-.iV. 


Thus  the  rows  of  R  can  be  normalized  to  yield  the  matrix  S  whose  rows  are 
orthonormal  and  span  an  (N  +  D-space.  Thus  S  is  an  orthogonal  matrix  and 
hence  its  columns  c, ,  «  =  1,  2,  •  •  •  ,  A/^  +  1,  must  be  orthonormal,  i.e. ' 

y/NriVn  y/NrtVn  y/Nri(+iVif+i.i 

(EK'rS*  "■ 

■■■  (Zavj)' 


y/NriVu,  \^riVv/ 

1  1 
y/N  +  1  y/N  +  1 


\/jV  Ts+I  Vs+\  ,s 
1 


Consequently, 


(c.,c,)  -  '•  “  *■  .iV  +  1. 


Hence  we  obtain 


_  =  r 

“  AT  +  1 


i,2,.--,Ar  +  i. 


Further 


(c„c.)  -  ^  -  »■  i,2,...,Ar  +  i 


which  with  (2.17)  yields  that 


tf  j 

t  s  =  1,  2,  •  •  •  ,  AT  +  1. 

{-1  w 
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The  completion  of  this  aspect  of  the  proof  and  the  converse  follows  by  using 
(2.17)  and  (2.18)  and  a  discussion  similar  to  the  one  found  in  the  proof  of  theorem 
2.5. 

We  have  seen,  subject  to  the  conditions  imposed  by  theorems  2.1  and  2.2, 
that  in  the  two-dimensional  case  we  are  able  to  improve  the  order  of  the  har¬ 
monic  approximation  at  a  point  by  properly  increasing  the  number  of  members 
constituting  the  neighbor  set.  However  for  JV  ^  3  we  have  an  interesting  de¬ 
velopment.  If  we  want  to  have  a  harmonic  approximation  based  on  the  operator 
Vif+i(xt ,  r,  V,  w)  which  is  of  third  order  and  which  uses  (AT  -f  2)  points  instead 
of  (AT  -f  1)  points  and  has  its  weights  all  equal,  i.e.,  Wj  =  1/(N  -|-  2),  j  = 
1,2,  •  •  •  ,  AT  -|-  2,  and  rj  =  r,j  =  1,2,  •  •  •  ,  JV  -}-  2,  then  we  will  find  that  this 
goal  is  only  attainable  when  AT  is  even. 

Theorem  2.7.  In  an  N -dimensional  problem,  N  is  odd  and  equal  to  or  greater 
than  three,  a  harmonic  approximation  Vit+tixo ,  r,  v,  w)  of  order  0(r*)  which  uses  a 
neighbor  set  of  {N  2)  points  is  not  possible  when  the  operator  VM+t(xo  ,  r,  v,  w) 
utilizes  a  set  of  equal  weights  and  a  set  of  equal  distances. 

Proof.  The  proof  is  by  contradiction,  i.e.,  assume  it  is  possible  to  form  a 
neighbor  set  using  (N  -f-  2)  points,  N  ^  3  and  odd,  and  have  a  harmonic  ap¬ 
proximation  of  order  0(r*)  when  Wj  —  1/{N  2)  and  rj  =  r  for  j  = 

1,  2,  •  •  •  ,  AT  -f  2.  From  theorem  2.4  we  know  that  conditions  (2.11)  and  (2.12) 
must  hold.  Using  the  same  approach  as  has  been  used  in  the  proofs  of  theorems 
2.5  and  2.6  with  k  =  (AT  -f-  2)  a  condition  comparable  to  (2.13)  or  (2.16)  now 
appears  as  =  (AT  -f-  2)/N,  I  =  1,2,  •  •  •  ,  N,  where  here  the  constant 

c  in  condition  (2.12)  of  theorem  2.4  equals  r*/N.  Thus  the  conditions  to  have 
an  approximation  of  order  0(r*)  are  the  same  as  insisting  that  the  first  (AT  4-  1) 
rows  of  the  matrix  M,  given  below,  be  orthogonal,  i.e. 


Vn 

t’li 

Vil 

/T’  - 

Vjv+J  .1 

f-r  \ 

*'#+*.* 

VW  i 

■ 

M  = 


ViN 

t'aw 

1 

1 

1 

1 

VF"-r2 

Vat  -I-  2 

y/N  -f  2 

Vat -1-2 

m\  .AT+a 

mt,N+i 

•  •  mM+i,N+t 

m/t+i.N+i 

Further  by  inspection  we  see  that  the  first  (AT  -|-  1)  rows  q, ,  s  =  1,  2, 
•  ••  ,  N  1,  of  A/  are  of  unit  length,  (consequently  we  have  (N  ortho- 
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normal  vectors  q,  in  an  (iV  -j-  2)-dimensional  space.  Hence  we  can  find  a  vector 
qM+i  such  that  it  can  be  adjoined  to  the  first  {N  +  1)  orthonormal  vectors  so 
as  to  have  an  orthonormal  basis  for  the  {N  +  2)-dimensioual  space.  As  a  result 
we  have  that  {qs+t ,  q.)  =  iw+i.t  f  «  =  1,2,  •  •  •  ,  N  2.  Let  qs+t  be  the  last 
row  of  M,  i.e.,  qs+t  =  {mys+t ,  ,  •  •  •  ,  m#+i,w+*).  Hence  M  is  now  an 

orthogonal  matrix  so  its  columns  are  normalized  too,  i.e.,  of  unit  length. 

C'onsider  any  column,  say  the  s**"  column  c, .  Then 


(c. ,  c.)  1  2)/jv  +  AT  +  2  ’ 


s  =  1, 2,  •  •  •  ,  iV  +  2. 


So  m,,s+t  =  (±)  \/y/N  +  2  (the  proper  sign  to  be  determined),  for  s  =  1,  2, 
• . .  ,  A  -f  2. 

But  qs+t  =  (wii.jy+j ,  ^t.N+t ,  •  •  •  ,  wi*r+*.*r+»)  must  be  orthogonal  to  the  other 
vectors  and  in  particular  to  qs+\ .  However  (A  +  2)  is  odd  since  by  hypothesis 
A  is  odd.  It  then  follows  that  no  matter  how  the  signs  are  selected  for  the 
elements  mi,s+t ,  t  =  1,  2,  •  •  •  ,  A  +  2,  (qs+t ,  Qm+i)  ^  0.  But  this  leads  to  a 
contradiction  of  the  assumption  that  (A  +  2)  points  could  be  found  so  as  to 
have  an  approximation  of  0(r*).  Thus  the  proof  is  completed. 

When  A  is  even  theorem  2.7  can  be  replaced  by  a  positive  statement.  The 
following  theorem  is  useful  in  describing  the  structure  of  the  appropriate  neighbor 
set  for  the  operator  Vs+t(x« ,  r,  v,  w). 

Theorem  2.8.  Gwen  (m  +  1)  eqiud  unit  vectors  such  that  the  angle  between  any 
two  of  these  vectors  equals  co«~‘  1/m  then  the  (m  +  \)  vectors  determine  a  space  of 
m  dimension  through  the  origin  of  those  vectors. 

Proof.  Let  vi,  Vt,  •  •  •  ,  v»+i  be  the  given  vectors.  Consider  the  Grammian, 
i.e.,  the  following  (m+l)X(m  +  l)  determinant  G. 


det  G 


!  (fl ,  Vi)  (vi ,  Vt) 

I  (vt ,  Vi)  (vt ,  t>*) 


!  (vm+l ,  t»l)  iv^i ,  t)j) 


(vi , 

(Vt ,  Vm+d 


(v»+l  , 


1 

—  1/m 

—  1/m  • 

•  —1/m 

—  1/m 

—  1/m 

1 

—  1/m  • 

—  1/m 

—  1/m 

—  1/m 

—  1/m 

1 

•  —1/m 

—  1/m 

—  1/m 

—  1/m 

—  1/m  •• 

*1 

—  1/m 

—  1/m 

—  1/m 

—  1/m  •• 

• 

•  1 

Then  by  subtracting  the  first  row  from  each  of  the  others  and  next  adding 
each  column  to  the  first  we  have 


DISCRETE  OPERATORS  WITH  THE  DIRICHLET  PROBLEM 


103 


|0  —1/m  —l/m 

1 0  1  +  1/m  0 

0  0  1  -f-  1/w 

detG  =  j 

jO  0  0 

io  0  0 


—  1/m  —\/m 

0  0 

0  0 


1  -I-  1/m  0 

0  1  +  1/mi 


Thus  the  (m  +  1)  vectors  ,  t  =  1,2,  •  •  •  ,  m  +  1,  are  linearly  dependent, 
(see  Courant  and  Hilbert  [7],  page  29).  However  by  inspection  the  rank  of  the 
Grammian  is  m  so  the  vectors  form  an  m-space.  Hence  the  proof  is  completed. 

This  result  is  in  agreement  with  known  geometrical  results  that  no  regular 
simplex  of  (m  +  1)  vertices  exists  in  less  than  m  dimensions. 

Theorem  2.9.  In  an  N -dimensional  problem,  N  even,  it  is  possible  to  have  a 
harmonic  approximation  ,  r,  v,  w)  of  order  0(r*)  which  uses  a  neighbor  set 

of  (N  +  2)  points  when  the  operator  ?7y+i(xo ,  r,  v,  w)  utilizes  a  set  of  equal  weights 
and  a  set  of  equal  distances. 

Proof.  Let  p,+i  and  Va+t  be  two  vectors  defined  in  an  {N  +  2)  dimensional 
space  where  N  is  even.  The  components  of  the  two  vectors  are  given  as  follows: 


for  vk+1  they  are  g^+i.t 
for  Vs+i  they  are  gs^t-yi 


1 

1 

.  1 

VFT2 


1=  l,2,---,iV  +  2 
N 

1=  1,2,. ..,^-1-1 

N  N 

/  =  f +  2,|  +  3,...,iV  +  2. 


Clearly  (p^r+i ,  v^+i)  =  0.  It  is  then  possible  to  find  N  other  vectors  vj ,  j  = 
1,2,  •  • .  ,  N,  with  components  p>j ,  f  =  1,  2,  •  •  •  ,  iV  +  2,  such  that  together 
with  and  Pjif+j  the  (N  +  2)  vectors  form  an  orthonormal  basis  for  (N  -f  2)- 
space.  Consequently  the  following  (AT  +  2)  X  (iV  +  2)  matrix  G  is  orthogonal, 
i.e. 


G  = 


On 

On 

.  •  •  Ox.nh^i 

Oi.sii^i 

Ol.KIW* 

g\.N-n 

Oil 

On 

•  •  •  Oi-ma^i 

Oi.KIH* 

Oi.H+i 

0s\ 

Osi 

0s.Hi%\-i  Om.m/m  OH.sn+i  •  • 

Ott.n^i 

1 

1 

1  1  1 

1 

y/N  +  2  y/N  +  2 

y/N  +  2  y/N  +  2  y/N  +  2 

Vlv  +  2 

1 

1 

1  -1  -1 

-1 

y/N  +  2  y/N  +  2 

y/N  +  2  y/N  +  2  y/N  +  2 

y/N  +  2 
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Since  G  is  orthogonal,  the  rows  have  the  following  properties 

(2.19)  =  j=l,2,^-,N, 

since  (vy ,  i>w+i)  =  0 

(2.20)  Sf-i*  gjtgki  =  iik ,  y,  A:,  =  1,  2,  •  •  •  ,iV. 

Likewise  the  columns  of  G  must  satisfy  the  following  properties. 

(2.21)  (c,,c.)  =  Su,  /,  s  =  1,2,  •••  ,iV -f  2 

(2.22)  (c,,c,)  =  1  -  +  I  =  1,2,  ..-,^^  +  2 

Further 

"  2 

(ci,c,)  =  0  =  Qiigi,  +  ^  —  ^for 

(2.23)  1,2,...,^+! 

N  N 

/^«-^  +  2,:|  +  3,-.-,iV  +  2 

and 

,  [(= 

(2.24)  (cj ,  c.)  =  0  =  21  fiTyij/y.  +  0  for 

i-i  JJ  V 

«  =  ^  +  2,|  +  3,.-.,iV  +  2. 

Now  consider  the  following  (N  4-  2)  vectors/, ,  t  *  1,  2,  •  •  •  ,  AT  +  2  defined 
in  N  space  whose  components  are  formed  from  the  first  N  elements  of  each 
column  of  G.  When  representing  these  vectors  we  have  the  following  unavoidable 
perversity  of  the  row-column  notation,  i.e.,  note  the  order  of  the  indices  in  the 
expression  of  /<,  given  below.  Thus/,  =  (/,i  ,/a  ,  •  *  *  t  ==  1, 2,  •  •  •  ,  W  -f-  2, 
where 

/«  =  s  =  1,2,  •••,Ar. 

From  (2.22)  the  vectors/, ,  i  =  1,  2,  •  •  •  ,  N  -|-  2,  are  unit  vectors.  From  (2.19) 
we  have 

(2.25)  E?-‘/i.  =  0,  «  =  1,  2,  •  •  •  ,  N. 

Likewise  from  (2.20) 

(2.26)  l!/../o  -=  cS.,,  s,t  -  1,2,  -..,^,0  = 

i-i  N 

Thus  the  unit  vectors  /< ,  t  =  1,  2,  •  •  •  ,  W  -f-  2,  determine  (AT  -f  2)  points  on 
the  unit  AT-sphere  about  the  origin.  The  conditions  (2.25)  and  (2.26)  specify 
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precisely  the  conditions  needed  for  theorem  2.4  to  be  vahd.  Thus  these  (N  +  2) 
points  form  a  neighbor  set  so  that  1,  v,w)ia&  harmonic  approximation 

of  third  order.  Hence  the  more  general  case  for  Vtf+i(xo ,  r,  v,  w)  follows  at 
once.  Thus  the  proof  is  completed. 

Description  of  the  appropriate  neighbor  set:  We  will  now  describe  how  the 
{N  +  2)  points  of  theorem  2.9  are  arranged  on  the  unit  sphere  with  center  at 
the  origin.  The  description  can  be  immediately  generahzed  for  the  case  of  an 
arbitrary  radius  r  and  center  Xo  . 

Consider  the  first  (N  +  2)/2  vectors/* ,  f  =■  1,  2,  •  •  •  ,  +  1.  From  (2.23) 

the  angle  between  any  two  of  these  unit  vectors  equals  coe~‘  (2/iV).  Likewise, 
the  angle  between  any  two  unit  vectors  of  the  second  set,  /< ,  t  =  N/2  +  2, 
N/2  -h  3,  •  •  •  ,N  +  2,  equals  coe“‘  {2/N).  From  theorem  2.8  the  first  {N/2  +1) 
vectors  /,•  determine  an  (W/2)-space  through  the  origin.  Likewise  the  last 
{N/2  +1)  vectors  determine  an  (W/2)-space  through  the  origin.  By  condition 
(2.24)  every  vector  of  the  first  set,  i.e.,/, ,  t  =  1,  2,  •  •  •  ,  N/2  +  1,  is  orthogonal 
to  every  vector  of  the  second  set,  and  conversely.  Thus  these  two  spaces  of 
dimension  {N/2)  are  orthc^onal  to  each  other.  Hence  the  {N  +  2)  points  of  the 
nei^bor  set  of  the  N  space  can  be  looked  upon  as  being  formed  from  two 
separate  sets  of  {N/2  +1)  points  belonging  to  orthogonal  subspaces  of  {N/2) 
dimensions.  Hence  the  description  is  complete.  In  each  (iV’/2)-subspace  the 
corresponding  {N/2  +1)  points  determine  a  r^lar  simplex  since  the  corre¬ 
sponding  unit  vectors  /,-  that  determine  these  points  have  the  property,  due  to 
(2.23),  that  the  angle  between  any  two  of  the  vectors  of  the  {N/2)  subspace  is 
equal  to  cos“‘  {2/N). 

Without  the  restriction  that  N  be  even  theorem  2.9,  its  method  of  proof,  and 
^  the  description  of  the  appropriate  neighbor  set  can  be  extended  so  that  a  harmonic 
approximation  of  order  0(r*)  exists  whenever  the  neighbor  set  consists  of  k 
points,  k  is  even,  and  in  addition  AT  +  3  ^  A:  ^  2N.  However  a  neighbor  set 
using  this  many  points  will  not  be  optimum  for  a  harmonic  approximation  of 
order  0(r*)  since  this  order  of  approximation  can  be  obtained  using  A:  =  AT  -f  1. 
For  this  reason  and  because  the  proof  would  have  been  increased  in  size  without 
contributing  more  information  relevant  to  the  discussion  theorem  2.9  was 
phrased  only  for  k  =*  N  +  2,  N  even.  Thus  we  next  consider  what  general  con¬ 
ditions  should  be  specified  to  have  a  harmonic  approximation  of  order  O(r^). 

Theorem  2.10.  In  N-dimensions  a  k-point  harmonic  approximation 
Ck{x9 ,  r,  V,  w)  is  a  harmonic  approximation  of  order  0(f*)  if  and  only  if  the  k 
points  constituting  the  neighbor  set,  in  addition  to  the  conditions  (2.11)  and  (2.12) 
of  theorem  2.4,  satisfy  the  following, 

(2.27)  235-1  Wir]{v*i  —  Sviiv',)  =  0,  /  ^  s  =  1,  2,  •  •  •  ,  W, 
and 

(2.28)  235-1  =  0,  /  s  <  =  1,  2,  •  •  •  ,  AT. 

Proof.  This  proof  essentially  follows  the  arguments  used  in  the  proof  of 
theorem  2.4.  However  it  is  necessary  to  study  one  additional  term  in  the  sum 

} 
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of  the  Taylor  series  expansion  for  t7*(xo ,  r,  v,  w),  namely 


Further,  since  the  class  of  functions  being  considered  is  harmonic  in  D  the 
following  additional  fact  is  used; 


d*u{x)  _  ^  d*u{x) 

dxh  t^i-i  dxoidxt,* 


Theorem  2.11.  In  N -dimensions  a  k-point  harmonic  approximation 
Vk(xt ,  r,  V,  w)  is  a  harmonic  approximation  of  order  0(r*)  if  k  =  2N,  the  set  of 
toeights  toy  =  1/2N,  j  =  1,  •  •  •  ,  2N,  and  the  neighbor  set  of  xo  is  arranged  such 
that  the  2N  points  which  constitute  the  neighbor  set  of  x%  are  also  neighbors  of  xo  on 
an  N -dimensional  lattice  which  includes  Xo  and  whose  basic  cell  is  an  N -dimensional 
hyper-cube  with  neighbor  length  equal  to  r. 

Proof.  If  the  neighbor  set  of  xe  consists  of  2N  points  and  these  points  are  the 
2N  neighbors  of  x«  on  the  iV-dimensional  lattice  whose  basic  cell  is  the  iV-di- 
mensional  hyper-cube  then  the  conditions  of  theorem  2.10  can  be  verified.  Since 
this  result  is  well  known  for  iV  =  3  and  since  the  actual  details  of  the  verification 
are  easy  to  carry  out  they  will  not  be  considered  here. 

As  mentioned  in  section  2.1  the  network  of  ]x>int8  specified  in  theorem  2.11 
has  been  considered  for  some  time.  However  no  attention  has  been  given  to 
determine  whether  this  is  an  admissible  network  for  the  Dirichlet  problem,  i.e., 
the  network  when  viewed  from  its  neighbor  sets  yields  a  uniformly  optimum 
harmonic  approximation  of  order  0(f*)  on  the  interior  points.  From  theorem  2.3 
we  know  this  is  an  admissible  network  when  N  =  2. 

It  is  clear  that  for  the  three  dimensional  case  an  approximation  of  order 
0(r*)  cannot  be  achieved  with  a  neighbor  set  of  less  than  2N  =  6  points  when 
the  weights  ipy  =  \/2N  and  distances  ry  =  r  for  j  =  1,  2,  •  •  •  ,  2N.  This  last 
remark  can  be  seen  from  the  following  reasoning.  Though  a  neighbor  set  of  four 
points  can  serve  for  a  harmonic  approximation  of  order  0(r*)  it  is  not  possible 
to  achieve  a  harmonic  approximation  of  order  0(r*)  with  four  points  for  the 
class  of  all  functions  harmonic  in  D.  From  theorem  2.7  we  know  that  a  neighbor 
set  of  five  points  will  not  even  yield  a  harmonic  approximation  of  order  0(r*). 
Thus  the  need  for  2N  =  6  points.  There  still  remains  the  question  of  arrange¬ 
ment  of  the  six  points. 

For  a  desired  harmonic  approximation  of  order  0(/)  with  iV  =  4  the  possible 
existence  of,  as  well  as  the  appropriate  arrangement  of,  a  neighbor  set  con¬ 
sisting  of  less  than  2N  points  is  still  an  open  question.  Further,  the  more  general 
formulation  of  specifying  only  that  the  weights  or  the  distances  are  equal  still 
requires  more  study.  It  has  not  lieen  possible  to  determine  what  the  proper 
criteria  are  so  as  to  have  an  optimum  harmonic  approximation  of  order  0(f*). 

For  those  situations  where  we  specify  the  weights  wj  —  \  /2N  and  the  distance 
ry  =  r  for  j  =  1,  2,  •  •  •  ,  2N  the  following  conjecture  seems  most  reasonable: 
The  converse  of  theorem  2.11  is  valid,  i.e.,  in  iV-dimensions  the  harmonic  ap- 
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proximation  ,  r,  v,  w)  is  an  optimum  harmonic  approximation  of  order 

0(/)  only  if  its  neighbor  set  consists  of  the  2N  points  which  are  the  neighbors 
of  Xo  on  an  AT-dimensional  lattice  which  includes  xo  and  whose  basic  cell  is  an 
iV-dimensional  h)rper-cube  with  neighbor  length  equal  to  r.  Clearly  if  this 
conjecture  is  valid  then  this  network  of  points  forms  an  admissible  network  for 
the  Dirichlet  problem. 

We  will  now  show  it  is  possible  to  find  an  admissible  network  for  the  Dirichlet 
problem  when  the  order  of  the  approximation  is  specified  to  be  0(r*). 

The  ‘W-dimensional  neighbor  simplex  network”  about  to  be  described  is 
obtained  from  the  alternate  use  of  pniints  of  two  parallel  lattices.  Each  interior 
point  of  the  network  will  have  a  neighbor  set  of  (AT  +  1)  points.  These  (N  +  1) 
points  belong  to  the  network  and  they  form  a  regular  iV-dimensional  simplex  of 
radius  r  with  center  the  point  in  question.  Each  interior  point  belongs  to  one  of 
the  two  lattices  while  its  neighbor  set  belongs  to  the  other  lattice.  The  most 
expedient  description  utilizes  the  embedding  of  the  iV-dimensional  network  in 
(N  +  l)-space. 

Definition  2.10.  N -dimermonal  neighbor  simplex  network.  This  network  is 
defined  in  an  {N  +  D-dimensional  space.  The  integral  coordinates 
y  Vi  t  ’ "  >  2/iv+i)  of  each  point  y  of  the  network  satisfy  the  following  con¬ 
ditions*) 

(2.29)  +  J/j  +  •  •  •  +  Vn+x  =  0 

(2.30)  ...  S  y^  mod.  iV  -I-  1 
and  either 

(2.31a)  1/1  p  0  mod.  AT  -|-  1 

or 

(2.31b)  =  1  mod.  AT  -f  1 

Theorem  2.12.  The  N -dimensional  neighbor  simplex  network  is  an  admissible 
network  for  the  N -dimermonal  Dirichlet  problem  when  usirxg  a  harmonic  approxi¬ 
mation  obtained  from  the  general  operalor  Z7j»+i(xo ,  r,  v,  w)  which  uses  rj  =  r  or 
wj  =  l/(Ar  -I-  l),forJ  =  1,  2,  •••  ,  AT  -f  1. 

Proof.  From  theorems  2.5  and  2.6  it  is  possible  to  have  an  optimum  harmonic 
approximation  of  order  0(r*)  at  a  point,  say  x$ ,  belonging  to  the  W-dimensional 
domain  D  if  and  only  if  the  neighbor  set  of  xo  consists  of  the  (AT  -f  1)  points 
which  are  the  vertices  of  an  AT-dimensional  regular  simplex  with  center  xq  and 
radius  r  with  w/  =  l/(Ar  -|-  1)  for  j  =  1,  2,  •  •  •  ,  AT  -1-  1.  Definition  2.10  specifies 
precisely  that  the  AT-dimensional  neighbor  simplex  network  is  a  network  of  such 
neighbor  sets  for  the  interior  points.  Thus  using  the  neighbor  simplex  network 
it  is  possible  to  have  a  uniformly  optimum  harmonic  approximation  of  order 
0(r*)  in  the  sense  of  definition  2.7.  Hence  the  neighbor  simplex  network  is  an 
admissible  network  for  the  Dirichlet  problem. 

*  This  approach  was  kindly  suggested  by  R.  Steinberg.  Motzkin  [25]  has  since  men* 
tinned  other  possible  descriptions. 


108 


MERVIN  E.  MULLER 


As  pointed  out  by  T.  S.  Motzkin  the  description  of  the  neighbor  simplex 
network  given  in  definition  2.10  is  readily  adapted  to  serve  as  a  program  for  a 
general  purpose  computer  in  the  following  way. 

Definition  2.11.  Program  for  the  neighbor  simplex  network: 

1.  Let  y  =  (yi,  ,  yn+i)  be  any  point  of  the  network  of  definition  2.10. 
Depending  on  whether  it  satisfies  condition  (2.31a)  or  (2.31b)  call  is  an  a-  or 
h-  point. 

2.  Let  e  =  ey  where  e,  =  (0,  0,  1,  0,  •  •  •  ,  0),  i.e.,  the  unit  appears  in 

the  coordinate. 

3.  The  +  1  neighbors  for  y  are  given  as  follows:  either 

a.  a'  *=  1/  +  e  —  (iV  4-  l)ey  ,j  =  1,2,  •  •  •  ,N  -|-  1,  if  is  an  a-point  of  the 
network,  or 

b.  6'  =  y  —  €  -b  (JV  +  l)«y  ,j  —  1,2,  •  •  •  ,  AT  4-  1,  if  y  is  a  6-point  of  the 
network. 

King  [19],  [20]  has  successfully  employed  a  network  (which  he  calls  a  “tetra- 
hahedral  lattice”)  in  the  study  of  High  Polymers.  He  credits  this  network  to 
Mark  and  Tobolsky.  This  approach  is  very  well  suited  to  serve  as  another 
method  of  preparing  a  program  for  a  neighbor  simplex  network  in  the  3-di- 
mensional  Dirichlet  problem.  For  the  3-dimensional  problem  it  represents  a 
more  simple  description  than  the  one  given  here.  It  is  obtained  by  a  projection 
onto  a  different  3-dimensional  hyp>erplane.  However  the  approach  will  not 
generalize  to  yield  a  program  for  all  N. 

2.5.  Behavior  near  the  boundary.  One  of  the  most  difficult  challenges  confronting 
the  numerical  analyst  who  uses  discrete  approximations  based  on  predetermined 
networks  of  points  for  solving  boundary  value  problems  is  the  question  of  how 
the  boundary  r[D]  of  the  given  domain  is  to  be  replaced  by  a  discrete  set  of 
points.  Under  most  circumstances,  i.e.,  unless  the  boundary  r[D]  is  of  a  very 
special  nature  such  as  the  sum  of  surfaces  of  hyjjer-cubes,  the  order  to  which 
the  difference  operator  approximates  the  differential  operator  will  not  be  main¬ 
tained  for  points  near  the  boundary  r[D],  i.e.,  at  the  intermediate  points,  unless 
an  interpolation  method  is  introduced.  Wasow  [36]  contains  a  review  of  the 
literature  on  this  topic. 

Intuitively  one  would  feel  that  the  order  of  the  discretization  error,  i.e.,  the 
order  of  the  error  between'  the  unknown  solution  and  the  solution  of  the  discrete 
approximation,  would  depend  on  the  particular  interpolation  method  being 
employed.  As  intuitively  obvious  as  this  observation  is,  fully  satisfactory 
mathematical  studies  of  this  question  are  still  lacking. 

Briefly  the  weakness  of  existing  studies  may  be  summarized  into  three  cate¬ 
gories:  1)  the  studies  have  required  additional  assumptions  concerning  regularly 
either  of  the  boundary  or  of  the  unknown  solution  or  both,  2)  the  studies  have 
been  a  study  in  the  large,  3)  the  studies  using  just  the  numerical  data  alone  are 
too  incomplete. 

Clearly  what  is  desired  is  a  statement  to  the  effect  that  if  the  differential 
operator  is  being  approximated  to  a  given  order  then  the  discretization  error  is 
of  this  same  order. 
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Assuming  that  the  third  order  partial  derivatives  of  the  unknown  solution 
are  bounded  up  to  within  a  small  strip  of  the  boundary  r[Z)]  it  is  then  possible 
to  demonstrate  that  the  discrete  Dirichlet  problem  can  be  solved  on  the  neighbor 
simplex  network  of  definition  2.10  and  that  the  order  of  the  discretization  error 
is  the  same  throughout  the  entire  domain  without  using  an  interpolation  scheme 
near  the  boundary.  At  the  boundary  one  simply  replaces  the  boundary  by  the 
discrete  set  of  points  where  the  line  segments  joining  neighbors  of  the  neighbor 
simplex  intersect  the  original  boundary  r[Z)].  The  details  of  the  verification  of 
this  material  will  not  be  given  since  the  details,  though  long,  follow  by  direct 
application  of  the  material  found  in  Wasow  [36],  i.e.,  it  is  only  necessary  to 
appeal  to  the  material  by  CoUatz  [4]  and  Gerschgorin  [13]  in  the  manner  that 
has  been  done  by  Wasow  for  the  case  when  the  interior  points  form  a  lattice 
whose  basic  cell  is  an  A^-dimensional  hyper-cube.  However,  here  one  will  only 
need  to  assume  that  the  third  order  partial  derivatives  of  the  unknown  solution 
are  bounded  rather  than  the  fourth  order  partial  derivatives. 

2.6.  A  comparison  between  two  classes  of  networks.  It  has  been  customary  to 
suggest  that  the  network  of  points  to  be  used,  at  least  for  the  interior  points  of 
the  network,  should  form  an  iV-dimensional  lattice  whose  basic  cell  is  an  N- 
dimensional  hyper-cube.  Unless  some  sort  of  an  elaborate  interpolation  scheme 
is  used  near  the  boundary  of  the  given  domain  D  the  finite  difference  technique 
using  this  lattice  will  only  approximate  the  unknown  solution  of  the  Dirichlet 
problem  to  order  0(f),  e.g.,  see  Collatz  [4],  Gerschgorin  [13],  Wasow  [36].  With 
this  lattice  each  interior  point  of  the  lattice  has  2N  neighbors. 

Using  the  iV-dimensional  neighbor  simplex  discussed  in  sections  2.4  and  2.5 
it  is  possible  to  have  an  approximation  of  order  0(f)  where  each  interior  point 
,  needs  only  (N  +  1)  neighbors  and  an  elaborate  interpolation  scheme  will  not  be 
needed  near  the  boundary,  (see  section  2.5). 

Since  both  classes  of  networks  will  have  to  be  programmed  for  a  computer,  it 
may  develop  that  a  very  significant  saving  in  machine  time  can  be  achieved  by 
using  an  iV-dimensional  simplex  network  if  an  approximation  of  order  three  is 
satisfactory.  We  next  turn  our  attention  to  see  that  a  Monte  Carlo  estimate  for 
the  Dirichlet  problem  can  be  obtained  by  utilizing  a  network  of  this  type. 

3.  Random  walks  using  closed  neighbor  simplex  networks.  3.1.  Introduc¬ 
tion.  Most  of  the  literature  on  Monte  Carlo  methods  for  boundary  value  prob¬ 
lems  has  been  concerned  with  statistical  estimates  of  the  unknown  solution  of 
an  approximate  finite  difference  problem  that  approximates  the  given  boundary 
value  problem.  This  literature  includes  the  relevant  work  by  Polya  [28],  Phillips 
and  Wiener  [27],  Couraht,  Friedrichs,  and  Lewy  [6],  Ltineburg  [22],  Petrowsky 
[26],  Khintchine  [21],  Curtiss  [10],  and  Wasow  [35]. 

Hence  there  are  two  inherent  sources  of  error  in  a  discrete  Monte 
Carlo  method.  One  error  originates  from  the  replacement  of  the  original  bound¬ 
ary  value  problem  by  a  discrete  approximation.  The  second  error  results  from 
the  statistical  fluctuation  of  the  statistic  being  used  to  estimate  the  solution  of 
the  discrete  approximation.  Some  attention  to  the  first  source  of  error  has  been 
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given  in  the  previous  sections.  Since  the  second  source  of  error  is  almost  an 
independent  problem  in  Statistical  Design  Theory  (e.g.  along  the  Unes  con¬ 
sidered  by  Kahn  and  Marshall  [16])  we  will  limit  attention  here  to  showing 
that  a  Monte  Carlo  estimate  for  the  N-dimensional  Dirichlet  problem  can  be 
obtained  by  using  random  walks  on  the  closed  neighbor  simplex  networks.  It 
will  be  seen  that  when  considering  random  walks  on  the  closed  neighbor  simplex 
networks  it  will  only  be  necessary  to  consider  stochastic  models  which  have 
discrete  parameters.  Further  it  will  be  seen  that  the  model  will  specify  the 
position  of  any  future  state  of  the  process  to  be  one  of  a  finite  number  of  pre¬ 
determined  points.  Therefore  subject  to  these  conditions  only  Markov  chains 
(see  Doob  [11]  or  Feller  [12]  for  a  definition)  need  be  utilized.  Consequently 
it  is  possible  to  make  use  of  the  earlier  work  by  Petrowsky  [26]  and  his  pred¬ 
ecessors.  We  next  consider  replacing  the  given  domain. 

A  replacement  of  a  domain  D  and  its  boundary  r[Z)]  of  the  JV-dimensional 
Dirichlet  problem  by  an  iST-dimensional  closed  simplex  network  is  obtained  in 
the  following  manner. 

About  a  given  point  where  a  solution  to  the  Dirichlet  problem  is  desired  one 
replaces  the  given  domain  D  by  constructing  an  iST-dimensional  nMghbor  simplex 
network  (see  definition  2.10)  such  that  the  given  point  belongs  to  the  network. 
The  boundary  r[D]  of  the  domain  D  is  replaced  by  the  discrete  set  of  points 
formed  from  where  the  line  segments  joining  neighbors  of  the  given  neighbor 
simplex  network  intersect  the  boundary  r[D].  These  points  will  be  called  the 
discrete  boundary  or  the  boundary  points  of  the  network.  The  collection  of  points 
consisting  of  interior,  intermediate,  and  boundary  points  of  an  iV-dimensional 
neighbor  simplex  relative  to  a  given  domain  D  and  its  boundary  r[Z)]  will  be 
called  an  N-dimensional  dosed  neighbor  simplex  network  relative  to  Z)  +  r[£)]. 

3.2.  The  random  walk  procedure.  It  is  possible  to  trace  the  introduction  and 
use  of  the  term  random  walks  or  random  flights  to  the  study  on  vibrations  made 
by  Lord  Rayleigh  and  reported  in  the  Philosophical  Magazine  of  1880.  The  use 
of  the  term  “random  walk”  has  been  so  expanded  by  some  authors  that  it 
now  includes  the  description  of  the  movement  of  any  object  or  particle  that 
makes  a  countable  sequence  of  transitions  on  a  point  set  in  a  Euclidean  space  in 
a  manner  that  can  be  described  by  a  stochastic  process. 

In  this  paper  a  random  walk  will  mean  that  a  particle  may  move  on  a  pre¬ 
determined  network  of  points.  Further,  the  movement  of  the  particle  is  specified 
by  a  particular  type  of  Markov  chain.  A  complete  detailed  description  of  a 
random  walk  on  a  closed  neighbor  simplex  network  will  not  be  given  since  only 
minor  modifications  are  needed  in  order  to  describe  a  walk  of  this  type  in  terms 
of  the  existing  literature  on  random  walks  such  as  found  in  Curtiss  [10]  or  Feller 
[12].  Briefly,  a  random  walk  on  an  iST-dimensional  closed  neighbor  simplex  net¬ 
work  means  that  at  any  given  state  of  the  process  one  of  the  following  three 
situations  applies. 

1.  The  particle  is  at  an  interior  point  of  the  network  and  a  single  transition 
will  find  the  particle  moving  with  equal  probability  to  a  point  of  the  closed 
neighbor  simplex  network  which  is  one  of  the  {N  1)  members  of  the  neighbor 
set  of  this  given  interior  point. 


DISCRETE  OPERATORS  WITH  THE  DIRICHLET  PROBLEM 


111 


2.  The  particle  is  at  an  intermediate  point  (see  definition  2.8)  of  the  network 
and  a  single  transition  will  find  the  particle  moving  with  equal  probability  to  a 
point  of  the  closed  neighbor  simplex  network  which  is  either  one  of  the  interior 
members  of  the  neighbor  set  of  this  given  intermediate  point  or  one  of  the 
boundary  points  formed  from  this  intermediate  point. 

3.  The  particle  is  at  a  boundary  point  and  consequently  this  walk  will  be 
terminated. 

Note:  As  is  customary  a  step  of  the  random  walk  on  the  closed  neighbor 
simplex  network  is  simply  a  single  transition  of  the  process  and  the  length  of 
the  step  is  just  r,  the  radius  of  the  neighbor  set. 

3.3.  Statistical  estimation  of  the  discrete  approximation.  If  a  random  walk  that 
has  originated  from  a  point  of  interest  terminates,  say  at  the  point  of  y,  i.e., 
the  random  walk  reaches  the  point  y  of  the  boundary  and  the  walk  is  stopped, 
then  the  value  of  the  boundary  function  f{x)  at  the  boundary  y  is  called  the 
tally  of  the  random  walk.  The  expected  valve  E[x9  ;  f)  will  denote  the  expected 
value  of  the  tallies  of  the  random  walks  taking  place  on  a  predetermined  network 
and  originating  at  xo ,  i.e.,  E[xt ;  f]  =  I  ^  ;  ^1»  where  Pr[y  1  x«  ;  f] 

is  the  probability  that  the  random  walk  relative  to  a  given  closed  network  with 
neighbor  sets  of  radius  f  terminates  at  y  having  originated  at  xo ,  the  summation 
on  y  is  extended  over  the  discrete  set  of  boundary  points. 

Note:  From  theorem  3.1  it  will  be  seen  that  Pr[y  ]  x» ;  r]  is  the  discrete  analog 
of  the  normal  derivative  of  Green’s  function,  (see  also  Tamarkin  and  Feller 
[30],  page  183). 

We  will  now  refer  to  the  work  by  Petrowsky  [26]  to  demonstrate,  subject  to 
certain  restrictions,  that  the  random  walks  on  the  closed  neighbor  simplex 
network  yield  valid  approximations  for  the  solution  to  the  Dirichlet  problem. 
Though  Petrowsky ’s  work  has  certain  limitations  it  is  being  used  here  since  it  is 
still  the  most  complete  on  discrete  approximations  for  the  Dirichlet  problem. 
In  addition  to  requiring  that  /(x)  be  continuous  on  r[D]  he  also  requires  (this  is 
not  a  severe  requirement)  that  /(x)  be  uniformly  bounded  in  the  complement 
of  D  and  that  /(x)  have  no  surfaces  of  discontinuities  in  common  with  /(x)  on 
r[D],  (the  iV-dimensional  generalization  of  Petrowsky’s  work  on  pages  427  and 
438).  However  in  three  or  more  dimensions  his  method  of  proof  makes  it  necessary 
to  require  that  the  boundary  surface  r[Z)]  consist  of  a  finite  number  of  surfaces 
where  the  functions  s|>ecif3dng  these  surfaces  are  of  class  C*,  i.e.  these  functions 
possess  continuous  second  order  partial  derivatives. 

Theorem  3.1.  Subject  to  the  above  mentioned  regularity  conditions  imposed  on 
f{x)  and  r[D]  the  expected  value  F^[xo ;  r]  of  the  tallies  of  the  random  toaUcs  on  the 
closed  neighbor  simplex  network  converges  to  the  solution  of  the  Dirichlet  problem 
at  the  point  Xq  as  the  length  of  the  step  r  tends  to  zero. 

Proof.  The  extensive  details  of  the  proof  will  not  be  given  because  subject  to 
the  conditions  imposed  on  /(x)  and  r[Z)]  the  proof  follows  by  direct  application 
of  the  material  by  Petrowsky  [26].  One  essentially  has  to  show  that  the  first 
two  moments  and  the  third  absolute  moment  of  the  transition  distribution  of 
the  random  walks  on  the  closed  neighbor  simplex  networks  have  the  proper 
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asymptotic  behavior  as  the  step  length  of  the  random  walk  tends  to  zero.  Further 
it  is  necessary  to  show  that  the  walks  terminate  with  probability  one. 

We  wiU  conclude  with  a  few  brief  comments  concerning  machine  techniques. 

3.4.  Machine  techniques.  One  way  to  form  a  general  iV-dimensional  program 
for  a  computer  to  generate  a  neighbor  simplex  network  has  been  suggested  in 
definition  2.11.  The  question  of  how  to  select  a  future  position  of  the  walk  is  a 
matter  of  selecting  uniformly  at  random  a  number  =1,2,  •••,^+1,  i.e., 
each  value  of  j  has  probability  (l/(iV  +  1))  of  being  selected,  and  carrying  out 
step  three  of  definition  2.11.  Teichroew  [31]  has  a  detailed  discussion  of  how  a 
machine  can  be  used  for  computations  of  this  type.  The  question  of  how  to 
write  a  program  for  a  machine  so  as  to  store  most  efficiently  the  information 
concerning  the  discrete  set  of  boundary  points  would  be  out  of  place  in  this 
paper.  It  should  be  noted  however  that  this  last  question  deserves  careful  thought. 
It  will  occur  in  any  numerical  procedure  that  utilizes  a  digital  machine;  it  is 
surely  not  pjeculiar  to  Monte  Carlo. 

Briefly,  a  simple  machine  procedure  would  involve  the  following  steps.  1)  a 
random  walk  is  started  from  the  point  in  question,  i.e.,  where  the  solution  is 
desired,  2)  if  the  walk  terminates  the  boundary  value  is  tallied,  3)  the  process  is 
repeated  enough  times  to  insure  the  precision  desired,  4)  the  average  of  the  tallies 
is  used  as  an  estimate  of  the  unknown  solution  (a  more  refined  technique  might 
not  use  this  average). 

Note:  Though  the  random  walk  process  will  terminate  with  probability  1,  if 
a  machine  process  is  to  be  economically  feasible  it  may  be  efficient  to  have  some 
provision  (e.g.  truncation  procedures)  to  handle  the  occurrence  of  the  exceptional 
walks  which  are  of  long  duration. 
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1.  The  problem  of  inverting  a  Laplace  transform,  i.e.,  of  finding  the  original 
function  f(t),  given  the  transform 

f(p)  =  [ 

is  known  to  be  much  more  complicated  than  that  of  determining  the  direct 
transform,  that  is,  of  determining  F(p),  given /(f).  In  the  direct  case,  actually, 
the  definition  itself  allows  a  straightforward  determination  of  F(p). 

The  inversion  is  substantially  equivalent  to  the  solution  of  an  integral  equa¬ 
tion  with  the  nucleus  e~*\  The  solution  of  the  equation  can  be  expressed  in  the 
form  of  the  int^ral  of  F(p)e’'  taken  along  a  “vertical”  path  in  the  complex  p- 
plane,  but  it  is  known  that  the  actual  computation  of  the  complex  integral  is 
often  impractical  and  may  also  lead,  if  the  formula  is  applied  carelessly,  to  fal¬ 
lacious  results.  For  this  reason,  many  other  methods  of  inversion  have  been  de¬ 
veloped,  none  of  which  can  be  regarded  as  completely  general. 

The  method  exposed  below  is  also  by  no  means  general,  but  can  afford  a  satis¬ 
factory  solution  in  a  number  of  cases,  since  it  expresses  /(f)  in  the  form  of  a  series 
of  good  convergence:  consequently,  the  interest  of  the  method  is  chiefly  numerical, 
though,  in  some  cases,  the  sum  of  the  series  obtained  can  be  written  in  closed 
form. 


2.  The  procedure  is  based  on  the  knowledge  of  the  Laplace  trasform  of  a 
Bessel  function  of  the  first  kind 


-  r  dt  -  ivi  j  0] 

Jo  Vl  +  p* 


(1) 


If  we  put  p  »  sinh  u  we  obtain 

f"  V»(f)(if 

Jo 


cosh  u* 


so  that,  if  we  define  for  brevity,  as  A-trasform  of  a  function  /(f),  the  integral 

A{/(f)}  *=  cosh  ti  r  7(f)  df  (2) 

Jo 

we  can  write  the  last  result  in  the  form 

A{y,(f)}  -  c— 

Suppose  now  that  a  given/(f)  can  be  expanded  around  f  —  0  in  a  Neumann  series, 
thus: 

/(f)  =  oo  «/o(f)  +  Oi  /i(f)  +  Oj  •/j(f)  +  •  •  • 
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where  the  o,  are  constants.  By  multiplying  the  series  (3)  bye~''*‘'^  *  dt,  integrating 
between  zero  and  infinity  (assuming  that  the  series  may  converge  uniformly), 
and  finally  multiplying  by  cosh  u,  we  obtain 

A{/(0}  -ao  +  aie-*  +  a,e-*‘  +  ...  (4) 

that  is,  a  series  of  powers  of  Conversely,  whenever  the  A-  trasform  of  an 
unknown  function  can  be  expressed  as  a  convergent  power  series  of  e~*,  the 
function  itself  can  be  expressed  as  a  Neumann  series,  having  the  same  coeflS- 
cients  as  the  power  series  considered. 


3.  The  region  of  convergence  of  a  Neumann  series  is  the  same  as  that  oi  a 
power  series  that  may  represent  the  same  function;  from  the  point  of  view  of 
functional  analysis,  therefore,  Neumann  series  and  power  series  are  equivalent. 
From  the  standpoint  of  numerical  calculation,  however,  Neumann  series  are 
usually  more  convenient  than  power  series  (provided  a  table  of  Bessel  Functions 
of  integral  order  is  available)  since,  for  a  given  t,  the  Bessel  functions  J«(0  con¬ 
stitute  a  sequence  that  tends  rapidly  to  zero  with  increasing  n,  while  the  powers 
t*  represent  an  increasing  sequence,  as  soon  as  <  is  larger  than  unity.  For  a  given 
interval  of  t,  the  Bessel  functions,  beyond  a  certain  order  n  depending  on  the 
value  of  t,  decrease  so  rapidly,  that  an  estimate  of  the  approximation  attainable 
by  stopping  the  expansion  at  a  certain  term  can  often  be  obtained  in  advance, 
if  it  is  known  that  the  coefficients  a«  do  not  show  an  exceptionally  steep  rate  of 
increase  with  increasing  n.  As  a  counterpart  to  the  practicality  of  the  procedure, 
its  applicability  is  of  course  subject  to  some  obvious  limitations.  In  fact,  the 
*  assumption  that  the  A-trasform  of  }{t)  may  be  expanded  in  a  convergent  series 
of  form  (4)  implies  that  the  generality  of  f{t)  be  considerably  restricted. 

The  existence  of  a  non-zero  radius  of  convergence  for  (4)  implies,  for  instance, 
that  \/a,  tend  to  a  finite  limit  for  n  tending  to  infinity.  In  this  assumption, 
as  the  nth  term  of  (3),  that  is,  J,(<)»  behaves  asymptotically  as  <V(2"n!),  the 
radius  of  convergence  of  (3)  becomes  infinite  in  any  case,  and  this  excludes  the 
existence  of  any  (finite)  singularity  in  f{t). 


4.  The  A-trasform  of  a  function  is  known  immediately  as  soon  as  the  Laplace 
trasform  is  known:  it  is  sufficient  to  replace  p  by  sinh  u  and  to  multiply  the 
result  by  cosh  u.  The  result  will  be  expressible  as  a  power  series  of  e~*  when 
/(/)  is  regular  in  the  whole  plane. 

We  shall  apply  the  procedure  to  the  deduction  of  some  known  results  con¬ 
cerning  Neumann  series. 

The  Laplace  trasform  of  sin  t  is  1/(1  +  p*);  hence,  immediately 


A{sin 


1 


coA  u  e~* 


2(c"“  -  e"**  -f.  6-*“  -  •  • .) 


and  sinf  —  2{7i(0  “  Jt{t)  +«/»(0  —  •  •  •  {.Similarly, from £{ cos =  p/(l  +  p*), 
we  obtain 


Ajcos  “  sinh  u/cosh  u*!  —  2e*"-l-2e' 
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SO  that 


cos  t  =  /o(0  —  2Jj(0  +  2/4(0  —  •  •  •  . 

Finally,  given  £{r}  ■»  nl/p"'*’*,  we  have 

j»  _ _  I  cosh  u  ^  ^  ^  ^ 

(sinh  «)•+»  \(1  -  «-**)•+»  (1  -  e-*-)"/' 

The  expansion  in  a  series  of  powers  of  is  quite  simple,  though  the  coefficients 
are  somewhat  complicated:  the  result  is 

C  •=  2"n!^/,  +  (n  +  2)J^\  + 

The  above  results  are  all  well  known  and  are  only  quoted  as  an  illustration  of 
the  procedure;  other  expansions  of  known  functions  in  Neumann  series  can  be 
obtained  similarly.  The  procedure  can  also  be  applied  to  the  solution  of  differ¬ 
ential  equations  in  terms  of  ti  the  equation  should  be  “Laplace-transformed” 
in  terms  of  p  »  sinh  u  and  the  unknown  is  then  multiplied  by  cosh  u;  if,  by 
assuming  e~*  >=  2  as  a  new  independent  variable,  the  solution  can  be  expressed 
as  a  power  series  of  z  around  the  origin,  the  Neumann  series  having  the  same 
coefficients  gives  a  solution  of  the  original  equation. 


6.  It  has  been  observed  that  when  /(<)  has  some  finite  singularity,  the  A- 
transform  cannot  be  expanded  in  a  series  of  powers  of  This  means  that,  in 
the  plane  2  >=  the  A-transform  of  a  function  /(f)  should  be  singular  in  the 
origin  2  »  0  whenever  /(f)  has  some  singularity  other  than  infinity.  The  cir¬ 
cumstance  is  readily  illustrated  by  an  example.  A  unit  step  function  occurring 
at  the  instant  f  »  a  >  0  has  the  Laplace  transform  e~**lp'.  the  A-transform  is, 
accordingly,  coth  *;  and  this  expression  cannot  be  expanded  in  series 


of  2  ■=  e~“,  since  the  exponential  term,  which  can  be  written  exp 


a  f  lx 


has  an  essential  singularity  at  2  =  0.  By  shifting  the  origin  to  the  discontinuity, 
the  Laplace  transform  becomes  1/p,  the  A-transform  coth  u  =  1  -+-  2e“*“  -|- 
+  •  •  • ,  corresponding  to  the  Neumann  series  /o  +  2/*  +  2/4  +  •  •  •  , 
whose  sum  is  unity  for  any  value  of  t.  The  original  function  is  really  unity  for 
t  >  0  only,  but  it  must  be  remembered  that  the  transform  defines  the  function 
in  the  only  region  t  >  0. 

It  can  be  seen,  from  the  above  example,  that  the  A-transform  of  the  discon¬ 
tinuous  function  takes  the  form  of  a  regular  term,  coth  u,  multiplied  by  a  singular 
term,  exp(— a  sinh  u),  where  the  coefficient  a  in  the  exponent  is  merely  the 
value  of  t  where  the  discontinuity  occurs.  The  result  is  easily  extended  to  the 
case  of  more  than  one  singularity:  it  suffices  to  regard  the  discontinuous  func¬ 
tion  as  resulting  from  the  sum  of  several  continuous  functions,  having  their 
origin  in  the  successive  singularities  respectively. 
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6.  As  compared  with  conventional  methods  the  procedure  expounded  shows 
all  advantages  and  disadvantages  of  numerical  methods.  As  is  always  the  case 
with  results  expressed  in  the  form  of  series,  it  is  to  be  presumed,  for  the  solution 
to  be  useful,  that  the  terms  beyond  a  given  csrder  may  be  neglected  in  the  given 
order  of  accuracy.  The  number  of  terms  to  be  considered  for  a  given  behavior 
of  the  coefficients,  depends  on  the  maximum  useful  value  of  the  argument  of 
the  Bessel  functions;  and  this  value  depends  on  the  unit  in  which  the  independent 
variable  is  measured.  The  choice  of  a  larger  imit  makes  the  maximum  value  of 
t  smaller,  but  obviously  influences  the  value  of  the  coefficients  of  the  Neumann 
series,  so  that  a  rational  choice  is  a  matter  of  compromise. 

When  t  is  small  enough,  i.e.,  when  we  are  interested  in  the  initial  behavior  of 
a  function,  the  direct  numerical  computation  is  immediately  possible  and  re¬ 
quires  the  determination  of  a  limited  number  of  coefficients  only:  in  such  cases, 
the  present  procedure  can  often  be  preferable  to  classic  methods. 

Due  to  the  t3rpical  behavior  of  Bessel  functions  of  the  first  kind,  a  Neumann 
series  is  a  convenient  expansion  for  a  function  having  the  character  of  a  damped 
oscillation — provided  the  unit  is  chosen  properly.  The  inversion  of  a  Laplace 
transform  in  a  Neumann  series  is  thus  expected  to  be  useful  when  it  is  known 
that  the  function  sought  is  of  this  type. 

When  the  Laplace  transform  is  a  rational  function  of  p,  the  classic  method 
calls  for  the  determination  of  the  zeros  of  the  denominator,  that  is,  for  the 
solution  of  an  algebraic  equation.  As  soon  as  this  step  has  been  performed,  the 
inverse  transform  is  easily  expressed  as  the  sum  of  terms  of  the  form 
sin  (Jot  -f  tp)  where  the  damping  coefficients,  such  as  a,  and  the  angular  ve¬ 
locities,  such  as  6,  are  determined  respectively  by  the  real  and  imaginary  parts 
of  the  roots  of  the  denominator.  The  decomposition  of  the  function  into  ele¬ 
mentary  components  of  the  form  of  damped  oscillations  describes  the  function 
itself  completely. 

However,  the  inversion  can  involve  a  prohibitive  amount  of  labor,  when  the 
degree  oi  the  equation  is  even  moderately  high.  When  we  are  chiefly  concerned 
with  the  initial  behavior  of  /(<),  such  as  when  we  are  interested  in  “overshoots”, 
for  instance,  the  problem  can  be  solved  numerically  by  an  obvious  procedure 
which  remains  the  same  independently  of  the  degree  of  the  denominator.  The 
procedure  consists  in  expanding  the  given  rational  function  in ‘a  series  of  powers 
of  1/p,  the  coefficients  of  the  series  being  determined  by  direct  substituticm. 
The  rational  function  of  p  which  represents  the  Laplace  transforms  is  first  ex¬ 
pressed  as  a  ratio  of  pol3momials  of  1/p:  f{t)  =*  F(l/p)/G(l/p);  the  expansion 
in  a  numerical  series  of  powers  of  1/p  is  then  possible,  by  equating  term  by  term 
the  two  sides  of  the  equation: 

ni/p)  -  e(i/p)  ^  ^  +  p  +  • .  .|,  (5) 

The  A-transform,  accordingly,  assumes  the  forms  of  a  sum  of  terms  cosh  u 
/(sinh  m)",  that  can  be  individually  expanded  in  power-series  of  c““;  their 
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sum  gives  directly  the  expansion  of  the  A-transform  and,  consequently,  the 
Neumann  series  for  /(<). 

7.  The  possibility  oi  determining  the  first  coefficients  of  the  Neumann  series 
by  simple  numerical  operations,  becomes  particularly  interesting  when  the 
Laplace  transform  is  given  in  the  form  of  the  product  of  two  or  more  functions 
of  p.  This  is  the  case  in  one  of  the  most  useful  applications  of  Laplace  trans¬ 
form,  that  is,  when  the  problem  is  that  of  determining  the  output  function  of  a 
S3rstem  whichever,  given  the  input  function. 

The  relation  between  output  and  input  in  a  linear  S3rstem  is  generally  de¬ 
termined  by  equating  two  linear  differential  expressions  operating  on  the  input 
and  the  output.  Symbolically,  the  output  can  then  be  expressed  in  the  form  of 
a  rational  function  of  the  operational  variable  p  >=  d/dt,  multiplied  by  the  input; 
(in  the  aieady-aUUe  equations  of  electrical  networks,  the  variable  p  reduces  to 
2*7  times  the  frequency).  This  function  of  p  is  the  “symbolic  transfer  function” 
of  the  system,  and  gives  the  actual  ratio  between  the  Laplace  transforms  of  the 
output  and  the  input. 

Thus,  if  the  problem  is  that  of  determining  the  output,  given  the  input  tran¬ 
sient  and  the  symbolic  transfer  function,  a  natural  way  of  attack  is  that  of 
Laplace-transforming  the  input  and  obtaining  the  transform  of  the  output  by 
direct  multiplication.* 

The  problem  which  next  arises,  that  is,  that  of  inverting  the  transform,  is 
solved  classically  by  the  “convolution  theorem”  which  writes  in  the  form  of 

the  integral  /  f{T)g{t  —  r)  dr  the  function  having  as  Laplace  transform  the 

product  of  the  transforms  of  /  and  g. 

According  to  this  theorem,  the  output  of  the  system  is  expressed  as  the  con¬ 
volution  integral  of  the  input  and  the  function  that  has  the  transfer  function  as 
Laplace  transform.  This  function  is  often  very  complicated,  and,  accordingly, 
the  computation  of  the  convolution  integral  may  require  such  an  amount  of 
labor  as  to  appear  inpractical. 

Following  the  present  procedure,  the  transfer  function,  expressed  as  a  series 
of  powers  of  e~*  after  making  p  «  sinh  uf,  is  multiplied  term  by  term  by  the 
series  giving  the  A-transform  of  the  input:  the  result  is  the  A-transform  of  the 
output.  If  it  has  been  ascertained  that  both  series  can  be  stopped  at  a  certain 
term,  that  is,  that  they  may  be  replaced  by  mere  polynomials,  the  multiplication 
term  by  term  is  obviously  Intimate,  to  an  accuracy  which  is  easily  estimated. 

8.  As  an  example  of  the  procedure,  let  us  consider  a  “line”,  that  is,  a  imi- 
dimensional  medium  where  at  any  abscissa  x  and  at  any  time  t  a  cause  (“voltage”) 
and  an  effect  (“current”)  is  present. 

The  current  t'(x,  t)  determines  in  the  length  dx  of  the  line  a  voltage  drop  pro- 

*  The  symbolic  transfer  function  is  merely  the  transform  of  the  response  of  the  system 
to  the  “unit  pulse”. 

t  It  is  easily  shown  that  this  is  the  A-transform  of  the  response  of  the  system  to  a  func¬ 
tion  having  unity  as  A-transform:  i.e.,  to  the  Bessel  function  J»(t). 
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portional  to  t  plus  a  drop  proportional  to  di/dt:  —dv  =  ri  dr  +  l(di/dt)  dr; 
similarly,  the  voltage  determines  a  current  leak  of  the  form  —di  ^  gv  dx  + 
c(dv/di)  dr.  In  symbols,  writing  p  for  (d/dt),  —  (dv/dx)  =  (r  +  Zp)t ;  —  (di/dx)  = 
(g  +  cp)v. 

The  equations,  which  are  symbolic  for  the  functions  v{x,  t)  and  t(x,  t)  become 
conventional  differential  equations  if  v  and  i  are  now  intended  as  the  Laplace 
transforms,  of  the  voltage  and  current  respectively,  with  respect  to  time  (under 
the  assumption  v(x,  o)  »  0,  i(x,  o)  »  0.)  The  general  solution  of  the  equations 
is 

y  = 

where  y  stands  for  v  or  i,  7*  =  (r  +  lp)(g  +  cp)  and  Cj ,  C*  are  arbitrary  func¬ 
tions  of  p.  If,  for  instance,  v  and  t  must  be  finite  at  infinity,  Ci  must  be  zero,  so 
that 

p  «  Cte-^;  i  =  Dts-^. 

It  is  easily  found,  by  substitution,  that  Da/C»  ■»  \/(y  +  cp)/(r  -H  Ip),  so  that 
the  above  expressions  make  it  possible  to  write  down  the  (Laplace  transform 
of)  current  and  voltage  at  any  point  of  the  line,  given  the  transform  of  one  of 
the  variables  at  one  point,  e.g.  in  the  origin. 

Thus,  if  iB  the  Laplace  transform  of  the  voltage  at  the  origin,  the  trans¬ 
form  of  the  voltage  at  the  abscissa  x  is 


and  the  function  v(x,  t)  can  be  obtained  as  the  inverse  transform  of  this  expres¬ 
sion.  To  perform  the  inversion,  according  to  the  convolution  theorem,  we  must 
*  effect  the  inversion  of  the  exponential  term  which  can  be  written  as 


The  classic  theory  of  Laplace  transform  writes  the  inverse  transform  of  the 
exponential  in  the  form 

-  xVH)  +  teVtee— 

y/e-3^lc 

where  Ii  is  the  modified  Bessel  function  of  the  first  order  and  U  is  the  “unit 
pulse  function”.  For  t  smaller  than  xy/lc  the  inverse  transform  is  zero:  for 
t  >  xy/ljc  ,  »(x,  t)  is  given  by  the  convolution  integral  of  »(0,  <)  =»  1^(1)  by  the 
above  expression;  that  is: 

six,  t)  »  e“*^'*vo(l  —  x^/Te) 
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From  the  theoretical  point  of  view,  the  formula  solves  the  problem  completely, 
but  the  computation  can  be  prohibitively  complicated,  unless  the  form  of  the 
function  t%(f)  is  very  particular. 

Formula  (6)  can  be  written  in  terms  of  A-transforms  by  simply  putting  p 
equal  to  sinh  u  and  multiplying  both  sides  by  cosh  u.  The  A-transform  of  v(x,  t) 
thus  becomes  equal  to  that  of  Vb(0,  t)  »  vo(t)t  multiplied  by  the  exponential, 
expressed  in  terms  of  u.  To  work  with  pure  numbers,  we  shall  find  it  convenient 
to  assume  xy/lc’P  (which  in  dimension!^)  as  the  Laplace  variable  sinh  u: 
this  corresponds  to  the  choice  of  x  y/k  as  the  unit  of  time.  The  exponential 
then  becomes. 


where  p  y/l/c  is  the  “characteristic  resistance"  of  the  line.  To  compute  the 
right  side  of 


A{v(x,  0)  “  A{t>(0,  0}  exp  ^ -|_  ginh  {xgp  +  sinh  w)|  (8) 

where  t>(0,  t)  is  supposed  to  be  known,  and  expressed  as  a  power  series  of  e~*, 
we  should  have  to  express  the  exponential  in  (8)  as  a  series  of  the  same  type. 
This  is  not  possible,  since  the  exponential  is  singular  at  »  0,  and  the  cir¬ 
cumstance  immediately  informs  oi  the  existence  of  a  singularity.  (This  is  physi¬ 
cally  evident,  since  the  transient  v(x)  can  only  take  place  after  a  transmission 
time,  which  is  just  x  y/Jc). 

It  is  immediately  evident,  however,  that  the  singularity  in  the  exponential  is 
of  the  same  nature  as  that  of  «“**"*'“  so  that,  if  we  write 

exp  { —  \/(A  +  sinh  u)  {B  +  sinh  u) } 

=  exp  (—sinh  tt)'exp  {sinh  u  —  y/(A  +  sinh  u)  (B  -f  sinh  u)} 

the  second  factor  is  no  longer  singular  in  the  origin  of  c~*,  as  is  easily  recognized. 
The  first  factor  merely  shoWs  that  the  transient  takes  its  beginning  at  f  «  1: 
the  second  must  be  expanded  in  powers  of  e~*,  and  this  is  numerically  possible 
without  difficulty.  The  exponent  is  first  written  in  the  form 


and  then  expanded  in  series  of  powers  of  1/sinh  u.  The  identity  1/sinh  u  » 
2c“*/(l  —  e~*")  allows  the  series  to  be  transformed  in  terms  of 
A  shorter  procedure  consists  in  writing  down  a  differential  equation,  in  terms 
of  the  variable  z  —  e~*,  satisfied  by  the  function  (9),  and  expanding  the  latter 
around  the  origin. 


INVERSE  LAPLACE  TRANSFORMS 


121 


The  equation  is  found  to  be 

z  [(1  +  202  —  a;*)*  —  46*2*]  ^ 
az 

+  (1  +  2*)(1  +  202  -  2*)  (F  -  o)  +  26*2(1  +  2*)  =»  0 

where  o  and  6  stand  for  (^1  +  B)/2  and  {A  —  B)/2  respectively.  The  initial 
value  is  F  =  o;  and  the  series  around  the  origin  becomes  of  the  form 

F  «  o  4-  J7l2  +  ^j2*  +  •  •  •  (10) 

with  fill  ■»  —6*,  Qi  *=  2o6*,  and  the  successive  coeflBcients  given  by  a  rather 
complicated  recurrence  formula.  We  note  incidentally  that  gt  is  of  the  type 

— 6*  +  [terms  of  the  order  of  6*]. 

As  has  been  repeatedly  stated,  the  interest  of  the  method  expounded  is  chiefly 
in  the  cases  where  a  small  number  of  terms  sufiice,  and  this  is  the  case  in  normal 
lines  where  the  constants  o  and  6  are  actually  snmll  (in  distortionless  lines  6 
is  zero).  In  such  cases,  neglecting  terms  of  the  order  of  6*,  we  have 

F  ^  o  -  6*2(1  +  2*)  (11) 

In  any  case,  given  the  series  (10)  for  F,  a  numerical  series  of  the  type 

e  ^  “  c~*{  1  4-  6i2  +  6*2*  4*  *  •  • }  (12) 

is  easily  obtained,  at  least  if  a  limited  number  of  terms  suffice.  In  the  approx¬ 
imation  of  formula  (11)  we  can  write 

e-'  ^  e-‘[l  6*2(1  4-  2*)]* 

Once  the  series  (12)  has  been  constructed,  formula  (8)  becomes 

A{»(x,  <)}  ”  A{t>(0,  <)}  “•e“*[l  +  hiz  +  +  •  •  -J 

where  A{t;(0,  <)}  is  supposed  4o  be  expansible  in  a  power  series  of  z.  The  multi¬ 
plication  term  by  term  gives  the  expansion  of  the  left  side;  the  factor 
indicates  that  the  transient  begins  at  f  »  1;  the  factor  e~*  is  merely  a  constant. 
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*  It  will  be  of  interest  to  remark,  as  an  example,  that  in  an  electrical  trasmission  line 
of  normal  characteristics,  6  is  of  the  order  of  one  per  cent  per  kilometer,  so  that  b*  is  of 
the  order  of  one  part  in  a  million,  on  the  length  of  one  kilometer. 
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Neumann  Series  form  the  topic  of  Chapter  XVI  (p.  522-550)  of  Watson’s 
treatise.  Many  interesting  results,  that  could  be  utilized  for  further  develop¬ 
ment  of  the  procedure  expounded  above,  can  be  found  in  this  Chapter.  It  will 
be  noted,  for  instance,  that  the  procedure  is  substantially  equivalent  to  Cailler’s 
result  on  Neumann  series  (p.  536).  Cailler  showed  that,  if  /(/)  = 
then 

*  1  "h  <!*  r  — ‘/T  ”1  J4 

Making  z  =  e~*  the  integral  becomes  equivalent  to  (2). 

The  computation  of  a  function  given  in  the  form  of  a  Neumann  series  can 
often  be  radically  shortened  by  the  knowledge  of  some  series  of  known  sum, 
such  as  those  recalled  in  paragraph  4,  that  can  be  subtracted  from  the  series 
obtained;  in  some  cases  this  allows  the  sum  of  the  series  to  be  written  in  closed 
form. 

If  this  is  not  the  case,  the  computation  is  only  possible  if  a  table  giving  all 
significant  is  available.  The  12-volume  table  of  the  Harvard  Computation 
Laboratory  (1947-1951)  is  the  most  complete  table  of  this  kind.  is  given 
forn  >■  0  to  135,  z  »  0  to  100:  Ji  to  Ji  are  given  to  18  decimal  places,  higher 
n’s  to  10  places.  The  interval  in  z  is  0.001  for  the  smaller  values  of  z  and  n, 
0.01  elsewhere. 

The  table  of  the  British  Association  for  the  Advancement  of  Science  (Vol. 
VI  and  X  of  the  Mathematical  Tables,  Cambridge  1937-1952)  is  also  recom¬ 
mended.  In  addition  to  J.  ,  (8  or  10  decimal  places,  n  from  0  to  20,  z  from 
0  to  25,  interval  0.01  or  0.1),  the  table  also  gives  the  other  Bessel  Functions 
(F.  ,  /.  ,  Kn). 

The  smaller  table  of  the  author  (Eleven-  and  Fifteen-place  Tables  of  Bessel 
Functions,  New  York,  1948)  was  just  planned  in  view  of  its  application  to  the 
computation  of  Neumann  series.  Thus,  for  every  value  of  z,  all  “significant” 
Jn  (i.e.  all  values  greater  than  one  half  unit  of  the  last  place)  are  given.  The 
interval  is  0.001  for  z  smaller  thanO.5  (15  places),  0.01  up  to  z  »  10.5  (11  places). 
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A  METHOD  OF  SOLVING  INHOMOGENEOUS  LINEAR 
.  SIMULTANEOUS  EQUATIONS 

By  F.  B.  Stolen  .\nd  F.  G.  Lehman 

Introduction.  An  iteration  method  is  presented  here  for  the  solution  of  a  set 
of  linear  simultaneous  equations.  The  development  is  limited  to  the  inhomo¬ 
geneous  type  of  equations  with  emphasis  on  those  systems  which  possess  real 
characteristic  roots.  The  method  is  particularly  suitable  to  problems  arising  in 
physics  and  engineering  (i.e.,  where  the  characteristic  values  have  physical 
meaning).  In  fact,  this  procedure  has  been  in  use  for  the  last  eight  years  in  the 
practical  solution  of  propeller  blade  static  and  dynamic  problems. 

In  previous  papers  by  Kincaid  (1)  and  Flanders  and  Shortley  (2)  the  poly¬ 
nomial  operator  was  used  to  obtain  the  characteristic  roots  and  vectors  of  ma¬ 
trices  and  characteristic  value  equations.  The  following  development  will  show 
the  application  of  this  operator  to  the  inhomogeneous  problem. 

Development.  Assume  the  set  of  equations  to  be  solved  to  be  written  in  the 
following  form  for  the  purpose  of  solving  by  iteration: 

y  =  h  +  Ay  (1) 

where  y  and  b  are  column  matrices  and  A  is  a  square  matrix.  A  convergent 
solution  for  y  is  required.  Associated  with  equation  (1)  is  the  homogeneous 
characteristic  value  equation 

\y  =  Ay  (la) 

Let  the  initial  assumption  for  y  be 

Vo  =  y  +  ciiYi  (2) 

where  Yi  are  the  characteristic  functions  of  A  and  are  corresponding  char¬ 
acteristic  values  which  are  the  solutions  of  equation  (la). 

Let  the  iteration  process  be  defined  as  =  6  +  where  symbolizes 

the  p***  iterate  of  y. 

Then  substituting  (2)  in  (1),  iterating  p  times,  and  noting  from  (la)  that 
X<F,  *  AYi  the  following  is  obtained: 

y"'’  =  y  +  'LiOi^iYi  (3) 

Thus  it  is  seen  that  y,  converges  to  y  in  the  limit  when  all  |  X,- 1  <  1. 

It  is  now  desired  to  alter  the  method  of  iteration  in  order  to  effectively  make 
I  X,- 1  <  1.  Multiply  each  of  the  first  m  iterates  by  a  coefficient  Ck  and  add. 

=  (Cl  -|-  Cl  -H  •  •  •  -H  Cm)y  -f  (CiX,-  CiX?  +  •  •  •  -b  C»,XT)a<F,- 
Let  the  coefficients  be  subject  to  the  condition  ^jCj  —  1.  Then 
y^"*’  =  y  +  S.-  (CiXi  -f-  CiX*  -!-•••+  CaXiYoiYi 
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off  errors.  Putting  these  origin  shifts  in  factor  form  the  following  polynomial 
is  obtained: 

P(X)  =  (X  -  X,)*‘(X  -  X0“*  •  •  •  (X  -  X^i)--‘(X  -  X»)-  (5) 

where  the  a.  are  small  integers  corresponding  to  the  order  of  moments  about 
the  particular  origin,  X,- .  It  is  only  required  that  |  P(X)  |  <  1  for  all  X,-  but  for 
rapid  convergence  j  P(X)  |  <K  1  for  all  X< .  The  dotted  curve  shown  in  Figure  1 
would  meet  this  latter  requirement  in  a  practical  way. 

Mechanics  of  the  Method.  In  order  to  obtain  the  proper  polynomial  it  is 
necessary  to  first  place  the  nodes  in  the  proper  position  and  second  to  be  able 
to  adjust  the  amplitudes  of  the  loops.  The  first  requires  knowledge  of  the 
approximate  location  of  generally  the  first  several  characteristic  values  of  the 
matrix  A.  Aitken  (3)  has  given  a  method  of  estimating  the  k  greatest  7^  which 
are  obtained  from  the  iterates  of  the  characteristic  value  problem.  Frequently 
estimates  of  the  first  several  characteristic  values  of  a  problem  can  be  made 
after  having  some  experience  with  similar  problems.  Another  method  of  obtain¬ 
ing  the  k  highest  characteristic  values  is  to  use  the  convergence  polynomial. 
The  dominant  mode  is  found  by  ordinary  iteration  and  the  mode  at  the  other 
extremity  of  the  range  is  found  by  ordinary  iteration  with  the  origin  at  the 
dominant  mode.  The  subdominant  mode  is  found  by  passing  the  convergence 
polynomial  through  the  extremities  of  the  range,  using  a  larger  value  for  the 
a  associated  with  the  smallest  characteristic  value.  Generally  that  is  as  far  as 
one  has  to  go  but  if  necessary  the  process  can  be  continued.  The  adjustment  in 
the  relative  amplitude  of  the  loops  is  made  by  choosing  the  proper  value  of 
tti  in  equation  (5).  Smaller  amplitudes  are  obtained  by  using  higher  values 
of  a< .  This  would  be  particularly  desirable  when  there  are  characteristic  values 
between  the  modes.  Each  factor  in  (5)  represents  an  origin  shift  and  the  ex¬ 
ponent,  tti  is  the  number  of  iterations  performed  with  that  particular  origin 
location  in  case  there  are  characteristic  values  located  in  between  the  various 
origins  to  be  used. 

In  order  to  shift  the  origin  to  the  right  by  the  amount  X,-  it  is  necessary  to 
subtract  \ty  from  both  sides  of  equation  (1)  resulting  in: 

(/  —  \i)y  =•  6  -I-  (A  —  \i)y 

which  yields 

j/  =  (t  +  (A  -  X,)yl/(1  -  X,)  (6) 

After  completing  m  origin  shifts  and  ai  -{-  aj  -|-  •  •  •  -i-  a*  iterations  one  iteration 
cycle  is  completed.  The  second  cycle  is  a  repetition  of  the  first  one  using  the 
values  obtained  at  the  end  of  the  first  cycle  as  the  initial  y«i . 

The  following  example  problem  using  this  method  of  iteration  shows  that  it 
is  sometimes  necessary  to  find  fairly  accurate  characteristic  values  in  order  to 
obtain  practical  convergence.  However,  in  certain  classes  of  design  problems 
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Equation  (2c)  will  converge  to  y  when  the  polynomial, 

I  (C'lXi  +  CiX*  +  •  •  •  +  C»X?)  1  <  1 

for  all  i.  This  type  of  polynomial  will  hereafter  be  referred  to  as  the  convergence 
pol3rnomial  or  polynomial  operator. 

Geometrical  Interpretation.  After  studying  the  ph3rsical  picture  of  the  char¬ 
acteristic  value  spectrum,  the  method  of  choosing  an  efficient  convergence 
polynomial  will  become  clearer. 


P(x) 


I 


Fio.  1.  Characteristic  value  distribution  and  polynomial  P(\) 


Assume  a  distribution  of  characteristic  values  as  shown  in  Figure  (1)  and  a 
corresponding  distribution 'of  the  characteristic  functions  which  are  the  com¬ 
ponents  of  yt  under  the  summation  in  (2).  Following  out  the  iteration  process 
graphically  from  Figures  (1)  and  (2)  as  prescribed  by  equation  (3),  it  is  seen 
that  the  iterate  except  for  the  column  y  is  equivalent  to  taking  the  order 
moment  of  the  ordinates  of  Figure  (2)  about  the  origin  or  about  the  point  X  =  0. 
Therefore,  the  components  corresponding  to  the  large  values  of  X  are  greatly 
magnified  by  successive  iterations  even  though  these  components  themselves 
might  be  chosen  relatively  small. 

By  shifting  the  origin  of  moments  to  the  position  of  each  X<  the  moment 
components  of  all  characteristic  functions  are  all  made  zero  except  for  round 


APPROXIMATION  AND  PROJECTION 
By  Arthur  Sard* 

1.  Introduction.  Suppose  that  X  is  a  given  operator,  3  is  a  given  class  of 
operators,  and  /  =  /(x)  and  hf  =  5/(x)  are  functions  of  x,  6/  being  the  error  in 
/  +  4/.  We  sh^l  approximate  Kf  by  T{S  +  4/),  where  T  x  3.  In  view  of  the 
anticipated  instances  of  /  and  4/,  what  element  T  of  3  should  we  use? 

We  may  think  of  constructing  a  machine  to  perform  T.  The  class  3  may 
consist  of  those  operators  that  can  be  mechanized  in  an  acceptable  way.  The 
input  of  the  machine  will  be  the  contaminated  signal  /  +  4/;  the  output  will  be 
T'iS  +  */)•  Th®  output  is  to  approximate  KJ,  where  /  is  the  ideal  signal.  Thus  T 
is  to  be  chosen  so  as  to  be  in  3,  to  approximate  K,  and  to  filter  out  the  effect 
of  4/. 

As  an  illustration,  consider  a  speedometer:  /  +  4/  may  be  the  angular  distance 
travelled  at  time  x  by  the  head  of  the  speedometer  cable;  T{f  +  6f)  the  speed¬ 
ometer  reading  at  time  x;  4/  the  contribution  of  error  to  the  angular  travel  o( 
the  head  of  the  cable;  Kf  —  df/dx  the  true  speed  at  time  x;  3  the  class  of  opera¬ 
tors  that  can  be  mechanized  as  speedometers. 

Alternatively  we  may  think  of  T  as  a  process  to  be  executed  by  a  mathema¬ 
tician  who  wishes  to  approximate  Kf  by  T(J  -|-  4/)  in  a  number  of  instances 
involving  different  data  /  and  if,  but  one  K  and  one  T.  Here  3  may  consist  of 
all  operators  which  for  one  reason  or  other  are  acceptable  to  the  mathematician. 

In  many  cases  the  error  if  is  due  to  experiment  or  to  rounding  or  to  approxi¬ 
mations  of  calculation.  A  table  of  “values  of  a  function  /”,  for  example,  is 
almost  always  contaminated  by  errors.  What  is  tabulated  is  /  -|-  4/,  not  /.  .Any 
routine  process  for  approximating  Kf  on  the  basis  of  a  table  of  values  of  /  is  an 
instance  of  the  use  of  an  operator  T  so  that  T(J  -f-  if)  approximate  Kf.  In 
particular  K  may  be  the  identity  or  an  integration  or  a  9-fold  differentiation. 
Also,  if  may  vanish  identically. 

In  each  approximation  the  mathematician  or  calculator  deals  with  one 
function  /  and  one  error  if ;  and  /  and  if  are  often  determined  by  an  outside 
source.  We  shall  therefore  suppose  that/ and  4/ are  stochastic  processes:  chance 
produces  each.  The  nature  of  the  stochastic  processes  will  enter  in  the  de¬ 
termination  of  which  element  T  of  3  to  use. 

The  exact  formulation  of  the  problem  will  affect  our  entire  analysis.  (That 
formulation  will  be  given  in  later  sections.)  The  rationale  of  our  specific  assump¬ 
tions  is  the  following.  Suppose  that  f  +  if  e  Fi,  Kf  e  Ft,  where  Fi,  Ft  are 
topological  spaces;  and  that  each  element  of  3  is  an  operator  on  to  Fs .  We 
shall  assume  that  the  operators  in  3  arc  continuous.  This  is  reasonable,  since 
otherwise  a  small  change  in  the  argument  of  an  operator  nught  induce  a  large 
change  in  the  approximation.  Continuity  however  depends  on  the  tqpologies  oi 

'  Research  sponsored  by  the  Office  of  Ordnance  Research,  U.  8.  .\nny,  under  contract 
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the  distribution  of  the  characteristic  values  remains  nearly  constant  and  it  is 
only  necessary  to  obtain  the  range  of  these  values.  In  this  example,  the  exact 
characteristic  values  are  —1,  0.5,  2  and  4.  The  origins  used  for  one  iteration 
cycle  were  4.001,  —1.001,  .4,  .4,  2.1  and  2.1.  The  availability  of  high  speed 
digital  computing  equipment  is  assumed  for  practical  application  of  the  method. 


Example  Problem. 

I  Solution  9  Cycle 


Syitem  of  Eqiuttioos 

0 

2 

4 

Exact 

y,  -  -1 

-llyi 

— 8yi 

+30yi 

+63y4 

1 

66.92 

64.84 

64.83 

yt  -  —2 

+4yi 

—  12yj 

-17y4 

1 

97.70 

104.64 

104.66 

yi  -  -4 

-Ilyi 

-4yt 

+32y. 

+49y4 

1 

-99.93 

-109.80 

-109.83 

y*  ■  —8 

+4yi 

+0.6yi 

-12y, 

-16.5y4 

1 

86.26 

92.64 

92.66 
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the  spaces  Fi  and  Fi .  If  a  mathematician  is  interested  in  a  class  3  of  operators 
which  are  not  continuous,  he  may  be  able  to  find  new  topologies  which  are 
suitable  for  his  purpose  and  relative  to  which  the  operators  of  3  are  continuous. 
For  example  in  some  cases  the  size  of  f(x)  will  depend  on  an  integral  of  |  f(x)  | ; 
in  other  cases  on  an  integral  of  |  f'(x)  |;  and  so  on  in  similar  and  dissimilar 
ways*. 

Besides  requiring  that  the  elements  of  3  be  continuous  on  Fi  to  Fj ,  we  shall 
further  limit  our  consideration  as  follows.  We  shall  assume  that  Fi ,  F*  are 
Hilbert  spaces.  This  assumption  is  relatively  light  since  so  many  different 
function  spaces  are  Hilbert  spaces.  We  shall  assume  that  the  operators  in  3  are 
linear.  This  restriction  is  severe  but  fruitful.  So  many  actual  approximations 
are  indeed  linear  and  continuous  on  properly  chosen  Hilbert  spaces  that  our 
problem  has  broad  applicability.  We  shall  assume  that  3  is  a  linear  set.  This 
assumption  is  relatively  light  since  we  may,  if  necessary,  replace  3  at  the  be¬ 
ginning  of  our  analysis  by  the  linear  span  of  3. 

We  now  give  an  indication  of  our  results.  Let 

e=  T(f+ if)-  Kf 

1)6  the  error  in  the  approximation  of  Kf  by  T(f  +  if) ;  suppose  that  e  is  a  function 
of  a  variable  y.  We  say  that  T  in  3  is  nearly  efficient  if  F  |1  e  ||*  is  near  its  infimum 
over  3,  where  E  indicates  expected  value  and  ||  e  |I*  is  the  integral  of  |  e  |*  relative 
to  a  given  measure  on  the  space  Y  of  the  argument  y,  and  we  say  that  T  in  3 
is  nearly  strongly  efficient  if,  essentially,  F  |  e  |*  is  near  its  infimum  for  each 
y  in  y  (§3).  Nearly  efficient  operators  always  exist.  An  operator  which  is  nearly 
strongly  efficient  is  surely  nearly  efficient,  but  not  vice  versa. 

A  necessary  and  sufficient  condition  that  an  operator  7’i  in  3  be  nearly  efficient 
is  that  Tiif  -f  i/)  be  near  the  projection  of  Kf  on  the  subspace  L  which  is  the 
closure  of  all  elements  T(f  +  if),  T  e  S  (Theorem  1).  Necessary  and  sufficient 
conditions  for  near  strong  efficiency  are  given  in  Theorems  3,  4. 

We  say  that  an  operator  T  is  of  finite  rank  if  the  imdge  under  T  of  the  space 
on  which  T  operates  is  finite  dimensional.  If  3  contains  all  operators  of  finite 
rank,  efficiency  is  necessarily  strong  (Theorem  5).  Thus  if  3  is  sufficiently  large, 

*  To  approximate  Kf  in  terms  of  /  -|-  if,  one  might  use  conditional  expectations.  Let 
f  (/  -f  «/)  -  E{Kf  \f  +  if), 

that  is,  f(f  -f  if)  is  the  conditional  expectation  of  Kf,  given  f  +  if  [2,  pp.  77,  78].  The 
operator  f,  in  certain  cases  at  least,  is  well  defined  and  minimizes  E  |  T(f  -|-  if)  —  Kf  |' 
for  each  value  of  the  argument  of  Kf  among  all  operators  T.  The  operator  f  is  unbiased : 
Ef(f  +  </)  —  Kf.  Nonetheless  we  shall  not  consider  t  in  this  paper  because,  even  in  simple 
cases,  f  may  be  discontinuous  in  all  natural  topologies.  To  see  this,  consider  the  following 
example.  Let  Fi  ,  Ft  each  be  the  space  of  complex  numbers,  so  that  /  and  if  are  merely 
random  variables.  Let  probability  be  Lebesgue  measure  on  —  .5  ^  co  <  .5.  Let  /  2iru, 
if  sin  2wu  —  2ww,  K  the  identic.  Then  Kf  —  2m,  f  -1-  </  •■  sin  2m,  and  f{f  +  </)  “ 
E{2m  I  sin  2ini>)  has  three  values:  T(f  +  if)  equals  t/2  if  sin  2m  >  0;  0  if  sin  2irw  ~  0; 
—t/2  if  sin  2m  <  0.  Thus  7* (sin  2m)  jumps  as  sin  2axd  passes  thru  0,  and  fz  is  discontinuous 
if  the  norm  of  z  is  |  z  |.  There  is  no  alternative  norm  which  is  natural  and  which  makes  t 
continuous. 
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an  operator  which  is  nearly  efficient  is  also  nearly  strongly  efficient.  This  result 
seems  interesting  and  important. 

An  answer  to  the  question  as  to  which  T  in  3  should  be  used  in  the  approxi¬ 
mation  of  Kf  by  T(f  +  Sf)  is  the  following:  T  should  be  nearly  efficient.  If  T 
is  then  nearly  strongly  efficient,  so  much  the  better. 

The  idea  of  least  square  approximation  as  a  projection  in  an  appropriate 
space  appears  in  Nikodym  [8],  Weyl  [12],  Kolmogorov  [5],  Doob  [2;  pp.  78,  155], 
and  elsewhere.  Our  formulation  of  the  problem  of  this  paper  (§§2,  3)  in  terms  of 
direct  products  of  Hilbert  spaces  seems  apt  and  new  as  far  as  the  theory  of 
approximation  is  concerned.  Kolmogorov  [4]  and  Wiener  [13]  have  studied  what 
we  call  strongly  efficient  operators  in  the  case  in  which  f  and  Sf  are  stationary 
stochastic  processes  with  zero  means  [2;  Chap.  12].  Wiener’s  prediction  operator 
is  our  strongly  efficient  operator  in  the  following  particular  instance: 

X  is  time;  —  <»  <  x  <  «> ; 

/  and  Sf  are  functions  of  x; 

K  is  the  operation  of  lead  by  c  ^  0:  K[ip{x)\  =  ^(x  -f  c); 

3  is  the  class  of  operators  on  the  past,  for  example,  all  operators  T  of  the 
form 

Tip  =  j  ip{x  —  f)dT({). 

Jo 

.f\n  efficient  operator  is  similar  to  but  not  necessarily  the  same  as  the  approxi¬ 
mation  process  of  our  earlier  pajier  [10].  We  note  in  passing  that  the  first  part 
of  [10]  (up  to  and  including  Theorem  1  but  excluding  the  Corollary)  can  be 
generalized  to  include  the  approximation  of  Kf  rather  than  of  merely  /. 

2.  The  Hilbert  spaces.  Let'F  be  a  space  and  m  a  measure,  not  identically 
zero,  on  Y.  Let  Hr  be  the  space  of  functions  absolute  square  integrable  m,  that 
is,  the  space  of  complex  functions  u  =  u(y),  y  e  Y,  measurable  m  such  that 

II  w  11*. =  I  uiy)  I*  dmiy)  <  «, 

it  being  understood  that  two  functions  which  are  equal  almost  everywhere  m 
correspond  to  the  same  element  of  Hr  and  that  the  inner  product  of  u  into  v  is 

(u,v)r=  I  u(y)S(y)  dm(y),  u,vcHy. 

Jy 

We  assume  that  the  measure  m  is  such  that  Hr  is  a  Hilbert*  space  [3,  pp.  177, 
168;  9,  II  p.  42  and  I  pp.  104,  170]. 

Let  0  be  a  probability  space,  that  is,  a  space  with  probability  p  and  expected 
value  operator  E: 

Ez  —  j^z  dp,  El  =  1. 

*  By  a  Hilbert  apace  we  mean  a  separable,  complete,  linear  space  over  the  complex  num¬ 
bers  with  an  inner  product,  whether  the  dimension  of  the  space  be'  finite  or  countably 
infinite.  We  assume  that  the  dimension  is  not  zero. 
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//q  be  the  space  of  functions  u  =  r(w),  w  f  Q,  absolute  square  integrable  p. 
We  assume  that  p  is  such  that  //q  is  a  Hilbert  space.  Note  that 

1  €  Hq,  (u,  v)q  =  EuS,  (u,  1)q  =  Eu,  II  u  ||o  =  1  u  |*, 

where  u,veHa. 

liet  Hra  be  the  sptace  of  functions  u  =  u{y,  (o),  y  e  Y,  u  e  fl,  absolute  square 
integrable  mp.  Then  /fro  is  a  Hilbert  space,  and  the  inner  product  in  Hra  is 

(u,  t>)ro  =  E(u,v)r  =  E  I  ud  dm,  u,veHra- 

Jr 

When  u  E  Hra  ,  v,’e  will  write  variously 

u  =  uiy,  u)  =  u{y)  =  u{u)  =  Uy  =  , 

depending  on  considerations  of  emphasis  and  typography. 

Note  that  Hra  is  the  direct  product  Hr  %  Hq  of  Hr  into  Hq  ;  that  is,  Hyq  is 
the  closure  of  the  spar/  of  the  elements 

lAj.r  =  <*»)  =  Ui{y)ifi,{<j3),  j  E  J,  V  €  N, 

the  inner  product  being  determined  by  the  relations 

>  4>i'y)ra  =  , 

where  Wy(y),  j  e  J,  is  any  complete  orthonormal  set  in  Hr  and  v  e  N,  \h 

any  complete  orthonormal  set  in  Hq  [7,  pp.  127-133,  particularly  Lemma  2.2.1; 
11]. 

lAJt  Hi  be  a  Hilbert  space,  perhaps  like  the  space  Hr ,  but  not  necessarily 
so.  I^et  Hxn  be  the  direct  product  Hi  m  Hq  . 

The  following  lemmas  state  certain  natural  facts  about  the  above  spaces.  We 
omit  the  proofs.  The  suffix  X  may  be  replaced  by  Y,  but  Y  not  necessarily  by  X. 

Lemma  1.  If  u  e  Hxa  ,  then  for  each  fixed  u  with  nvit  exceptions  u,,  e  Hx  \  also 
Eu  E  Hx  -  If  n  E  Hra  ,  then  for  each  fixed  y  with  nuU  exceptions  Uy  e  Hq. 

I^emma  2.  Suppose  that  the  sequence  {m'},  v  =  1,  2,  •  •  •  ,  u"  e  Hra ,  converges 
in  Hra  to  u.  Then  {Hu'}  converges  in  Hr  to  Eu.  For  a  properly  chosen  subsequence 
{ u'*) ,  n  =  1,2,  •  •  •  ,  { u'"(«) }  converges  in  Hr  to  u(u)  for  almost  all  u  and  { u'"(t/) | 
cont'crges  in  Hq  to  u(y)  for*  almost  all  y. 

I^emma  3.  Suppose  that  T  is  a  hounded  linear  operator  on  Hi  to  Hr .  There 
exists  a  unique  hounded  linear  operator  T'  on  Hxa  to  Hra  such  that  T'{tfiv)  = 
<pT(v)  whenever  v  e  Hi  ,  <p  e  Hq  .  In  particular  ip  may  he  unity.  The  Banach  norm 
of  T'  equals  that  of  T.  If  u  e  Hxa  ,  then  TEu  =  ET'u\ also  for  each  fixed  u  with 
null  exceptions 

T{u„)  =  (ru).  . 

*  By  the  span  of  a  net  /I,  wo  mean  the  set  of  all  finite  linear  combinations  with  complex 
coefficients  of  elements  of  A. 

*  Phrases  like  “null”,  “measure  zero”,  “almost  everywhere”  refer  to  that  measure  which 
is  appropriate  to  the  context.  For  example,  “eachcn  with  null  exceptions”  means  “eachw 
in  fti  ,  where  p(n  -  tli)  -  0”;  “almost  all  y”  means  “all  y  in  F|  ,  where  m{Y  —  Ki)  -  0”. 
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We  consider  T  here  as  a  unique  extension  of  T,  and  we  shall  henceforth  wTite 
T  instead  of  T',  since  the  context  will  indicate  whether  T  is  to  l)e  consideretl  as 
an  operator  on  Hx  to  Hr  or  on  Hjq  to  Hyq  • 

3.  Efficient  and  strongly  efficient  operators.  Let  there  be  given  an  element 
g  of  Hxq  ,  an  element  h  of  Hra  ,  and  a  linear  set  3  of  bounded  linear  operators  on 
Hj  to  Hr .  Wc  shall  approximate  h  by  Tg,  where  T  e  'i.  The  present  paper  is 
concerned  with  the  study  of  which  elements  T  in  3  are  best  for  the  approxima¬ 
tion. 

For  each  w  with  null  exceptions,  is  an  element  of  Hx  ,  and  (Tp).  =  Tp. 
and  A.  are  elements  of  Hr  (Lemmas  1,3).  The  element  /i«  is  approximated  by 
the  transform  of  p«  under  T,  where  T  c  'i.  The  elements  p«  of  Hx  and  A.  of  Hr 
may  be  thought  of  as  determined  stochastically.  The  probability  p  which  entered 
in  the  definition  of  Hq  describes  the  anticipated  relative  importance  of  the 
different  inputs  p*  and  desired  outputs  h^  . 

The  present  approximation  becomes  that  of  the  introduction  if  we  put  p  = 
f  +  6f  and  h  =  Kf.  We  do  not  require,  however,  that  hhe  of  the  form  Kf. 

In  considering  operators  Ti  and  T,  we  put 

ei  =  Tig  —  h,  e  =  Tg  —  h. 

We  say  that  Ti  in  3  is  efficient  if 

(1)  E  II  e,  111  a  £■  II  e  ||i 

whenever  T  c  3;  and  we  say  that  Ti  in  3  is  strongly  efficient  if 

(2)  E  I  ci(p)  1*  ^  I  e(p)  I*  for  almost  all  y 

*  whenever  T  e  3.  (The  null  set  on  which  the  inequality  does  not  hold  may  depend 
on  T.) 

Ix;t  e  >  0  Ixi  given.  We  say  that  Ti  in  3  is  within  <  of  efficiency  if 

(3)  ^Ihexll’r  + 

whenever  T  c  3;  and  we  say  that  Ti  in  3  is  within  c  of  strong  efficiency  if  a  function 
f  =  f(j/)  exists  such  that 

(4)  ^  e  Hr  ,  II  f  II  r  <  « 

and  such  that 

(5)  E  1  6i(p)  I*  ^  ^  I  e{y)  1*  +  1  f  (p)  |*  for  almost  all  y 
whenever  T  £  3. 

Remark.  An  unbiased  operator  T  is  one  for  which  Ee  =  0.  One  may  wish  in 
the  above  definitions  to  consider  only  those  elements  T  in  3  which  are  unbiased. 
In  other  words  one  may  wish  to  minimize  E  \\  e  ||r  and  E  \  e{y)  |*  among  all 
unbiased  T  in  3  rather  than  among  all  T  in  3.  Such  minimizations  may  be  reduced 
to  the  ones  just  formulated  in  the  following  way.  Let  T#  be  an  arbitrary,  fixed, 
unbiased  element  of  3.  Ijet  S  be  the  subset  of  3  consisting  of  all  elements  S  of  3 
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such  that  EUg  =  SEg  =  0  (Lemma  3).  The  set  S  is  linear.  The  set  of  ail  un¬ 
biased  elements  of  3  is  To  +  S,  that  is,  all  elements  of  the  form  To  +  S,  S  c  S. 
Suppose  that  T  =  To  +  5.  Then 

e  =  Tg  —  h  ==  {To  +  S)g  -  h  =  Sg  -  Qi  -  Tog). 

Thus  the  error  in  the  approximation  of  h  by  Tg  is  precisely  the  error  in  the 
approximation  oi  h  —  Tog  by  Sg.  Accordingly  to  add  the  restriction  of  un¬ 
biasedness  to  our  above  definitions  of  efficiency  and  strong  efficiency,  it  is 
sufficient  merely  to  replace  3  by  8,  and  hhy  h  —  Tog. 

4.  Characterization  of  efficient  operators.  Let 

V  =  :ig 

be  the  set  of  all  elements  Tg,  T  c  3.  Since  3  is  linear,  L**  is  a  linear  subspace  of 
Hra .  Let  L  he  the  closure  of  L®. 

If  L®  is  finite  dimensional,  then  L®  is  surely  closed  and  hence  identical  with  L. 
I^et 


B  =  Proji,  h] 

that  is,  0  is  the  orthogonal  projection  in  Hn  of  h  on  L.  Then  surely  B  e  L. 

Theorem  1.  An  efficient  operator  exists  if  and  only  if  B  e  L®.  Furthermore  T  in  3 
is  efficient  if  and  only  if 

(ft)  Tg  =  B. 

Given  «  >  0.  An  operator  within  c  of  efficiency  surely  exists.  Also  T  in  3  is  ^ 
within  €  of  efficiency  if  and  only  if 

(7)  E\\Tg-B  l|‘r  <  **. 

Proof.  The  theorem  is  an  immediate  consequence  of  the  theorem  of  Pythog- 
aras.  Thus  put 

t)  =  B  —  h. 

Since  n  is  of  the  form  u  —  Projt  u, 

(8)  ‘  V  ±  L.' 

Consider  any  T  in  3  and  put  e  =  Tg  —  h.  Then 

(9)  e  —  71=  Tg  —  Be  L. 

Hence,  by  (8),  n  and  c  —  ij  lie  in  orthogonal  complements  in  Hra .  Hence 

!kirro=  IUI|*ro+||e-,I|‘ro, 

^  E\\e\\\  =  E\\r,rr+E\\e-v\\\, 

since  c  =  i;  +  (e  —  n)» 

Given  e  >  0.  There  is  a  T  in  3  such  that 

(11)  K  II  e  -  ,  II’,  =  B  II  rj  -  «  ll’r  < 
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since  9  is  a  limit  point  of  =  'ig.  Hence  (10)  implies  that 
iidr.,E\\e\\\  ^  E\\v\\*r; 

also  that  7  in  3  is  within  c  of  efficiency  if  and  only  if  T  satisfies  (11)  or  (7). 

Also  7’  in  3  is  efficient  if  and  only  if 

E\\e-v  Hr  =  E\\Tg-e  ||*r  =  0. 

This  establishes  (6). 

Finally  if  6  c  L®,  then  0  =  Tg,  T  c  'i  and  T  is  efficient.  Converselj'  if  an  ef¬ 
ficient  operator  exists,  0  c  L®  by  (6). 

Corollarj’.  An  operator  T  in  3  ia  efficient  if  and  only  if 

e  =  Tg  —  h  ±  L. 

Proof.  If  r  is  efficient,  e  —  ti  ±  Lhy  (6),  (8). 

Conversely  if  e  ±  L,  then  e  —  i.  L  by  (8).  Also  e  —  ti  e  Lhy  (9).  Hence 
c  —  =  0. 

Remark.  We  may  describe  6  as  the  efficient  approximation  and  i;  as  the  error 
in  efficient  approximation.  These  names  are  apt  because  of  the  above  theorem. 
Explicit  formulas  for  8  and  may  be  obtained  as  follows.  Let  X  e  A,  be  a  com¬ 
plete  orthonormal  set  in  L  and  let  ,  m  f  be  a  complete  orthonormal  set  in 
L^.  Then,  in  the  sense  of  convergence  in  the  mean  square  relative  to  mp  (that  is, 
in  the  sense  of  the  norm  in  Hn) , 

8  =  8(y,  u)  =  ^  8xi^  =  ^  «). 

X(A  X(A 

n  =  n(y,«)  =  ^ 

#rif  utM 

where 

8\  =  (h,  \lf^)rQ  =  (8,  ^)  ro ,  X  C  A, 

ij„  =  —  (h,  =  (v,  4'i>)rQ,  M  f  M. 

6.  Can  8  be  adjoined  to  L*7  Sections  5,  6,  7,  although  interesting,  are  not 
needed  for  other  parts  of  this  paper. 

Suppose  that  8  is  not  an  element  of  L®.  W'e  consider  the  possibility  of  enlarging 
3  so  that  the  enlarged  L®  include  8. 

Since  8  e  L,  8  is  a  limit  point  of  L®.  Hence  a  sequence  {f/*},  f  =  1,  2,  •  •  •  , 
exists  such  that 

U^g  -*  8,  U'  E  3. 

Then  by  Lemmas  1,  2,  3  a  subsequence  {7”)  of  \U*\  and  a  set  Qi  which  is 
almost  all  of  11  exist  such  that  for  all  u  in  Hi , 

gu£  Hx,  8^EHr\ 

(12)  (TV).  =  rg.,  v=l,2. 

(T’V)- 
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(f  be  the  span  in  Hx  of  for  all  w  in  Qi  ;  and  let  G  be  the  closure  of  . 
Since  6  r  L",  it  is  natural  to  consider  the  possibility  of  adjoining  to  3  an 
operator  U  on  Hx  to  Hr  such  that  Ug  =  0. 

Lemma  4.  There  is  a  unique  linear  operator  U  on  (f  to  Hy  such  that 

(13)  Ugm  =  6^,  w  f  0i . 

Proof.  If  U  is  linear,  the  relation  (13)  implies  that 

(14)  U  Z)  c,g^j  = 

j  } 

whenever  tu,-  e  Sli ,  Cj  is  a  complex  number,  and  j  varies  over  finite  sets.  Now  (14) 
unambiguously  defines  a  linear  operator  U  on  G®  to  //r  providing  that  UO  =  0, 
that  is,  providing  that  the  second  member  of  (14)  vanishes  whenever  the  argu¬ 
ment  of  U  in  the  first  member  vanishes.  But  whenever  that  argument  vanishes, 

2  Cjd^j  =  cj  lim  T’g>,f  =  lim  T’  ^  Cjg^j  =  lim  0  =  0 


by  (12).  Thus  the  lemma  is  proved. 

The  operator  U  of  the  above  lemma  may  or  may  not  be  bounded  on  (f.  In 
order  that  U  be  bounded  it  is  necessary  and  sufficient  that  B  <  oe ,  where 


B 


II  Hr 


and  the  supremum  is  taken  as  follows:  e  Qi ,  Cy  is  a  complex  number,  j  varies 
over  finite  sets,  and  ||  ^iC^g,,/  ||x  0.  If  B  <  «,  then  U  can  be  defined  so  as 

to  be  bounded  and  linear  on  Hx  to  Hr  U  ia  unique  on  G  and  1/  is  an  arbitrary 
bounded  linear  operator  on  G^.  I^et  3'  be  the  span  of  3  and  U.  Then  U  is  ef¬ 
ficient  relative  to  g,  h,  3'. 

If  B  =  00 ,  one  may  consider  whether  the  exclusion  from  Qi  of  a  null  set  may 
not  make  B  finite.  If  it  is  impossible  to  make  B  finite  by  excluding  a  null  set 
from  ill ,  one  may  consider  whether  a  suitable  change  of  topology  may  not  make 
B  finite.  It  does  not  seem  appropriate  to  modify  Hr  since  A.  is  an  element  of 
Hr  tor  almost  all  u  and  our  object  is  to  approximate  hn  in  the  topology  of  Hr  • 
We  therefore  consider  the  possibility  of  modifying  Hx  . 

We  say  that  a  Hilbert*  space  Hx-  is  an  adequate  substitute  (for  Hx)  d  g  e  Hra 
=  Hx'  Hi  Hotd  each  T  in  3  is  bounded  and  linear  on  Hx’  to  Hr ,  and  if  B'  <  * , 
where  B'  is  defined  as  was  B  except  that  X  is  replaced  by  X'.  If  an  adequate 
substitute  Hx'  exists,  it  will  be  possible  to  enlarge  3  so  that  an  efficient  operator 
will  exist  (relative  to  Hx*  instead  of  Hx).  The  next  section  contains  the  con¬ 
struction  of  an  adequate  substitute  in  a  particular  case. 


6.  Illustration.  Let  Ha  ,  Hx  ,  Hr  he  the  spaces  of  functions  absolute  square 
integrable  on0^w<l,  0^x<l,0^y<l  relative  to  I./ebesgue  measure, 
respectively.  Then  exp  (2ir  tn  «),  exp  (2t  in  x),  exp  (2t  tn  y) ;  n  =  0,  ±1,  ±2,  •  •  •  ; 
are  complete  orthonormal  sets  in  the  respective  spaces.  Coordinates  and  matrices 
will  refer  to  these  orthonormal  sets. 
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g  =  fir(x,  <a)  =  J^rT*  exp  [2t  in  (x  +  w)], 

h  =  h(y, «)  =  23  n“*  exp  [2t  in  (j/  -{-  w)j. 

Let  3  be  the  set  of  all  bounded  linear  operators  T  on  Hx  to  Hr  with  diagonal 
matrices.  Thus  3  consists  of  all  operators  of  the  form 

T  =  sup„  I  s»  1  <  00,  n,  n'  =  0,  dbl,  ±2,  •  •  •  ; 

and 

Tg  =  ^  n~*«,  exp  [2ir  in  (y  +  w)]. 

Hence  =  dg  surely  includes  all  elements  exp  (2t  in  {y  +  «)],  n  0,  and  L 
consists  of  all  elements  in  Hr  of  the  form 

23  tn  exp  [2ir  in  (y  +  w)],  23  I*  <  * .  =  0 

n  n 

Hence  h  e  L,  6  =  h,  and  an  operator  U  is  efficient  only  if  Ug  =  h.  Suppose  that 
U  is  such  an  operator. 

It  can  be  shown  that  G  is  the  orthogonal  complement  of  the  line  spanned  by 
1  in  Hx .  Also  that  U  is  unbounded  on  G®  to  Hr ,  since  its  matrix  on  G  to  Hr 
must  be  n  =  0,  ±1,  ±2,  •  •  •  ;  ^  =  ±1|  ±2,  •  •  •  .  Hence  no  efficient 

operator  exists. 

In  the  present  instance  an  adequate  substitute  for  Hx  can  be  obtained,  for 
example,  by  using  the  topology  of  the  image  f/G  as  that  of  Hx-  ,  as  follows.  Let 
Hx‘  be  the  space  of  elements  u  of  G  such  that  n*  j  j*  <  »  (and  uo  =  0), 
where  {u*}  are  the  coordinates  of  u  in  Hx  ,  the  new  inner  product  being 

(m,  v)x>  =  23"^*“»5» ,  M  =  {«,)  e  Hx’ ,  V  =  {t>,}  €  Hx’  ; 

and  addition  and  scalar  multiplication  being  as  in  Hz  .  Then  Hx-  is  a  Hilbert 
space  and  an  adequate  substitute  for  Hz  .  Let  3'  be  the  set  of  all  bounded  Unear 
operators  on  Hx>  to  Hr  with  diagonal  matrices.  Then  U  is  efficient  relative  to 
g,  h,  3'. 

The  space  Hx-  gives  more  weight  to  higher  frequencies  than  does  Hz  .  This  is 
related  to  the  fact  that,  except  for  a  constant  factor,  h(x)  is  the  derivative  of 
g(x)  with  respect  to  x. 

7.  A  condition  that  be  closed.  In  this  section  (and  only  here)  we  assume 
that  g  is  essentially  dense  in  the  foUowing  sense:  For  any  set  which  is  almost 
sU  of  Qi ,  the  span  in  Hz  of  g^  for  aU  w  in  Qj  is  dense  in  G  (Cf.  §5). 

Let  (B  be  the  Banach  space  of  bounded  Unear  operators  on  G  to  Hr  .  Denote 
the  norm  of  an  operator  V  in  (B  by  ||  F  ||. 

Theorem  2.  Suppose  that  3  is  dosed  in  (B.  Then  L®  is  closed  in  Hro  if  ond  only 
if  a  positive  constant  k  exists  such  that 

(15)  II  Tj/ lira  ^  fell  T  II 

for  aUT  in  3. 
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If  L“  is  closed,  then  L  =  L°  and  an  efficient  operator  surely  exists  for  all  in 
Htq  ,  by  Theorem  1.  The  hypothesis  that  3  be  closed  in  (B  is  not  unduly  re¬ 
strictive.  For  if  3  were  not  closed,  we  could  replace  3  by  its  closure  in  (B  at  the 
beginning  of  our  analysis. 

It  seems  simpler  to  give  the  proof  of  the  above  theorem  than  to  adduce 
references.  The  proof  is  well  known,  except  perhaps  for  the  use  of  the  essential 
denseness  of  g. 

Proof.  Necessity.  Suppose  that  =  3g  is  closed.  Then 
(16)  T-*Tg,  rc3, 

is  a  map  of  the  Banach  space  3  onto  all  of  the  Banach  space  L".  The  map  is 
linear.  The  map  is  continuous,  since 

II  Tg  lire  ^  II  T  II  II  ||« 

by  Lemma  3.  The  map  is  one-to-one;  for  if  Tjg  =  Tig,  Ti,  Tie  3,  then  (Tj  —  Ti)g 
=  0  e  Hn  and  (Tj  —  Ti)g„  =  0  e  Hr  for  almost  all  w,  by  Lemma  3.  Hence 
Tj  —  Ti  =  0  on  G,  since  g  is  essentially  dense. 

By  Banach’s  theorem  [1,  p.  41]  the  inverse  map  of  (16)  must  be  linear  and 
continuous,  hence  bounded.  Hence  B  >  0  exists  such  that 

II  T||  S  BII  TgW, 

that  is,  (15)  holds  with  k  = 

Sufficiency.  Suppose  that  [T^g],  v  =  1,  2,  •  •  •  ,  7”’  c  3,  is  a  Cauchy  sequence 
in  Hn .  Then  ||  (7”  -  r')g  ||ro  —  0  as  i-'  -»  «.  Then  ||  r  -  T'  ||  0,  by 

(15).  Since  3  is  closed,  T  exists  such  that  |I  T'  —  7’  ||  — >  0,  7’  c  3.  Hence 
II  7’V  ~  7’^  II  ra  0,  by  Ixsmma  3.  Hence  T^g  —*  Tg  £  L®.  Hence  L®  is  closed. 

8.  Strongly  efficient  operators.  These  were  defined  in  §3.  The  principle  result 
of  the  present  and  the  next  section  is  Theorem  4  below. 

Since 


E\\e\\\  =  f^E\e(y)\’‘dTn(y), 

(2)  implies  (1);  hence  a  strongly  efficient  operator  is  surely  efficient.  Therefore  it  is 
necessary  for  the  existence  of  a  strongly  efficient  operator  that  an  efficient 
operator  exist.  If  Ti  is  an  efficient  operator,  then  7’ip  and  hence  ci  =  T\g  —  h 
are  unique,  by  Theorem  1 ;  hence  either  Ti  is  strongly  efficient  or  else  no  strongly 
efficient  operator  exists. 

Likewise  since  (4)  and  (5)  imply  (3),  an  operator  within  c  of  strong  efficiency 
{e  >  0)  is  surely  within  e  of  efficiency. 

Assume  that  L®  contains  an  element  other  than  0.  (Otherwise  L®  =  3^  =  0, 
and  0  would  be  strongly  efficient  for  lack  of  competition.) 

Let  X  c  A,  be  an  orthonormal  set  of  elements  of  L®  which  are  a  basis  for 
L  [6;  pp.  18,  19].  For  each  X  in  A  and  each  y  with  null  exceptions,  c  Ha. 
Since  A  is  countable,  there  is  a  set  Yi  which  is  almost  all  of  Y  such  that  c  Ha 
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for  each  y  in  Yi  and  each  X  in  A.  For  each  y  in  Yi ,  let  A/J  he  the  span  in  Ha  of 

,  X  f  A;  and  let  My  be  the  closure  in  Ha  of  Ml . 

Lemma  5.  If  u  e  L,  then  Uy  e  My  for  almost  all  y. 

Proof.  Since  u  is  a  limit  point  of  if,  a  sequence  {m'},  v  =  1,  2,  ,  exists 

such  that  {u'}  converges  in  Hra  to  u  and  u",  for  each  v,  is  a  finite  linear  combina¬ 
tion  of  the  elements  \  e  For  each  v  and  each  y  in  Fi ,  then,  e  Ml .  By 
Lemma  2  a  subsequence  {u'"}  of  {w'}  exists  such  that  {  converges  in  Ha  to 
Uy  for  almost  all  y.  Hence  Uy ,  for  almost  all  y,  is  in  the  closure  of  Af  * ,  that  is,  in 
My .  This  completes  the  proof. 

Put 


<Ty  —  Proj  hy  ; 

thus  Vy  is  the  projection  in  Ha  of  hy  on  My  and  is  defined  for  almost  all  y. 
Theorem  3.  An  operator  Ti  in  3  is  strongly  efficient  if 

(17)  (Tig)y  =  (Ty  for  almost  all  y. 

An  operator  Ti  in  3  is  within  c  of  strong  efficiency  (e  >  Q)  if  a  function  f  =  f, 
exists  such  that 

(18)  E  I  {Tig)y  —  (Ty  I*  ^  1  I*  for  almost  all  y 

and 


^  E  Hr  ,  II  f  II  r  <  «. 

Remark.  Our  next  theorem  will  imply  that  the  condition  (17)  is  necessary  for 
strong  efficiency  as  well  as  sufficient.  Also  that,  if  operators  within  c  of  strong 
t  efficiency  exist  for  all  positive  c,  the  above  condition  for  being  within  e  of  strong 
efficiency  is  necessary  as  well  as  sufficient. 

Proof  of  Theorem  3.  Put 


(19)  .  Py  -  dy  hy 

then  py  is  defined  for  almost  all  y.  Also 

(20)  Py  i.  My  for  almost  all  y, 

since  py  is  of  the  form  u  —  Proj  u. 

For  any  operator  T  in  3,  put 

e  =  Tg  -  h. 

For  almost  all  y, 

~  Ak  "H  (Cy  Py); 

Cy  Py  ^  (fFg^y  ~  Oy  C  My 

by  Lemma  5  since  Tg  e  L.  Thus  py  and  Cy  —  Py  are  in  orthogonal  components 
(rf  Ha  and 

(22)  J5;|ey|*  =  f:|py|’-f^|ey-Py|*, 
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(23)  E\ey\*  ^  E\p,\* 

for  almost  all  y. 

Suppose  that  (17)  holds.  Put 

Cl  =  TjQ  —  h. 

Then  eiiy)  =  py  for  almost  all  y,  by  (19).  Hence  (23)  implies  (2)  and 
Ti  is  strongly  efficient. 

Suppose  that  (18)  holds.  Then  (22)  and  (21)  with  T  replaced  by  Ti  imply 
that 

E  1  ci(y)  1  *  =  J?  1  py  1  *  -f  I  —  ay  1*  for  almost  all  y. 

Hence,  by  (23), 

=  E  1  ei{y)  1  *  —  I  iTig)y  —  |  *  +  |  f »  1  *  ^  i?  1  ei(y)  1  *  for  almost  all  y. 

Thus  (5)  is  established  and  Ti  is  within  c  of  strong  efficiency,  as  was 
to  be  shown. 

9.  Efficiency  sometimes  implies  strong  efficiency.  Lemma  6.  A  necessary  and 
sufficient  condition  that 

(24)  9y  =  ay  for  almost  all  y, 

where 

e  =  Projt  h,  ay  =  Pro]  A,,  hy  , 

is  that 

(25)  riy  =  dy  —  hy  ±  My  foT  olmost  all  y. 

Proof.  Since  6  e  L,  dy  —  ay  e  My  for  almost  all  y,  by  I.emma  5.  Hence  (24) 
is  equivalent  to  the  condition 

(26)  dy  —  ay  ±  My  for  almost  all  y. 

But  ^ 

Vy  Py  9y  —  ay 

by  (19);  and  py  J_  My  by  (20).  Hence  (26)  is  equivalent  to  (25),  and  the  lemma 
is  proved. 

Theorem  4.  If 

(27)  By  =  ay  for  almost  all  y, 

any  operator  within  e  of  efficiency  {t  >  0)  is  within  c  of  strong  efficiency  and  any 
efficient  operator  is  strongly  efficient. 

Conversely  suppose  that  an  operator  within  c  of  strong  efficiency  exists  for  each 
positive  «.  Then  (27)  holds.  In  particular y  (27)  holds  if  a  strongly  efficient  operator 
exists. 
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Because  of  this  theorem  we  shall  say  that  efficiency  is  strong  if  and  only  if 
(27)  holds. 

Proof.  The  first  part  of  the  theorem  is  an  immediate  consequence  of  Theorem 
3.  Thus  suppose  that  (27)  holds.  If  7i  in  3  is  within  c  of  efficiency  (t  >  0), 

E\\T^g-e\\*r  <«* 

by  Theorem  1.  Put 

f  ^  E\T^  -  d\',  f  ^  0; 

then  f  =  f(y)  is  measurable  m  and  an  element  of  Hr  -  Also  ||  Ml  r  <  c,  and 
condition  (18)  holds  (with  equality),  by  construction  and  (27).  Hence  Ti  is 
within  e  of  strong  efficiency.  Likewise  if  Ti  is  efficient,  condition  (17)  holds  and 
Ti  is  strongly  efficient. 

Conversely,  assume  that  for  each  positive  c  an  operator  within  c  of  strong 
efficiency  exists.  Assume  that  (27)  does  not  hold.  We  shall  derive  a  contradiction. 
Note  first  that  an  element  To  in  3  exists  such  that 


(28) 

go  =  go(y)  =  Pn(y)^o(y)  0, 

where 

(29) 

II 

1 

0 

II 

For  if  not,  riy  would  be  normal  in  Hq  to  {Tg)y  for  almost  all  y,  for  all  T  in  3, 
since  qo(y)  is  the  inner  product  in  Ha  of  ij(y)  into  70(1/).  Now  Ml  is  a  span  of 
elements  (Tg)y  for  almost  all  y  (Cf.  §8).  Hence  would  be  normal  to  Ml  and 
so  to  My  for  almost  all  y.  Hence  (24)  =  (27)  would  hold,  by  I.iemma  6,  contrary 
to  our  assumption  that  (27)' does  not  hold. 

Choose  a  complex  number  c  such  that 

(30)  Real  5go(l/)  >0,  j/  £ 

where  P  is  a  measurable  subset  of  Y  of  positive  measure.  This  is  possible.  For 
if  not.  Real  dgo  ^  0  almost  everywhere  for  all  complex  numbers  c.  Hence  Real 
cqs  =  0  almost  everywhere  for  all  c.  (Otherwise  Real  ego  <  0  and  Real  —iqo> 
0  somewhere  for  some  c.)  Hence  go  =  0  almost  everywhere,  a  contradiction  of 
(28). 

Put 


ip  =  e  -  cyo, 

^  =  <p  —  h  =  rt  —  CTft. 

Then 

PlM’  =  ^^lnr-2Real  EnVis  +  P  1  Oo  1  * 

=  PUT  -  2Realdgo+  |cl*Pl7ol*, 

(31)  =  -  2ReaU  9o  +  1  c  P  1 70 1’, 
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all  integrations  being  relative  to  dm{y).  By  (30), 

Real  d  J  go  >  0. 

Now  replace  c  by  ac,  where  a  is  a  positive  number  so  small  that  the  term  in 
g  in  (31)  dominates  the  term  in  ]  c  |  *.  Then  (31)  implies  that 

(32) 

I^t  Q  in  F  be  the  set  on  which 

E\^\'<E\v\*. 

Then  Q  is  measurable;  and  (32)  implies  that  m(Q)  >  0.  Put 

(33)  A‘  =  /  (js:|,|‘-^:ui*)  >0, 

(34)  B*  =  f  ^  1 1;  I*  >  0,  B  >  0. 

•'0 

Choose  c  so  that 

(35)  €  >  0,  «*  <  aVS,  t  <  aVSB, 

as  is  possible.  Take  Ti  within  c  of  strong  efficiency,  as  is  possible  by  hypothesis. 
Then  Ti  is  within  c  of  efficiency  and  Tig  is  mthin  e  of  9  in  Hra  ,  by  Theorem  1. 
Take  Ti  in  3  so  that  Ttg  is  within  e  of  as  is  possible  since  if>  e  L  and  L"  == 
3g.  Put 


1 

II 

1 

U 

Then 

ei  -  V  ^  Tig  -  e, 

e*  —  f  =  Ttg  —  <p, 

(36) 

I  E\ei-r,\'  = 

f  E\Tig-^e\' <e\ 

Jq 

'q 

(37) 

(^E \T,g  -  rf  < 

since  these  inequalities  would  be  true  even  with  Q  replaced  by  Y. 
For  the  next  paragraphs,  let 

(38)  ii»r  =  /«iH’. 

Jq 

We  shall  use  the  fact  that 

(39)  1  II  p  II  *  -  II  w  II  *  I  <  e*  +  2e  min  (||  p  ||  ,  1|  u>  ||  ) 
whenever  ||  p  —  tp  ||  <  «  and  v,we  Hn  . 
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Since  Ti  is  within  c  of  strong  efficiency, 

^  1  «i  I  *  ^  1  Cl  I  *  +  I  f  I  *  for  almost  all  y, 

where 

^  e  Hr  t  II  f  II  r  <  «• 

Hence  for  almost  all  y, 

Integrate  over  Q,  and  use  (33),  (38),  (39),  (37),  (36),  (34),  (35)  and  the  fact 
that  B  =  II  ,  II  >  II  {  II .  Then 

A*  <  e’ + 1  iie,r  -  lu  n  +  III  cxir  -  ihin  <**  +  «*  + 2e  lull 

+  €*  +  2€  II  n  II  <  3e*  +  2«B  +  2eB  <  3aV8  +  4AV8  =  TA’/S. 

This  contradicts  the  fact  that  A*  >  0  and  completes  the  proof. 

Remark.  If  h  c  L®,  an  efficient  operator  exists;  also  any  efficient  operator  is 
exact  and  strongly  efficient.  If  he  L,  efficiency  is  strong. 

Proof.  If  A  £  L®,  then  6  =  h  =  Tg,  T  e  3.  So  e  =  Tg  —  h  =  0 
and  T  is  strongly  efficient,  by  definition. 

If  h  eL,  then  d  =  h  and  e  My  for  almost  all  y,  by  Lemma  5.  Hence  o-y  = 
Projjf,  hy  =  hy  =  dy  ;  and  (27)  holds. 

Lemma  7.  Efficiency  is  strong  if  and  only  if 

±  My  for  almost  all  y. 


where 


h'  =  Projti  h  =  h  —  Proji  h. 
Proof.  This  lemma  is  a  rephrasing  of  Lemma  6,  since  h' 


-n- 


10.  A  sufficient  condition  that  efficiency  be  strong.  A  bounded  linear  operator 
T  on  Hx  to  Hr  is  said  to  be  of  finite  rank  if  the  image  THx  of  Hx  under  T  is 
finite  dimensional. 

Theorem  5.  Suppose  that  3  includes  all  operators  of  finite  rank.  Then  effiiciency 
is  strong. 

The  hjrpothesis  of  this  theorem  bears  neither  on  g  nor  on  h  but  solely  on  3. 
Proof.  By  Lemma  7,  it  is  sufficient  to  show  that  the  condition  tc  ±  L  implies 
that 

Wy  ±  My  for  almost  all  y. 

Let  Ujiy),  j  £  J,  he  a.  complete  orthonormal  set  of  elements  of  Hr  .  Let  ^r(«), 
V  £  N,  he  a.  complete  orthonormal  set  of  elements  of  Ha  .  Then 

Wi(l/Xp»(w),  j  £j,v  eN, 

is  complete  orthonormal  set  of  elements  of  Hnt .  Also 

(40)  (v>, ,  <Pw')a  —  =  5,.,'  ,  V,  v'  e  N. 
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Coordinates  in  Hr ,  Ha ,  Hro  will  refer  to  these  orthonormal  sets.  As  for  Hz  , 
we  do  not  need  an  explicit  notation  for  its  basis.  If  v  c  Hz  ,  we  denote  the  co¬ 
ordinates  of  V  relative  to  a  fixed  coordinate  system  hy  Vk  ,  k  e  K.  In  Hza  we  use 
the  coordinate  system  based  on  the  i^stems  in  Hz  and  Hq  . 

A  bounded  linear  operator  T  on  Hz  to  Hr  can  be  described  by  a  matrix 
e  J,  k  e  K,  in  the  usual  way.  In  particular,  if  Vk  ,  k  e  K,  are  the  coordi¬ 
nates  of  V  in  Hz ,  then  ,jeJ,  are  the  coordinates  of  Tv  in  Hr  and  if 

Vk,, ,  k  e  K,  V  £  N,  are  the  coordinates  of  v  in  Hza  ,  then  ,j  £  J,  v  £  N, 

are  the  coordinates  of  Tv  in  Hra^ 

In  the  following  paragraphs  indices  j,  f  range  over  J,  k  ranges  over  K,  v,  v' 
range  over  H. 

Let  where  h  are  fixed  and  jo£J,  ko  £  K,  be  the  bounded  linear 

operator  on  Hz  to  Hr  whose  matrix  is 


Since  T^**  is  of  finite  rank,  it  is  an  element  of  3.  (The  only  fact  about  3  that 
we  will  use  in  the  present  proof  is  that  3  contains  all  operators  y,  e  J, 
h£K.) 

Let  to  be  any  element  of  Hra-  Denote  the  coordinates  of  to  by  toy., .  Denote 
the  coordinates  of  g  by  Qk., .  Assume  that  to  J_  L. 

Then  w  ±  Tg  for  all  T  in  3;  in  particular 

(to,  =  iE:(to,  T*'*V)r  =  0. 

Now  T^*''‘*g  has  coordinates 


Hence 

(41) 


^j.h^k.kkgk.f  =  ij.itgkk.w . 

2  ^i.ph.i»§kt.*  =  0, 

X  vJh.p§kt.p  =  0,  jo  £j,  ko£  K. 

P 


I>et  X  e  A,  be  the  orthonormal  set  of  elements  of  L”  that  generate  L  and 
that  were  used  in  §8  to  define  Ml .  Then  tOy  ±  My  for  almost  all  y  if  and  only 
if 

(42)  Ew(y)^^(y)  =  0  for  almost  all  y,  for  all  X  in  A. 


We  now  establish  (42).  Consider  any  fixed  X  in  A.  An  operator  T  exists  such 
that 


T£Z,  T~{tijk]. 


In  the  sense  of  convergence  in  the  mean  square  relative  to  mp, 

to  =  S  W/.»My(l/)ve>,(w), 

“  2  S  ti.kgk.wUj(y)^,{u). 
io9  fc 
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Hence,  in  the  sense  of  convergence  in  the  mean  absolute  first  power  relative 
to  mp, 


Hence,  in  the  sense  of  convergence  in  the  mean  absolute  first  power  relative 
to  m. 


y.i'. 

i*ik 


by  (40).  Hence  Ewi^^  =  0  in  the  sense  of  the  mean  absolute  first  power  relative 
to  m,  by  (41).  The  inversions  above  of  orders  of  operations  are  permissible. 
Hence  Ewiy)^^(y)  =  0  for  almost  all  y,  and  (42)  is  established.  This  completes 
the  proof. 

The  following  example  shows  that  efficiency  need  not  be  strong.  Let  Hr  be 
the  two-dimensional  space  spanned  by  the  orthonormal  pair  of  real  functions 
«i  =  Uiiy),  Ui  =  titiy).  Let  Hx  be  the  one-dimensional  space  spanned  by  the 
unit  vector  v.  Let  Ha  be  the  two-dimensional  space  spanned  by  the  real  ortho¬ 
normal  pair  1  and  ^  =  ^(w).  Let  3  be  the  set  of  all  linear  operators  with  ma¬ 
trices  (relative  to  the  bases  v  and  Ui ,  Ut)  of  the  form/  ^  1,  where  r  ranges 


over  the  real  numbers.  Let  g  =  np,  h  =  (ui  -|-  tis)v».  Then  the  respective  co¬ 
ordinates  of  g,  h,  Tg,  and  e  =  Tg  —  hare 


where 


{0  1}, 


r1  ro 

-rj>  to 


Hence 

e  =»  (r  -  l)Mrt»  -  (r  + 

B  II  «  II  ■  -  (r  -  D’  +  (r  +  1)’. 


E|  «(!/)!’=  I  (r-Doi-fr+D".!*. 


Hence  T  is  efficient  if  and  only  if  r  =  0,  in  which  case  H  ||  e  ||  *  =  2.  The  effi¬ 
cient  operator  is  however  not  strongly  efficient,  as  can  be  shown  in  detail  and 
as  is  indicated  by  the  fact  that  for  almost  all  y,  J?  |  e(y)  |  *  has  a  minimum  of 
zero  at  r  =  (ui  +  u*)/(wi  —  u*). 
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THE  SOLUTION  OF  THE  DIFFUSION  EQUATION  BY  A  HIGH  ORDER 
CORRECT  DIFFERENCE  EQUATION 

By  Jim  Douglas,  Jr. 


1.  Introduction.  The  numerical  solution  of  the  boundary- value  problem  for 
the  diffusion  equation 


0.1) 


g=|^.oaxai,os<sr. 


has  been  treated  by  means  of  several  difference  equations.  Explicit  methods  have 
been  studied  in  detail  [5,  6,  7],  and  it  has  been  found  that  small  time  steps  are 
required  for  stability  and  convergence.  Thus,  the  calculations  are  rather  tedious 
whenever  such  methods  are  used. 

Several  implicit  procedures  have  been  proposed  that  are  stable  for  any  size 
time  step.  The  simplest  of  these  methods  is  the  backwards  difference  equation 
[3,  9] 


(1.2) 


_  Wi,n+l  —  Win  .  _ 


,  t  =  1,  •  •  •  ,  AT  —  1,  n  ^  0, 


U^O.n+l  Uo.n+l  ,  Ws,n+l  >  WiO  ™  UjO  i 


where  is  the  value  of  the  function  at  the  lattice  point  (lAx,  nAt),  N Ax  =  1, 
and 


(1.3)  Alwin  =  (Wi_l.,  —  2Win  +  Wi+l,n)/iAx)*. 

It  has  been  shown  [3]  that  Win  converges  uniformly  to  with  their  difference 
being  =  OiAt)  if  the  ratio  At/ (Ax)'  is  held  fixed  and  the  boundary 

conditions  are  sufficiently  smooth.  Inasmuch  as  it  can  be  shown  easily  that 


.1  Ui.n+l  _i_  _ 

AxUi,^l  =  - — - 1-  Qin, 


where  =  0((Ax)'  -|-  At)  =  0(At),  we  see  that  the  total  truncation  error  and 
the  elemental  error  gr,,  are  of  the  same  order. 

Perhaps  the  next  simplest  implicit  scheme  is  the  difference  equation  proposed 
by  Crank  and  Nicolson  [2,  8]: 


(1.5)  AnWi,n^i  An  Win  —  2 - — -  . 

In  this  case  the  elemental  truncation  is  0((Aa;)*  -|-  (At)*)  =  0(At).  Here  the 
elemental  error  is  basically  unbalanced,  as  the  error  in  the  x-direction  is  of  a 
larger  order  of  magnitude  than  that  in  the  t-direction.  It  has  been  shown  [8] 
that  the  solution  converges  for  any  ratio  At/ (Ax)*  with  the  total  error  being 
0(At)  as  above;  however,  the  constant  will  be  smaller  because  of  the  smaller 
individual  errors. 
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From  the  results  for  these  two  methods  it  can  be  conjectured  that  the  total 
truncation  error  will  be  of  the  same  order  of  magnitude  as  that  of  the  elemental 
truncation  error.  A  refinement  of  the  Crank-Nicolson  method  is  proposed  in 
this  report  for  which  the  elemental  error  is  It  is  shown  that  under 

somewhat  severe  restrictions  of  the  initial  and  boundary  conditions  the  total 
truncation  error  is  also 

Since  this  paper  was  submitted,  S.  H.  Crandall  [10]  derived  by  another 
method  a  special  case  of  our  difference  equation  (2.8).  For  the  particular  choice 
X  =  2(5)“*,  he  showed  that  the  elemental  truncaticm  error  was  0((A/)*);  how¬ 
ever,  he  did  not  treat  the  total  truncation  error. 


2.  Difference  Equation.  In  order  that  the  linear  equations  arising  from  the 
difference  equation  be  easily  solvable  by  a  method  equivalent  to  elimination 
[1],  it  is  desirable  that  only  these  values  of  the  unknown  function  corresponding 
to  Xi-i ,  Xi ,  and  Xi+i  appear  in  the  difference  equation  as  written  about  x, ;  this 
will  be  a  guiding  criterion.  Also,  it  is  convenient  to  limit  the  f-values  to  tn  and 
tn+i  to  prevent  excessive  storage  requirements  in  machine  computation. 

First,  let 


(2.1) 


4Af 

(Ax)* 


X 


be  constant  throughout  the  discussion.  Now, 


(22) 


dUj,^  ^  Ui,^l  —  Uin _ ^  J 

af  “  Af  24  df*  '  ’ 


where  u*u  is  evaluated  somewhere  between  (x< ,  f«)  and  (x{ ,  fa+i).  The  asterisk 
will  be  used  to  denote  functions  evaluated  at  points  called  for  by  Taylor’s 
theorem.  Also, 


~dP~  “  2  L  ax*  J  8  a^  ^  ^ 

(23)  =  ^  (Ax)’ 


J  J_  ^  (Ax)*(A<)*  -  —  —  (Ax)*  -  i  (Af)*. 
96  a<*ax*  ^  ^  ^  ^  360  ax*  '  8  ax*af‘ 

The  term  u^*  must  be  approximated,  as  it  is  multiplied  by  (Ax)*  =  0(At).  To 
use  the  fourth  difference  in  x  would  violate  the  criterion  taken  earlier;  however, 

A  ^ 

ax*  a<ax*  ’ 


(2.4) 


and  this  may  be  approximated  as  below: 

aw  ^  ^  a ti* 

a<a?  “  At  12  di^  ^  ^ 

1  a‘u*  ,  V,  1  a*M*  (Ax)* 

24  yax* '  ^  180  ax*  At  ' 


(2.5) 
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Substituting  (2.2),  (2.3),  and  (2.5)  into  (1.1),  and  simplifying 

(2.6)  (1  -  2/3X)a2u,.h.i  +  (1  +  2/3X)aJm,,  =  2  “*•**•*"  +  gt, 

where 

(2.7)  p*,  -  om?) 

if  u(x,  0  is  at  least  six  times  boundedly  differentiable  in  the  region  0  ^  x  ^  1, 

0  ^t^T. 

Thus,  a  completely  second  order  correct  difference  equation  satisfied  by  the 
solution  of  the  differential  equation  has  been  derived;  a  choice  of  our  difference 
equation  for  the  numerical  solution  of  (1.1)  is  apparent: 

=  titO 

(2.8)  |(1  -  2/3X)aSu;.-,*vi  +  (1  +  2/3X)A|tc<,  =  2  n  ^  0 

(W0.»i+1  “  ^,n+l  ,  Wjf.iM-l  “  Ujr.iM-1 . 

3.  Error  Eqiution  and  Superposition.  Let 
(3.1)  Vu  =  Uin  —  Win  . 

The  difference  equation  for  the  truncation  error  can  be  obtained  by  sub¬ 
tracting  (2.8)  from  (2.6): 

i><o  =  0 

(3J2)  -  (1  -  2/3X)Aja,.H.i  +  (1  +  2/3X)A!a<,  =  2  ~  -f-  p., 

at 

Vo.m-i  =  Vir.iH-i  “  0* 

The  solution  of  (3.2)  may  be  facilitated  by  the  use  of  the  following  principle 
of  superposition.  Let 

(3.3)  t;*. -EvJV, 

k-O 

where 

vim  =0,  m  g  k 

(3  4)  <  ~  2/3X)AjviJ^i  —  “  ^<*1  m  *=  fc  -f  1 

„(*)  _  „(*) 

(1  -  2/3X)Ajt;lU+i  +  (1  +  2/3X)aJ»|J?  =  2-*’^+'--^*-’^-,  m^k-hl. 

at 

Direct  substitution  shows  that  Vu  as  defined  by  (3.3)  and  (3.4)  satisfies  (3.2). 
Note  that  each  of  the  functions  vi*n-*-i  satisfies  the  homogeneous  difference 
equation  related  to  (3.2)  with  a  non- vanishing  initial  condition. 
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4.  Solution  of  Homogeneous  Equation.  Let 


(4.1) 


(1  -  2/3X)aJz..m-i  +  (1  +  2/3X)A^,-, 

Zo.n  =  ZH.n  =  0. 


Consider  as  initial  condition 


n  Zi,n+1 

At 


Zin 


(4.2)  2jo  ==  sin  rpxi , 

and  assume  a  solution  of  the  form 


n  ^  0 


(4.3)  =  a,  sin  rpxi . 

Substituting  into  (4.1), 

/.  On+i  _  2  —  X(1  +  2/3X)  sin*  irpl2N  _ 

^  ^  an  2  +  X(1  -  2/3X)  sin*  tp/2N 

The  ratio  p,  is  less  than  one  for  any  p,0<p<N  and  any  X  >  0;  thus,  the 
int^ation  method  is  stable  for  any  size  time  step.  The  solution  of  (4.1)  with 
the  initial  condition  (4.2)  then  is 

(4.5)  Zin  =  pj  sin  rpXi . 

As  (4.1)  is  linear,  its  solution  imder  the  most  general  initial  condition 

K-l 

(4.6)  Zio  =  c,  sin  rpXi 

p— 1 

is 

N-l 

(4.7)  Zin  =  sin  irpXi, 

Pmzl 


6.  Solution  of  Error  Equation.  Expand  each  of  functions  Vijt+i  in  a  Fourier 
series: 


(5.1) 

Then,  by  (4.7), 

(5.2) 

By  (3.3), 

(53) 


fiA+i  =  21  Cp  ’  sin  irpXi . 
t  p-i 


Vin 


EAk)  n-k-l  ‘ 

f^p  siu  < 


Vin  =  23  S  Cp  *Pp~*  *  sin  rpXi . 

M  P-1 


The  asymptotic  behavior  of  the  error  as  the  lattice  is  refined  depends  on  that 
of  the  Fourier  coefficients  and  the  stability  ratios  p, .  liOmmas  giving  bounds 
for  each  will  be  developed  before  treating  (5.3). 
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6.  Fourier  Coefficients.  It  is  easy  to  see  that  if 

N-l 
ffik 


(6.1) 

then 

(6.2) 

Now, 

(6.3) 


ik  =  oj,*^  sm  Tpxi , 


P—1 


=  -  E 


iri  2  +  (X  -  2/3)  sin*  irp/2N 


(*)  ^  ^ 

dp  =  T^l^giksmrpxi 
iV  {_i 


sin  Tpxi 


is  closely  related  to  the  Fourier  coefficient 

(6.4)  Aj,*’  =  2  f  gk(x)  sin  rpx  dx 

Jo 


where  Qkix)  is  obtained  by  translating  the  lattice  in  the  x-direction.  It  is  easy  to 
see  from  (2.6)  that  j7*(x)  possesses  a  bounded  derivative  with  respect  to  x.  The 
following  lemma  then  applies: 

Lemma  1.  If  u(x,  t)  is  at  least  six  times  boundedly  differentiable  tn  0  ^  x  ^  1, 
0  ^  t  ^  T,  then  there  exists  a  constant  A  depending  only  on  u  and  these  derivatives 
such  that 

(6.5)  I  Aj,*’  -  o?’  1  <  A(At)'p/N. 

Proof.  The  two  dimensional  analogue  of  this  lemma  has  been  proved  previously 
[4];  this  proof  is  an  obvious  simplification  of  the  previous  one  and  will  be  omitted. 
The  factor  (AO*  comes  from  (2.7). 

The  conditions  on  gk(,x)  also  insure  that  there  exists  B  depending  only  on  u 
and  its  derivatives  of  no  higher  than  seventh  order  such  that 

(6.6)  ‘I  Aj.”  1  <  B(A0*/p. 

If  C  =  max  (A,  B), 

(6.7)  1  ai.*’  1  <  C(l/p  +  p/iV)(A0*. 

By  (6.2), 

(6.8)  I  cl,*’  1  <  C(l/p  +  p/N)(A0*. 


7.  Stability  Ratios.  Consider  the  function 


(7.1) 


P  =  p(i)  = 


2  -  (X  -f  2/3)f 
2  +  (X  -2/3){’ 


=  1  - 


1  +  1/2(X  -  2/3){ 


0  g  «  ^  1, 


As  p'({)  >  0  for  0  ^  ^  1,  there  is  at  most  one  root,  .say  {o ,  of  p(f)  =  0  in 
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0  g  ^  g  1.  For  0  ^  ^  io , 

(7.2)  |p({)|^l--€, 

V 

where  i;  =  max  (1,  1/6(3X  +  2)).  From  fo  to  1,  |  p({)  |  increases  from  0  to 
I  (4  -  3X)/(4  +  3X)  I  <  1.  Thus, 

(7.3)  1  p(«)  I  ^  1  -  (1  -  I  p(l)  |)€ 

for  {o  ^  ^  1.  Let 

(7.4)  a  =  min  (X/,,  1  -  1  p(l)  1). 

Then 

(7.5)  1  p({)  1  ^  1  -  0  g  f  ^  1. 

Lemma  2.  There  exiete  a  constant  D  >  0  stick  that 


(7.6) 


EIp,!*  S  DN'Ip'. 

k-0 


Proof:  From  (7.5), 


i:ip<«)i‘  <A- 

t-O 


Now,  if  {  =  sin*  irp/2N,  f  ^  ir*p*/16N*.  Thus,  D  may  be  taken  equal  to 
16/t«.  qe.d. 


8.  Convergence  Theorem.  The  results  of  the  last  two  sections  can  be  applied 
to  (5.3)  as  below. 


(8.1) 


ip..i  s  z  2:ip?’iip.i’^' 

t-o 

<c(Ai)‘ i:(i/p  +  p/N)i:ip,r 

p-l  *-0 

<  CDiV*(A/)*  li  (1/p*  +  l/iNTp). 


Afi 

m) 


E  l/P*  <  3 

p-i 


K-l 

E  l/Kp 


J*-l 


log  N/N  <  1, 


there  exists  E  =  4CD  such  that 

(8.3)  1  Pi,  1  <  EN\£d)*  -  X^;(Af)‘/4. 

This  result  may  be  collected  in  the  following  convergence  theorem. 
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Theorem.  If  there  exists  a  sdtUion  u{x,  t)  of  the  boundary  value  problem  asso¬ 
ciated  with  the  differential  equation  (1.1)  and  if  u(x,  t)  is  at  least  seven  times 
boundedly  differentiable  in  the  region  0^x^l,0^t^T  then  the  solution  of 
the  difference  equation  (2.9)  converges  uniformly  to  u(x,  t)  in  the  region  and  the 
truncation  error  is  0((At)*). 

9.  Practical  Aspects.  If  the  method  of  [1]  is  used  to  solve  the  linear  equations 
occurring  at  each  time  step,  it  can  be  seen  easily  that  7(iV  —  1)  calculations  per 
time  step  are  required  by  the  backwards  difference  formula,  9(iV  —  1)  by  the 
Crank-Nicolson  method,  and  10(iV  —  1)  by  the  method  presented  here.  Thus, 
very  little  additional  calculation  per  time  step  would  be  required  even  if  the 
same  number  of  subdivisions  were  used  for  the  new  method;  however,  it  is 
obvious  from  the  convergence  rates  for  the  three  methods  that  both  fewer 
x-increments  and  fewer  time  steps  would  be  required  to  complete  the  numerical 
solution  given  here.  Consequently,  the  procedure  developed  above  is  con¬ 
siderably  superior  to  the  previously  treated  implicit  methods. 
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COEFFICIENl'S  FOR  COMPLEX  OSCULATORY  INTERPOLATION 
OVER  A  CARTESIAN  GRID 

By  Herbert  E.  Salzer 


When  an  analytic  function /(z)  and  its  first  derivative /'(z)  are  knovm  at  any 
n  points  z*  in  the  complex  plane,  the  general  Hermite  osculatory  interpolation 
formula  becomes  [1],  [2] 

m  =  E.  -  2.)i/fe) 

‘  +  z:. 

where 


(2)  L*"’(z)  =  II/Kz  —  zj)/(zk  —  z/)],  j  =  k  absent  from  JJ', 

and 


(3) 


Rjn(z) 


Ukiiz-  z,)*}  f  no 

2x1  Jc  (i  — z )  n*  —  2*)*) 


the  XX*  denoting  the  product  over  all  n  i>oints  zt .  Here  C  is  any  contour  on 
and  within  which  /(t)  is  analytic  and  which  surrounds  the  n  +  1  points  z*  and 
z.  The  right  member  of  (1)  without  the  remainder  term  Rtn(z)  is  the  unique 
polynomial  of  the  (2n  —  1)***  degree  in  z  which  coincides  with  /(z)  and  /'(z)  at 
z  =  z* .  Some  idea  as  to  the  magnitude  of  Ri«(z)  may  be  had  from  considering 
it  as  a  hmiting  confluent  form  of  the  remainder  in  the  ordinary  Lagrangian 
formula  over  the  2n  points  Zi ,  the  latter  being  expressible  according  to  a  theo¬ 
rem  due  to  Paul  Montel  [3],  as  XIi(*  ~  2i)/*"^(a)/(2n)!,  where/*"’ (a)  is  some 
point  within  the  domain  of  convexity  corresponding  to  the  domain  covered 
by /*"’(<)  when  t  covers  a  convex  region  containing  the  points  zj  and  z.  In  prac¬ 
tice  one  could  probably  get  a  good  idea  as  to  the  magnitude  of  Ran(z)  by  taking 
/*"’(o)  for  a  equal  to  any  zj ,  or  even  to  z,  so  that  one  would  expect  the  approxi¬ 
mate  equality 


(3')  KanCz)  -  XI*{(«  -  z*)*}/’"'(2*<)/(2n)!, 

i 

the  z*'  denoting  any  z*  or  z.  ’ 

The  present  tables  are  intended  to  facilitate  the  use  of  (1)  for  complex  oscula¬ 
tory  interpolation  for  analytic  functions  /(z)  that  are  tabulated  over  a  Cartesian 
grid  either  with  their  first  derivatives  f(z)  or  wherever  the  /'(z)  is  easy  to  calcu¬ 
late.  Even  though  tables  for  complex  Cartesian  interpolation  based  upon  La¬ 
grange’s  interpolation  formula  employing  only  the  functional  values  f(zk)  are 
available  in  published  form  [4],  [5],  these  present  tables  should  be  used  wherever 
it  is  convenient  due  to  the  much  greater  accuracy  of  the  osculatory  interpolation 
formula.  Often  the  user  will  find  the  grid  length  ^  to  be  too  large  for  the  desired 
accuracy  using  the  ordinary  Lagrangian  coefficients,  but  not  too  large  when 
osculatory  interpolation  is  employed.  These  tables  should  prove  helpful  in  inter- 
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polation  for  many  tables  of  higher  mathematical  functions  for  complex  arguments 
in  Cartesian  form,  viz.,  1)  Bessel  functions  of  the  first  or  second  kind,  J^iz)  or 
Yo(z)  tabulated  with  Ji(,z)  =  —Jt(z)  or  Fi(z)  =  —Yo(z)  respectively,  or  linear 
combinations  of  them,  2)  log  r(z)  whenever  its  derivative  ^(z)  is  available,  3) 

probability  integral  J  e~“*  du  [6]  with  its  integrand  e~'*,  4)  integrals  of  more 

elementary  functions  where  the  integrand  is  easy  to  calculate,  like  j  (e~*/u)  du 

[7],  and  5)  solutions  of  important  linear  differential  equations  which  are  given 
with  their  first  derivatives  [8]. 

To  interpolate  for/(2)  when  one  has/(2*)  and/'(z*)  at  arguments  Zt  =  zo  +  kh 
arranged  in  a  Cartesian  grid  of  length  h,  one  first  chooses  zo  as  the  lower  left- 
hand  comer  point  of  the  square  whose  four  corners  are  zq  s  zo ,  =  2o  +  ^, 

z<  s  Zo  +  ih,  Zi+i  s  Zo  -|-  (1  -f-  i)h  and  which  contains  z  s  zo  -f-  Ph,  P  =  p  +  iq, 
cither  inside  or  upon  a  side  of  the  square,  so  that  O^p^l,  Then 

(1)  is  expressible  in  the  form 

(4)  /(zo  +  Ph)  =  D*  [Ai*\P)fiz,)  -I-  (z*)}  -I-  Ru  , 

where  the  coefficients  Ak'^P)  and  are  polynomials  of  the  (2n  —  1)*** 

degree  in  P.  These  present  tables  give  the  exact  values  of  Ai*\P)  and  Bk’'\P) 
for  n  corresponding  to  the  two-,  three-,  and  four-point  cases  based  upon  the 
choices  of  z*  as  zo ,  Zi ,  zo ,  Zi ,  z^ ,  and  zo ,  Zi ,  z< ,  Zi+,-  respectively,  for  P  =  p  +  iq 
for  both  p,q  =  0(.1)1.  When  written  explicitly  for  each  n,  (4)  is  seen  to  become 
forn  =  2  (cubic  accuracy), 

/(zo  +  Ph)  Ai'\P)fizo)  +  Al«(P)/(zi) 

(4') 

-1-  h{Bi'\P)r(zo)  -1-  Bi«(P)f(zi)}; 

forn  =  3  (quintic  accuracy), 

/(zo  +  Ph)  -  ^i”(P)/(«o)  +  ^^”(P)/(^l)  +  AT{P)S{Zi) 

A-  /i{Bi*>(P)f(zo)  +  Pi”(P)/'(2i)  +  B?\P)r{zi)V, 
and  forn  =  4  (septic  accuracy), 

/(zo  +  Ph)  ~  Ar(P)/(«o)  +  A[«(P)/(zO  -h  Ai«(P)/(z,)  -H  A{*MP)fiz^+i) 

(4"') 

-h  h{Bi*\p)rizo)  +  B^^\p)nz,)  +  B\*\p)r(zi)  -f  pit’i(/*)f(2i+.)). 

In  the  Tables  of  Coefficients  only  Ai”(P),  Po”(P),  Ai«(P),  Al*\P),  Bi*\P), 
Pi”(P),  Ao*’(P)  and  Bo*’(P)  are  tabulated  explicitly  since  the  other  coefficients 
Ak'\P)  and  B*"^(P)  are  read  from  these  tables  in  view  of  the  following  simple 
relations: 

(5)  A[”(p  -I-  tg)  =  Ai*’(l  -  p  +  iq), 

(S')  Bi”(p  +  W)  =  —  B5”(1  —  p  +  iq)’, 
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CO  w  c*«  ^  ^ 

I  I  I  I  I  I  I  I  I  I  I 


CO  ^  ^ 

I  I  I  I  I  I  I  I  I  i  I 


^<oco^;6S^Or» 

c^^c5diocr>.t^r^o 


ci  oi  ci  ^ 


M  M  ^  ^ 

S  5  S  2 


I  I  I  I  t  I  I  I  I  I  I 


CO  CO 
^  4A  ^ 
l»  *0  CO  CS 


S  <N  <S  £ 

5SJS8 


c^  c^  ^  ^ 

I  I  I  I  I  I  I  I  I  I  I 


cp  ^  X  «  ^  ^ 

®  •A  ^  r*  ^  ^  CO 

CO  CO  O  N»  ^  CO  ^ 


1 1  ^  i  i  §  1 2  s  i  i 

‘AOi'^©l>»kOCOC^*^C5C 


c^  ^  ^  ^ 

I  I  I  I  I  I  I  I  I  I  I 

K2»s?§KSg8a«g 

eo©^^^^co^0©0) 
eo  csi  csi  ci  ^  *h  •h 


i'iliiPiiii 

ci  -H  « 

I  I  I  I  I  I  I  I  I  I  I 


s 


g§ 


eooiOics^^^i-4^^ 


O©Xt^©U3<^C0C4^O 

^oodddedddo 


Two-Foint 
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1 

1 

1 

1  1 

1 

iissiiiiisi 

i 

1  1  1  1  1  1  I  1  1  1  1 

M0>40>4OM0iC0>C 

• 

e 

1  1  1  1  1  1  1  1  1  1  1 

§iiiii§iii§ 

7  1  1  1  1  1  1  1  1  1  1 

•**  •**  *f>*  •**  *•*  •«*  •** 

i§i§iisi§§i 

1 

e 

1  1  1  1  1  1  1  1  1  1  1 

S  M  is  ‘e?4  'qo  (5  <N  '»  ’e?4  do  <5 

o> 

d 

1  1  1  1  1  1  1  1  1  1  1 

i§is§is§iii§ 

1 1 1 1 1 1 1 1 1 

e 

1 1 1 1 1 1 1 1  +++ 

1  *1  ^  m '» 2  'III 

(X 

•0 

1 1 1 1 1 1 1 1 1 1 1 

iiiiiiiiiii 

iggSSiillii 

1  1  1  1  1  1  1  1 

p>* 

e 

1 1 1 1 1  ++++++ 

iigiliiilii 

. 

1  1  1  1  1  1  1  1  1  1  1 

iiiisiisiii 

sisi§iiiiii 

c> 

1 1 1  ++++++++ 

1  1  1 

giiiiiggsii 

s  ^  s  ^  ^  ^  ^  ^  S 

«e 

d 

iii’iiiiliii 

1  1  1  t  1  1  1  1  I  1  1 

1 

e 

d 

+++++++++++ 

i 

Cl  ^  ^ 

—4 

— 

1 

I 

oa3aor<>«i«^eoM^O 
d  d  d  d  o'  o’  o  ©  d  d 


} 


i 
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Three-Point:  -4***(P) 


} 

1 

◄ 


Three-Point: 


} 

i 
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(b) 

+  iq) 

=  A{*’(?  4-  ip), 

(6') 

B^i\p  4-  iq) 

=  i  B{*\q  -1-  tp); 

(7) 

Ai^(jt  -1-  iq) 

=  Ai*’(l  -  p  4-  »«), 

(70 

"I"  W) 

=  -Bi*^{l  -  p  +  iq), 

(8) 

A'C^ip  4-  iq) 

=  Ao*^(p  +  t"  (1  —  ?)), 

(80 

B{*\p  -F  iq) 

=  Pj«(p  -H  t  (1  -  q)), 

(9) 

A[+i(p  4-  iq) 

=  Ao^^(l  —  p  4- 1  (1  — 

q)), 

(90 

P{t\(p  4-  iq) 

=  -5^(1  -  p  4- 1  (1  - 

-9)). 

The  tables  of  Ak'\P)  and  were  calculated  by  first  squaring  the  or¬ 

dinary  Lagrangian  coefficients  Li*\P)  which  have  already  been  published  [4], 
and  then  multiplying  by  the  appropriate  linear  functions  of  P.  The  results  were 
checked  in  a  preliminary  manner  by  evaluating  both  i4*"^(P)  =  1  and 
(3  +  2t)  +  .5P  =  Et  {3  +  2t  +  M]Ai’'\P)  +  .5  E*  Bi’'\P)  for  all  values 
of  P.  The  following  final  functional  check  (which  was  designed  also  to  verify 
the  highest  degree  accuracy  that  was  attainable  with  the  set  of  coefficients  cor¬ 
responding  to  each  n)  was  then  performed  for  all  values  of  P: 

(1  +  3t  +  P)*"-'  =  E*  {1  +  3t  + 

+  (2n  -  l)Et  {1  +  3t  +  fc}*"-*Pi-’(P). 

For  osculatory  interpolation  of  degree  higher  than  seven,  or  for  P  given  finer 
than  0.1  in  p  or  q,  when  these  present  tables  might  not  be  adequate,  one  is 
referred  to  an  article  [9]  by  the  author  which  describes  a  longer  method,  but 
which  furnishes  up  to  13“*  degree  accuracy  and  which  can  be  used  for  P  given 
to  any  number  of  decimals  and  even  outside  the  range  O^p^l,  O^g^l. 

The  author  wishes  to  express  his  appreciation  to  Miss  Isabelle  Arsham  for 
her  assistance  in  the  compiitation  and  checking  of  these  tables. 
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A  POWER  SERIES  SOLUTION  OF  THE  NONLINEAR  EQUATIONS 
FOR  AXI-SYMMETRICAL  BENDING  OF  SHALLOW 
SPHERICAL  SHELLS* 

By  Roger  M.  Simons 

1.  Introductioii.  This  paper  is  concerned  with  the  stresses  and  deformations 
of  thin  shallow  segments  of  spherical  shells  subjected  to  uniform  normal  pres¬ 
sure.  Two  important  types  of  edge  restraints  \vill  be  considered,  namely  a  simply 
supported  edge  and  a  clamped  edge. 

It  will  be  seen  that  there  are  two  essential  parameters  for  this  problem ;  n,  a 
geometrical  parameter,  which  is  zero  for  a  flat  plate  and  large  compared  with 
one  for  a  sufficiently  thin  shell,  and  y,  a  load  parameter,  which  is  a  factor  of  the 
nonlinear  terms  in  the  differential  equations  of  the  problem.  The  linearized  dif¬ 
ferential  equations,  for  small  deflections,  can  be  solved  explicitly  in  terms  of 
Bessel  functions  [IJ.f  It  is  the  purpose  of  the  present  paper  to  obtain  a  solution 
of  the  problem  for  small  finite  deflections  in  which  case  the  differential  equations 
of  the  problem  are  nonlinear  [3].  This  solution  will  be  obtained  in  the  form  of  a 
power  series  in  powers  of  a  coordinate.  A  solution  of  this  type  has  been  obtained 
by  Way  [4]  for  the  special  case  of  a  flat  circular  plate.  A  serious  shortcoming  of 
the  power  series  solution  obtained  by  Way  is  that  the  boundary  conditions  satis¬ 
fied  by  the  solution  are  known  only  after  the  solution  is  obtained.  The  only  way 
a  prescribed  set  of  boundary  conditions  can  be  satisfied  is  to  obtain  several  power 
series  solutions  (by  choosing  the  two  leading  coefficients  in  the  power  series  dif¬ 
ferently  each  time)  and  then  using  interpolation  to  find  the  appropriate  choices 
of  the  leading  coefficients  to  satisfy  the  prescribed  boundary  conditions.  The 
interpolation  is  difficult  because  there  are  two  independent  constants  to  deter¬ 
mine.  A  principal  contribution  of  this  paper  is  to  give  a  systematic  procedure 
for  obtaining  the  required  leading  coefficients  for  the  power  series  solution  in 
order  to  satisfy  the  boundary  conditions.  The  technique  is  given  for  a  shallow 
shell  and  contains  as  a  special  case  the  corresponding  results  for  a  flat  plate. 

2.  Notation  and  basic  equations.  The  following  notation  will  be  used  in  this 

paper:  ^ 

r,  0:  polar  coordinates 

angle  subtended  at  the  center  of  the  sphere  between  apex  and 
variable  point 

a:  half  the  opening  angle  of  the  shell,  that  is  the  value  of  $  at  the 

edge  of  the  shell 

*  Portion  of  a  Pb.D.  Thesis  accepted  by  the  .Massachusetts  Institute  of  Technology  in 
June  1955.  The  author  wishes  to  express  thanks  to  his  thesis  advisor,  Professor 
Eric  Reissner,  for  guidance  and  advice;  and  to  the  Office  of  Naval  Research  of  the  U.S. 
Navy  for  financial  support  under  Contract  N5-ori-7834  with  the  Massachusetts  Institute 
of  Technology. 

t  Numbers  in  square  brackets  refer  to  the  references  at  the  end  of  this  paper. 
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E'.  Young’s  modulus  of  elasticity 

v:  Poisson’s  ratio 

a:  radius  of  the  middle  surface  of  the  shell 

R  =  aa:  half -span  of  the  shallow  shell 

h:  thickness  of  the  shell,  assumed  constant 

D  =  Eh*/m*:  flexural  rigidity 

p:  uniform  normal  pressure 


Ni,  Ni  ,Q:  stress  resultants  in  meridional  and  circumferential  directions 
and  shear  stress  resultant,  respectively 

M( ,  M$  :  stress  couples  in  meridional  and  circumferential  directions, 

respectively 

H:  horizontal  component  of  stress  resultants  N(  and  Q 

u,  w:  horizontal  and  vertical  components  of  displacement 

|8:  negative  of  the  angle  of  rotation  of  the  tangent  to  a  meridian 

=  rH:  a  stress  function 

The  differential  equations  for  small  finite  deflections  of  a  thin  shallow  spherical 
shell  of  uniform  thickness  subjected  to  a  uniform  normal  pressure  can  be  ob¬ 
tained  by  suitably  specializing  equations  (60)  and  (61)  in  [3]  as  follows: 

+  1^'  -  5/3  =  -  . 

(1) 

V  =  aEh(^0  - 

In  these  equations  primes  indicate  differentiation  with  respect  to 
Stress  resultants,  couples,  and  displacements  are  obtained  from  equations  ((i2) 
and  (63)  of  [3]  similarly  as  follows  in  terms  of  and  ’I'. 

^ 

Ehu  =  -  y  f. 

At  a  simply  supported  edge,  the  meridional  bending  couple  M(  and  the  radial 
displacement  u  vanish.  In  terms  of  and  the  boundary  conditions  for  a  simply 
supported  edge  are 

o^'(a)  -H  yfi{a)  =  0,  o'^'(a)  —  i/^(a)  =  0.  (3) 

At  a  clamped  edge,  the  rotation  of  the  meridian  0  and  the  radial  displacement  u 
vanish.  In  terms  of  /3  and  the  boundary  conditions  for  a  clamped  edge  are 

j8(a)  =  0,  o^'(a)  —  v'I'(a)  =  0. 


aQ  =  +  j  , 

a3/,=  D(vi8'-f-|),  (2) 

w  =  —a  j  |8  d^. 


(4) 
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Observing  that  {  =  0  is  a  singular  point  of  the  system  of  differential  equations 
(1),  we  require  for  a  shell  without  a  central  hole  that  /9  and  '1'  be  finite  at  the 
apex;  hence,  two  additional  boundary  conditions  are 


/9(0)  <  *,  'I'(O)  <  w. 


(5) 


It  will  be  observed  that  the  equations  applicable  to  the  special  case  of  a  flat 
plate  cannot  be  obtained  directly  from  (1),  since  in  the  transition  from  a  shell 
to  a  plate,  a  becomes  infinite  and  a  tends  to  zero,  so  that  the  range  of  {(0  ^  ^  a) 

shrinks  to  zero.  Motivated  by  the  desire  to  have  a  solution  of  the  shallow  shell 
problem  which  contains  as  a  special  case  the  solution  of  the  corresponding  flat 
plate  problem,  and  also  in  order  to  non-dimensionalize  the  problem,  we  introduce 
new  variables  defined  by  the  following  relations: 


{  =  a  X, 


„ 

4  Eh'  ' 


m*  pfl*  ^ 
”  4  X®’ 


(6) 


where  R  =  aa.  In  terms  of  the  variables  F,  G,  and  x,  and  the  parameters  y  and  p, 
the  differential  equations  (1)  become: 

>•'  +11^  -»’0  +  2x  +  t^, 

X  XT  X 

.  (7) 

where  primes  denote  differentiation  with  respect  to  x.  The  differential  equations 
in  this  form  can  be  specialized  to  the  case  of  a  flat  plate  simply  by  setting  p  =  0. 
The  quantity  y  =  ^m^pR*/Eh*  is  unaffected  by  the  transition  from  shell  to  plate. 
The  boundary  conditions  (3),  (4),  and  (5)  become  in  terms  of  the  new  variables 


F'il)  +  ,»F(1)  =  0, 

O'il)  -  vGH)  =  0, 

(8) 

ni)  =  0, 

1 

H 

p 

(9) 

^*(0)  <  «, 

G(0)  <  «. 

(10) 

The  stress  resultants,  couples,  and  displacements  (2)  become 


(11) 


We  shall  be  concerned  in  what  follows  with  the  system  of  equations  (7)  for 
0  ^  X  ^  1,  M  ^  0,  and  the  boundary  conditions  (8)  and  (10)  or  (9)  and  (10). 
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The  relation  7  >  0  indicates  outward  pressure,  and  7  <  0  indicates  inward  pres¬ 
sure,  in  which  case  the  possibility  of  the  shell  becoming  unstable  for  sufficiently 
large  —7  will  be  considered. 


3.  Power  series  solution.  We  attempt  to  find  solutions  of  (7)  in  the  form 


F  = 


«0 


H  fnX", 


G  =  gnx", 

fftwO 


(12) 


where  s  is  a  constant  to  be  determined,  and  not  both  /o  and  flfo  are  zero.  Substi¬ 
tuting  (12)  into  (7),  we  find  four  independent  solutions:  two  with  8=1  and  two 
Avith  8  =  —1.  In  order  that  the  regularity  condition  (10)  be  satisfied,  we  retain 
only  those  solutions  for  which  8=1.  Further,  one  readily  finds  that  the  coeffi¬ 
cients  of  all  even  powers  of  x  must  be  zero.  For  simplicity  of  notation,  it  will  be 
understood  in  the  future  that  all  indices  of  summation  run  over  the  odd  integers 
only,  and  we  shall  write  in  place  of  (12) 

F  =  T^Fnx”,  G  =  EG-x".  (13) 

Substituting  the  series  (13)  into  equations  (7)  and  equating  coefficients  of  hke 
powers  of  x,  one  finds  recursion  formulas  for  the  coefficients  of  the  series  as 
follows: 

F,  =  J(2  -  m*Gi  -1-  7F1G,), 

F„  =  (-M*G„-,  +  7  Z  ,  n  =  5,  7,  • . .  ,  (14) 


In  terms  of  the  power  series  solution,  the  expressions  (11)  for  the  stress  re¬ 
sultants,  couples,  and  displacements  become 


=  g.i-',  at.  =  ^  ^  Z  y>o.z- 

Q  “  (»’  - 

Mi  =  (n  -1-  v)F,a:-\  M, 


Jp^Z  (f»  +  l)F»x"  *, 


(15) 


Once  Fi  and  G\  are  determined,  all  succeeding  coefficients  can  be  computed 
from  the  recursion  formulas  (14),  and  the  corresponding  expressions  for  the 
stress  resultants,  couples,  and  displacements  can  be  computed  from  (15).  The 
problem,  then,  is  to  determine  Fi  and  G\  in  such  a  way  that  the  boundary  con¬ 
ditions  are  satisfied. 


4.  Initial  estimates  of  the  leading  coefficients.  We  shall  consider  first  the 
case  of  a  simply  supported  edge,  the  boundary  conditions  for  which  are  (8). 
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If  the  problem  were  linear,  that  is  if  7  were  zero,  the  solution  could  be  ex¬ 
pressed  in  closed  form  in  terms  of  Kelvin  functions.  In  particular,  this  solution 
can  be  expanded  in  a  power  series  of  odd  powers  of  x. 

As  one  means  of  obtaining  an  initial  estimate  of  Fi  and  Gi  (denoted  by  Fi*” 
and  respectively),  we  choose  the  leading  coefficients  in  the  series  solution 
of  the  linearized  problem: 

p(o)  _  ^  ~  y  ti(ber'ifi  4-  bei'in)  -f-  vibertu  -|-  beiin) 

‘  y/2ti  n'(ber[*ii  +  beiin)  —  v*Q>erin  +  beiln)* 

r»«»  _  LzJ*  f^iberin  —  bei'in)  -j-  viberin  —  beiin)  2 

*  \/2/i  M*(i)cr;V  +  KV)  -  +  hei\n)  m*' 

The  Kelvin  functions  in  (16)  can  be  defined  as  the  real  and  imaginary  parts  of 
a  Bessel  function  with  complex  argument  in  the  form : 

Ji{i^n)  s  heri  M  +  t&ei’i  m- 


It  is  reasonable  to  expect  that  the  above  initial  estimate  of  F\  and  Gi  is  fairly 
accurate,  provided  7  is  not  too  large. 

A  limiting  case  of  the  linear  shell  problem  is  the  linear  plate  problem  for  which 
M  =  0  as  well  as  7  =  0.  The  solution  of  the  linear  plate  problem  is 

f  =  I  +  k’,  G  =  0.  (17) 

4(1  -b  v) 

Hence,  provided  n  is  small,  much  simpler  initial  estimates  of  the  leading  coeffi¬ 
cients  of  the  series  solution  than  are  provided  by  (16)  are  given  by  ' 

Gr  =  0.  (18) 

4(1  +  V) 

For  v  =  1,  (18)  becomes  =  —.625,  Gl®’  =  0.  For  the  same  value  of  p, 
the  initial  estimates  furnished  by  (16)  for  representative  values  of  (i*  are  given  in 
Table  1. 

The  foregoing  estimates,  (16)  and  (18),  of  the  leading  coefficients  in  the  series 
solution  can  be  improved  by  taking  account  of  the  effect  of  non-linearity.  F  and 
G  have  power  series  expansions  in  odd  powers  of  x,  and  for  the  special  case  of 
linear  plate  theory,  these  functions  are  given  by  (17).  Hence,  we  expect  for 
moderate  values  of  7  and  ft,  the  polynomials 

F*  =  Ax  Bx*,  G*  =  Cx  -j-  Z)x*,  (19) 


TABLE  1 


Initial  eatimate  of  Fi  and  Oi  given  by  linear  theory  for  several  values  of 


0 

1 

-F^ 

.625 

.5 

or 

.2 

»<« 


1 


3 


.167 

.346 


.0409 

.216 
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to  provide — for  appropriate  values  of  A,  B,  C,  D — the  major  contribution  of  the 
series  solution. 

In  order  to  determine  appropriate  values  of  ^4,  B,  C,  and  D,  we  shall  require 
that  Fk  and  Gk  satisfy  the  boundary  conditions  (8),  and  also  that  Fk  and  Gk 
satisfy  the  differential  equation  (7)  in  the  mean  over  the  interval  0  ^  a:  ^  1, 
in  the  sense  that 

£(G:+iG;_^G._A  +  .g)^  =  o. 


These  requirements  on  .4,  B,  C,  and  D  determine  ^4  as  a  root  of  the  equation 


CiyM*  -f  Ciy/x* 

4*  -b  (Czn*  -b  Ca)A  -b  Cj  =  0, 

(21) 

and  1 

determine  C  as 

C 

=  -b  Cry4*, 

(22) 

where 

c,= 

2(19  -  i;*)(19  -b  8k  -f  K*), 

Cj  =  -3(3  -b  k)(285  -b  59k  -  13k*  -  3k*), 

9(3  -f  k)*(25  —  K*),  Ca  = 

=  2304(3  -b  k)*(1  -  K*), 

Ck  = 

576(3  -f  k)*(1  -  k). 

(23) 

r.  = 

(3  —  k)(5  -b  v) 

^  (3  —  k)(19  -b  8k  -b  k*) 

— 

16(1  -  k)(3  +  v)  ’ 

*  48(1  -  k)(3  -b  k)*  ■ 

As  a  third  means  of  determining  an  initial  estimate  of  the  leading  coefficients 
in  the  power  series  solution,  we  take 

=  A,  =  C,  (24) 


as  determined  by  (21)  and  (22). 

Values  of  A  and  C  which  have  been  computed  for  v  =  §  and  for  several  values 
of  y  and  are  listed  in  Tables  2  and  3. 

To  obtain  an  idea  of  the  accuracy  of  the  averaging  method  for  obtaining  ini¬ 
tial  estimates  of  Fi  and  Gi ,  we  compare  the  estimates  furnished  by  the  averaging 
method  for  y  =  0  with  the  exact  values  of  Fi  and  Gi  from  the  linear  theory. 
Specifically,  comparison  of  Tables  2  and  3  with  (18)  for  p  =  J  indicates  that  the 
averaging  technique  yields  the  correct  values  of  Fi  and  Gi  for  linearized  plate 
theory,  that  is  the  case  y  =  m  =  0.  Comparison  of  Tables  2  and  3  for  y  =  0 
with  Table  1  indicates  that  the  averaging  technique  yields  initial  estimates  of 
Fi  and  Gi  which  are,  in  the  range  of  /i-values  which  is  considered,  in  close  agree¬ 
ment  with  the  actual  values  of  Fi  and  Gi  from  the  linearized  shell  theory. 


6.  Successive  refinements  of  the  values  of  the  leading  coefiBcients.  We  now 
give  a  method  by  which  the  coefficients  Fi  and  Gi  can  be  made  successively  more 
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TABLE  2 


Initial  estimate  of  —Fi  given  by  averaging  method  for  several  values  of  y  and  /u*»  »  “  J 


0 

1 

3 

s 

10 

-10 

.398 

.480 

.671 

.309 

.0558 

-5 

.507 

.603 

.530 

.202 

.0540 

-3 

.566 

.633 

.402 

.185 

.0533 

-1 

.617 

.600 

.337 

.173 

.0527 

0 

.625 

.563 

.315 

.167 

.0524 

1 

.617 

.525 

.297 

.163 

.0521 

3 

.566 

.459 

.268 

.154 

.0515 

5 

.507 

.408 

.247 

.147 

.0509 

10 

.398 

.325 

.210 

.133 

.0496 

TABLE  3 


Initial  estimate  of  Oi  given  by  averaging  method  for  several  values  of  y  and  m*.  «'  *•  1 


<*• 

0  1 

1  1 

3 

s 

to 

-10 

-.259 

-.184 

.0698 

.462 

.218 

-5 

-.210 

-.0557  1 

i  .406 

.371 

.214 

-3 

-.157 

.0569 

.403 

.353 

.212 

-1 

-.0622 

.181 

.386 

341 

.210 

0 

1  .0000 

.225 

.378 

.334 

.210 

1 

1  .0622 

j  .255 

.371 

.330 

.209 

3 

'  .157 

j  .287 

.357 

.320 

.207 

5 

.210 

1  .299 

.346 

.312 

.206 

10 

1  .259 

1  .302 

i  -324 

.295 

.202 

accurate.  Suppose  that  the  approximation  of  Fi  and  G’l ,  and  therefore  of  f « 
and  Gn  ,  have  been  made.  Denote  the  m***  approximation  of  F,  and  Gn  by 
and  GT\  respectively.  Section  4  deals  with  the  zero***  approximation  (m  =  0). 
We  now  find  the  (m  +  1)***  approximation. 

Let 


^(-+1)  ^  pirn)  ^  ^ 


(m) 


G 


(m+t) 


+  AG 


(m) 


(25) 


First,  we  require  that  and  satisfy  the  recursion  formulas  (14),  ex¬ 

cept  for  terms  of  higher  order  in  the  (small)  corrections  AFL"’  and  AG!,"\  Sub¬ 
stituting  (25)  into  the  recursion  formulas  and  using  the  fact  that  Fi,"*  and  Gi," 
satisfy  the  recursion  formulas,  we  obtain 


=  -r!-;  r-c’AOi-’.  +  T  E  +  Gi-y-iAF!")], 

n*  —  1 L  j-i  J 

AG<.->  -  [(.’aFS"-’.  -  T  E  ,  n  -  3, 5,  •  •  •  . 


w 
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Now  equations  (26)  are  simply  recursion  formulas  for  the  corrections  and 
Hence,  by  (n  —  l)/2  applications  of  (26),  AF^T’  and  AGIT^  can  be  written 
as  linear  combinations  of  AFi"^  and  AGi'"^  thus 

AFL"'  =  oJT^AFi"^  +  6i"’A(?i’"\ 

AGL"’  =  cir’ AF^"’  +  d^r^AGi"’. 

where 

a!”  -  1.  C’  =  0,  cl"  =  0,  dl~'  -  1, 

<>’■’  -  +  T  g  (Fr’cS-.  +  Gi-i, 

6t-’  =  ^4ri  [-•‘’‘'i-*  +  -^  g 

4"  -  [/.’ai-i.  -  -y  g  /'rv.--’,-.], 

-  n-r^T  ^  %  WJ,-.] ,  n  =  3. 5,  . . .  . 

As  a  second  requirement  on  F."'*’'’  and  Gi,"'*’”,  we  require  that 
E  and  £ 

n  n 

satisfy  the  boundary  conditions  (8).  Using  (27),  the  second  requirement  can 
be  written 

AF^-'E  (n  +  +  AGI-’E  in  +  r)b\r^  =  -  E  (n  +  y)Fi”\  (29) 

n  %  n 

AFI-’E  (n  -  y)ci"'  +  AG{"'E  (»  -  y)di"'  =  -  E  («  “  y)Gn”\  (30) 

fi  n  n 

Notice  that  the  non-homogeneous  terms  in  equations  (29)  and  (30)  are  the 
amounts  by  which  the  boundary  conditions  failed  to  be  satisfied  by  the  m**" 
approximation.  In  other  words,  the  non-homc^eneous  terms  are  proportional  to 
the  boundary  values  of  M(  and  u  implied  by  the  m***  approximation.  There 
remains  only  to  solve  equations  (29)  and  (30)  for  AF{"’  and  AGi"’  to  obtain  the 
(m  +  !)**■  approximation  of  Fi  and  Gi  given  by  (25). 

6.  Extension  to  the  case  of  a  clamped  edge.  We  now  consider  what  changes  in 
Sections  4  and  5  are  necessary  if  the  edge  of  the  shell  is  clamped  rather  than 
simply  supported.  For  a  clamped  edge,  all  preceding  equations  remain  the  same 
as  for  a  simply  supported  edge  except  that  the  following  equations  numbered 
with  a  prime  must  be  used  in  place  of  the  corresponding  unprimed  equations. 


f(0)  _  ^  —  y  _ _ berifi  +  beiift _ 

*  \/2m  Miber'i  uberi  ^  4*  beti  ubeii  n)  —  v(ber\  n  +  bei\fi) 


Gr  = 


1  -  V 


berift  —  beitu 


y/2fi  niber'i  fiberi  n  +  bei^  fibeii  n)  —  r(6erj  n  +  bei\fi)  m 


(160 
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(170 

(180 


II 

1 

1 

o 

n 

(170 

o 

II 

1 

G{®’  =  0 

(180 

1 

II 

C,  =  576(1  -  y) 

C,  =  -3(13  -  3v) 

CO 

1 

1 

II 

•  16(1  -  y) 

(230 

1 

II 

_  3-1- 

'  48(1  -  y) 

n 

+  - Z 

n  n 

(290 

7.  A  Niunerical  example.  We  shall  give  a  numerical  example  of  the  power 
series  method  of  solution  for  a  simply  supported  edge  for  the  case  y  =  n  =  I, 
y  =  \.  Using  the  averaging  method  of  Section  6,  we  find  for  the  present  example 
initial  estimates  of  Fi  and  Gi  from  Tables  2  and  3 : 

Fi®’  =  -.625,  Ur  =  .255.  (31) 

Using  the  recursion  formulas  (14),  we  now  find  fl®’  and  Cr»®^  for  n  =  3,  5,  7,  9, 
as  listed  in  Table  4,  that  is,  we  approximate  the  power  series  solution  by  a  ninth 
degree  polynomial. 

The  number  of  terms  of  the  power  series  it  is  necessary  to  retain  in  the  solu¬ 
tion,  for  practical  purp>oses,  depends  on  the  precision  of  the  numerical  results 
desired.  In  our  calculations,  the  first  term  that  is  omitted  is  the  eleventh  degree 
term,  and  it  is  sufficiently  small  that  it  does  not  affect  the  fourth  significant 
figure  in  F  or  G.  If  greater  precision  is  desired,  that  is  if  more  significant  figures 
are  to  be  retained  in  the  final  result,  then  of  course  a  higher  degree  polynomial 
must  be  used  to  approximate  the  power  series. 


TABLE  4 

Values  of  and  On^  for  numerical  example 


fl 

1  i 

'  ^ 

5 

7 

9 

-.525 

.201  391 

.007  404 

-.000  715 

.000  026 

oT 

.255 

-.082  852 

.012  797 

-.000  187 

-.000  023 

TABLE  6 

Values  of  Fn^  and  for  numerical  example 
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As  a  measure  of  how  well  the  ninth  d^ree  polynomial,  with  leading  coeflBcients 
given  by  (31),  satisfies  the  boundary  condition  il/|(l)  =  0,  we  compare  the  value 
of  the  bending  couple  at  the  edge  with  its  value  at  the  center  of  the  shell. 
We  cannot  compare  the  value  of  u  at  the  edge  with  its  value  at  the  center  be¬ 
cause  its  value  at  the  center  is  zero.  Hence,  as  a  measure  of  how  well  the  bound¬ 
ary  condition  m(1)  =  0  is  satisfied,  we  shall  compare  the  value  of  u{x)/x  at  the 
edge  with  its  value  at  the  center.  We  obtain 


M|(l) 

Mt(0) 


=  .0083, 


[u(x)/x]:c^i 

[m(x)/x]*j) 


(32) 


We  now  apply  the  method  of  Section  5  to  obtain  corrections  to  the  leading 
coefficients  in  order  that  the  boundary  conditions  will  be  more  nearly  satisfied. 
Specifically,  we  evaluate  dn^  from  (28),  making  use  of  the  values 

of  and  already  evaluated  in  the  initial  approximation.  Then,  using  these 
quantities,  we  obtain  the  coefiUcients  in  the  simultaneous  linear  equations  (29) 
and  (30)  whose  solution  gives  AFi®^  and  A(?i®\  Using  the  results  of  these  calcula¬ 
tions  in  (25),  we  find  new  estimates  of  the  leading  coefficients: 

Fl*’  =  -.532  055,  =  .248  532.  (33) 


As  before,  a  new  series  solution,  with  leading  coefficients  (33),  is  again  ap¬ 
proximated  by  a  ninth  degree  polynomial  whose  coefficients  are  listed  in  Table  5. 

With  this  solution,  the  measures  of  how  well  the  boundary  conditions  arc 
satisfied  become: 


0 


Mid) 

Mm 


=  .00002, 


[u(x)/x]»_i 

[u(x)/x]»^ 


=  .0005. 


(34) 


Comparison  of  (32)  and  (34)  shows  that  one  refinement  of  the  leading  coeffi¬ 
cients  results  in  a  great  improvement  in  the  satisfaction  of  the  boundary  condi¬ 
tions. 

For  the  numerical  example  7  =  M=l>>'  =  i»it  may  be  of  interest  to  compare 
the  three  methods  of  obtaining  the  initial  estimate  of  the  leading  coefficients  dis¬ 
cussed  in  Section  4. 

First,  as  the  crudest  initial  estimate,  one  could  use  the  solution  of  linear  plate 
theory,  for  which  7  =  m  and  from  (18)  one  has 

F^  =  -.625,  G{®’  =  0.  (35) 

Second,  as  a  better  initial  estimate,  one  could  use  the  solution  of  linear  shell 
theory,  for  which  7  =  0,  and  from  Table  1,  one  obtains 

F{®’  =  -.568,  Cr  =  .219.  (36) 

Finally,  the  averaging  process,  taking  account  of  non-linearity,  provides  the 
best  initial  estimate,  and  it  was  found  from  Tables  2  and  3  to  be 

Fl®’  =  -.525,  f?{®’  =  .255. 


(37) 
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If  one  takes  as  the  correct  values  of  Fi  and  Gi  the  estimate  (33),  one  has 


Fi  =  -.532,  Gi  =  .248.  (38) 

By  comparing  (38)  with  (35),  (36)  and  (37),  one  can  see  the  relative  accuracy 
of  each  of  the  three  methods  of  obtaining  initial  estimates  of  the  leading  coeffi¬ 
cients,  and  in  particular,  one  sees  that  the  averaging  method  }deld8  the  best 
initial  estimate.  It  may  be  remarked  that  for  larger  values  of  1 7  |  and  n  than 
used  in  the  present  numerical  example,  the  advantage  of  using  the  third  method 
over  either  of  the  other  two  may  be  even  more  pronounced  than  here.  However, 
further  numerical  work  must  be  carried  out  before  an  estimate  is  possible  in 
regard  to  the  complete  domain  of  y  and  M-values  for  which  the  present  method 
is  practical. 


8.  Stability.  An  increase  of  center  deflection  of  the  shell  corresponds  to  an 
increase  of  pressure,  provided  either  that  the  pressure  is  directed  outwardly 
(7  >  0),  or  if  directed  inwardly  (7  <  0),  it  is  sufficiently  small.  However,  for 
sufficiently  large  inward  pressure,  the  possibility  exists  that  an  increase  of  center 
deflection  accompanies  a  decrease  of  pressure.  The  smallest  inward  pressure  for 
which  this  can  occur  may  be  called  the  critical  pressure,  and  the  corresponding 
state  of  deformation  may  be  said  to  be  unstable. 

Let  W  =  w(0)/h  be  the  ratio  of  the  center  deflection  to  thickness  of  the  shell. 
W  depends  on  the  load  parameter  7  and  the  geometrical  parameter  n.  In  terms 
of  W,  the  condition  for  this  type  of  instability  is 


dy 


(39) 


and  the  smallest  value  of  7  that  satisfies  (39)  is  the  critical  value  of  7,  denoted 
by  ycM . 

From  (15),  W  can  be  expressed  in  terms  of  the  coefficients  of  the  power  series 
solution  as  follows; 


From  (40), 


W 


y_  Y'  Fn 
m*  n  1  ’ 


^  2  y.  1  dFn 

dy  7  m*  ^  n  +  1  dy  ’ 


(40) 


(41) 


Since  W  is  finite,  the  requirement  dW/dy  =  «  is  equivalent  to  the  requirement 
that 


1  dF  n 
^n  +  l  dy 


(42) 


In  order  to  obtain  a  first  approximation  to  the  critical  pressure,  we  consider 
the  approximation  (19)  for  F:  F*  =  Ax  +  Bx*.  Both  the  boundary  condition  (8) 
for  a  simply  supported  edge  and  the  boundary  condition  (9)  for  a  clamped  edge 
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nH|uiw  that  1i  Ik?  {iruportioiial  to  A.  Hoiice,  usiiiR  the  alxm?  polynomial  ap¬ 
proximation  for  F,  we  write  in  place  of  (42) 


dA 

-  =00,  * 

^7  f 

which,  according  to  (21),  is  equivalent  to  the  following  requirement: 

3Ci7*i4*  -f  2CfyM*A  -1-  Ctn*  -f  C4  =  0. 


(43) 

(44) 


We  eliminate  A  between  (21)  and  (44)  and  solve  the  resultant  equation  ex¬ 
plicitly  for  an  estimate  of  the  critical  value  of  7: 


1 


ycH  —  ~  o 


27(7? 

This  quantity  is  real  only  if 


{(7*[(2C?  -  9C,C,)ai*  -  9C,C4]/i* 


-2[(C;  -  3(7,C,)m^  -  3(7iC4]‘). 
3C1C4 


Ci  -  3CxC,’ 


(45) 


(46) 


hence,  according  to  the  approximation  used  above,  instability  can  occur  only 
if  the  inequality  (46)  is  satisfied.  That  is,  instability  cannot  occur  for  a  flat 
plate  nor  for  a  shell  that  is  too  shallow. 

For  V  =  ^,  (46)  requires  that  m  ^  2.1  for  a  simply  supported  edge,  and  m  ^  3.1 
for  a  clamped  edge.  The  critical  values  of  7  that  correspond  to  the  minimum 
values  of  n  for  which  instability  can  occur  are,  for  a  simply  supported  edge, 
ycH  =  —8.5,  and  for  a  clamped  edge,  7c*  =  —72.  We  note  that  the  classical 
buckling  pressure  for  a  complete  sphere,  in  our  notation,  is  yea  =  —n*.  The 
critical  pressures  above  are  both  less  than  the  classical  buckling  pressure. 

We  have  obtained  an  estimate  only  of  the  critical  value  of  7  and  the  smallest 
value  of  fi  for  which  the  t3rpe  of  instability  considered  here  can  exist.  In  their 
paper  concerning  a  perturbation  type  solution  of  the  present  problem,  Kaplan 
and  Fung  [2]  obtain  the  buckling  pressure  for  a  shell  with  a  clamped  edge  on  the 
basis  of  a  two  term  perturbation  series  in  powers  of  deflection  over  thickness. 
In  [2]  it  is  stated  that  the  minimum  value  of  m*  for  which  yea  exists  is  that  for 
which  the  critical  defle<*tion  (the  center  deflection  for  7  =  yea)  equals  the  initial 
height  of  the  shell.  According  to  Fig.  13,  of  the  above  reference,  the  minimum 
value  of  n  for  which  buckling  can  occur  is  /*  =  2.1. 

Th(‘  critical  pressure  of  [2]  is  given  in  terms  of  the  quantity 


For  n  =  3.1,  Fig.  13  of  [2]  indicates  P„  =  4.6.  In  order  to  compare  this  critical 

*  Actually,  in  12),  the  parameter  X  *  “  v^2(l  —  cos  a)ii  is  used  rather  than  /t.  However, 
fur  a  shallow  shell,  a  <<  v/2,  and  \  oi  n. 
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pressure  with  that  given  by  our  approximation  for  ^  =  3,1,  we  compute  the 
value  of  y  that  corresiwiids  to  the  alxive  value  of  P„:  —  3m*P«r  =  —  45. 

We  conclude  that  our  numerical  results  for  a  clamped  edge  do  not  agree  very 
I  closely  with  those  of  [2],  This  lack  of  agreement  is  not  surprising  since  the  criti- 

I  cal  pressure  was  derived  on  the  basis  of  the  pol}momial  approximation  (19)  which 

I  can  be  expected  to  be  a  reasonably  good  approximation  only  for  small  values 

of  y  and  ii.  It  remains  to  carry  out  further,  more  accurate  calculations  for  the 
stability  problem,  on  the  basis  of  the  power  series  procedure  of  the  present  paper. 

REFERENCES 

1 .  Federiiofer,  K.,  Elattiziiat  der  flachen  KugeUchale  bei  gleichfOrmigem  Oherfldchcndrvrkr, 

Osterr.  Wochenschrift  fur  den  dffentl.  Baudienst  vol.  2fi  and  26  (1916). 

2.  Kaplan,  A.  and  Fcno,  Y.  C.,  A  nonlinear  theory  of  bending  and  buckling  of  thin  elastic 

shallow  spherical  shells,  N.A.C.A.,  T.N.  3212  (1964). 

3.  Reissner,  E.,  On  axisymmetrical  deformations  of  thin  shells  of  revolution,  Proceedings 

of  Symposia  in  Applied  Mathematics,  American  Mathematical  Society,  vol.  3 
(1950)  p.  27. 

4.  Wat,  S.,  Bending  of  circular  plates  with  large  deflection,  Transactions  of  the  Americiin 

Society  of  Mechanical  Engineers,  vol.  56  (1934)  p.  627. 

International  Business  Machines  Corporation 
San  Francisco,  California 


(Received  September  23,  1956) 


SOME  DEFINITE  INTEOIIALS  INVOLVING  CONICAL 
FUNCTIONS 

By  Leopold  B.  Felsen 


An  analysis  of  the  problem  of  diffraction  of  a  scalar  or  vector  (electromagnetic) 
plane  wave  by  a  semi-infinite  cone  in  terms  of  eigenfunctions  in  the  domain 
in  a  spherical  coordinate  system  leads  to  a  series  solution  involving  certain 
integrals  of  conical  functions/  For  small  cone  angles  some  pertinent  int^rals  are: 

=  f  dx  fix) K7 (.COB  e)iaco8^),  fix)  =  X  ,  (1) 

Jo  coeh  vx 

JmiO,e')  =  f  dxfix)ipix)K7icoBe)K7icos6^),  y>(*)  =  (i  +  X*),  (2) 

Ja 

Miie,  e')  =  fdx  fix)  ^«(coag)/i:|(co6g0  ^ 

Jo  v{x) 

where  m  =  0,  1.  K^icoe  d)  =  P!^j+<,(cos  0)  is  the  conical  function  of  order  x, 
degree  m  and  argument  cos  0.  In  view  of  the  asymptotic  behavior  of  K!!* 

Kfroe 0)  ~  ^  0  <  »  <  r,  (4) 

\Zt  sm  vj’ 

the  above  integrals  exist  and  converge  uniformly  in  0  and  0'i[0-\-0'<T  —  S, 
S  >  0.  In  all  subsequent  considerations  these  restrictions  on  0  and  0'  are  assumed. 
The  evaluation  of  the  above  and  other  similar  integrals  can  be  carried  out  by 
,  employing  the  differential  equation  for  K7, 


K7ieo6 1?)  =  (J  +  x*)K7icos  0), 


L(0) 


1  d  .  .d 
ain  0d0^^  dO* 


(6) 

(6a) 


and  an  extension  of  a  solution  obtained  by  Mehler:* 

— ^ —  =  T  f  dx  fix)Kxiw)K,iz)t  l^w<oo,  — l<z<oo.  (6) 
to  -f-  z  Jo 

If  we  let  to  =  cos  0*,  z  =  cos  0,  the  integral  in  (6)  converges  also  if  u>  =  cos 
O'  <  If  0  +  0^  <  T.  Since 

K.ito)  =  F  -  ii,  I  -f  w;  1;  (7) 

can  be  continued  analytically  into  the  complex  tr-plane  for  1 1  —  tp  |  <2,  and 
since  the  integral  in  (6)  converges  if  |  1  —  ir  |  <  1  +  cos  it  follows,  upon  also 


'  L.  B.  Felsen,  "Plane  Wave  Scattering  by  Small  Angle  Cones,”  Transactions  IRE- 
POAP,  October  1966. 

*  W.  Magnus  and  F.  Oberhettinger,  "Special  Functions  of  Mathematical  Physics,” 
Chelsea  Pub.  Co.,  New  York,  1949,  p.  71. 

‘  F.  G.  Mehler,  Math.  Ann.,  Vol.  18,  1881,  Sec.  4,  Eq.  (17). 
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continuing  the  Icft-liand  side  analytic^nlly  into  the  complex  w’-plane  that  ((») 
is  valid  also  for  — 1  <  w  ^  l»~l  <2^  1,  pro\'ided  that  {w  z)  >  0.  Thus, 

1 


hie,e')  = 


-\-e'  <  r. 


ir(eo8  $  +  COB  9')  ’ 

Since  (d/flO)Kr(cm  6)  =  Kliccta  $),  one  obtains  dircetly: 


(8) 


(9) 


The  interchange  of  difTerentiation  and  integration  in  (1)  is  permissible  since  all 
integrals  converge  uniformly  in  6  and  0'  under  the  above  restrictions. 

In  view  of  the  differential  equation  (5)  we  have: 


J.M  -  miM = H 

r  (cos  B  -b  cos  By 

Upon  combining  the  results  for  Zo  and  one  obtains  directly: 

dx  f(x)x*Kx{cm  6)Kxicc»  B')  =  Jo(B,  9')  —  \h{0,  B') . 


I 


(TO) 


(11) 


By  repeated  differentiation  as  in  (10)  one  obtains  integrals  containing  integral 
powers  of  ^(x).  By  expansion  and  subsequent  regrouping,  integrals  as  in  (11), 
with  X*  replaced  by  x*",  n  integer,  can  be  evaluated.  Similarly, 


4  sin  0  sin  0' 


(12) 


-  (6  +  4  cos  0  cos  B'  —  cos*  0  —  cos*  0^ . 


T  (cos  0  +  cos  B')* 

The  extension  to  integratids  involving  x*"  is  effected  as  above. 

To  evaluate  .l/i(0,  0'),  we  employ: 

L(BWo(9,  00  =  /«(0,  9'),  (13) 

where  Mo  is  the  integral  in  (3),  with  KI  replaced  by  Kx .  Upon  integrating  (13) 
over  0  between  the  limits  0  and  0  one  obtains: 


sin  0 


dM, 

dB 


I-/' 


d0  sin  0  /o  =  —  -  In  (cos  0  +  cos  0 


-1# 

0  . 

Jo 


Since  dMo/dB  is  finite  at  0  =  0  one  obtains: 

dMo 
dB 


T  Sin  0  \  1  +  cos  0^  / 


Thus, 


3/, (0,00 


T  cos  0  +  COS  0' 


(14) 


(15) 


(10) 
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COMPRESSIBLE  VISCOUS  FLOW  PAST  A  WEDGE  MOVING  AT 
HYPERSONIC  SPEEDS* 

Bt  L.  J.  Pan  and  Y.  H.  Kuo 

1.  Introduction.  When  a  thin  sharp-nosed  body  flies  at  hypersonic  speeds,  the 
flow  around  the  body  is  characterized  by  its  high  temperature  and  low  density 
near  the  surface,  due  largely  to  the  loss  of  kinetic  energy  of  the  fluid  by  the 
action  of  viscosity.  The  consequence  of  expansion  of  the  gas  in  the  boundary 
layer  is  an  enormous  increase  of  the  viscous  deflection  of  the  outer  flow,  which 
in  turn  causes  a  strong  shock  at  the  leading  edge.  Previous  investigations  (Refs. 
1,  2,  3)  have  laid  special  emphasis  on  the  increase  of  the  effective  thickness  of 
the  body  due  to  viscous  deflection  of  the  stream-lines  but  have  neglected  the 
entropy  or  vorticity  generated  by  the  shock. 

In  view  of  the  fact  that  at  hypersonic  Mach  numbers  the  change  across  the 
shock,  even  in  the  case  of  thin  bodies,  can  be  large,  an  increase  of  entropy  could 
be  accompanied  by  an  appreciable  increase  of  temperature  of  the  flow.  This 
heating  may  lead  to  further  expansion  of  the  gas,  resulting  in  additional  changes 
of  pressure  and  skin  friction.  If,  however,  these  effects  were  taken  into  account, 
the  flow  behind  the  shock  would  involve  the  interaction  of  both  families  of 
Mach  waves  and,  therefore,  would  present  formidable  difficulties  for  theo¬ 
retical  solution.  On  the  other  hand,  if  the  basis  for  the  simple- wave  theory  can 
be  established,  the  solution  of  the  problem  can  be  greatly  simplified  as  has  been 
demonstrated  in  the  case  of  the  flat  plate  (Ref.  4).  It  is,  for  this  reason,  important 
to  clarify  to  what  extent  entropy  will  be  of  significance. 

With  a  motivation  to  answer  this  question,  it  is  proposed  to  consider  a  special 
case  of  an  infinite  wedge  with  large  wedge  angle,  for  which  a  strong  shock  exists 
even  at  infinity.  Inasmuch  as,  at  high  Mach  numbers  the  characteristics  of  the 
flow  over  thin  sharp-nosed  bodies  depend  very  little  on  the  shape  of  the  body, 
the  results  obtained  for  one  case  may  well  cast  light  on  the  other.  Merely  for 
the  purpose  of  estimating  these  effects,  the  investigations  can  be  restricted  to 
the  weak  interaction  zone  for  which  an  asymptotic  solution  can  be  easily  found. 
It  is  shown  that  at  hypersonic  Mach  numbers  the  contributions  due  to  entropy 
rise  arc  small  even  for  large  wedge  angles.  It  can  therefore  be  concluded  that, 
as  in  the  ease  of  in  viscid  rotational  flows  (Ref.  5),  the  waves  reflected  by  the 
.shock  play  only  a  minor  role  in  influencing  the  flow  and  can  be  neglected  at 
h)rpersonic  Mach  numbers. 

2.  Equations  of  motion.  In  the  Cartesian  system  (£,  y),  let  the  surface  of 
the  wedge  be  defined  by  0  ^  2,  and  =  0.  The  flow  field  in  question  is  super¬ 
sonic  and  is  bounded  by  the  leading-edge  shock  08  (Fig.  1)  and  the  surface 

*  This  work,  being  part  of  a  thesis  by  L.  J.  Pan,  was  carried  out  at  the  Graduate  School 
of  Aeronautical  Engineering  under  the  sponsorship  of  the  Mechanics  Branch,  Office  of 
Naval  Research.  Reproduction  in  whole  or  in  part  is  permitted  for  any  purpose  of  the 
United  Staten  Government. 
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of  the  wedge.  Let  fi,  »  be  the  velocities  in  the  §  directions  respectively  and 
let  p,  p,  T  and  /z  be,  respectively,  the  pressure,  density,  temperature  and  vis¬ 
cosity  coefficient.  If  the  velocity  ,  the  thermal  variables  and 

the  viscosity  p.  far  downstream  are  taken  as  references,  the  variables  can  be 
normalized  as  follows: 


*  =  £/L,  Y  =  (RelO^vIL  =  (Re/O^y  ) 

u  =  H/U^,  V  =  (Re/Qk/U^  =  (Re/Q^v,  p  =  p/pj  (2.1) 


p  =  PIp»,  T  ^  T/r.,  n  =  /i/m,  J 

where  Re  =  .  Here  L  is  an  arbitrary  length  and  C  is  a  constant  to 

be  defined  later.  It  is  remarked,  however,  that  the  scale  L  is  introduced  only 
as  a  convenience  in  formulation  and  will  drop  out  in  the  final  solutions. 


Fio.  1.  Diagram  showing  the  unperturbed  supersonic  flow  over  infinite  wedge 


In  terms  of  these  variables,  the  Navier-Stokes  equations  for  a  compressible 
viscous  fluid  can  be  expressed  as: 


Du 

Dt 

Dv 


3Be 

+  {2(Mtt»)«  +  [m(^  +  *>,)],} 

X  lt€ 

{[m(u,  +  t>,)],  +  2(Mt»,)») 

y  JtCC 

(fru)t  +  (pe>)„  = 

0 

(2.2) 


with 


D  d  ,  d 

77,  *=  It  +  •'  3" 
Dt  dx  dy 


and  Q  *=  Um  +  Vy 


where  y  is  the  ratio  of  the  specific  heats,  M  =  ,  o,  being  the  speed  of 

sound  at  positive  infinity,  and  the  subscripts  denote  partial  differentiation 
with  respect  to  the  variables  indicated. 

In  the  case  of  gases,  the  above  equations  involving  both  p  and  T  by  the  de¬ 
pendency  on  temperature  of  the  viscosity,  cannot  form  a  complete  system  with- 
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out  consideration  of  the  energy  balance  and  the  equation  of  state.  For  Prandtl 
number  unity,  these  are,  respectively, 

^  ^  ^  y  ^  ^  ^  +  2n(ul  +  vl)  +  +  Vx)*] 

(2.3) 

+  ^  [(llTx)s  +  (tiTy)y[ 

and,  for  perfect  gases, 

P  =  pT  (2.4) 

In  the  following,  it  is  proposed  to  attack  this  problem  approximately  by  two 
different  methods  according  to  the  distance  from  the  surface.  At  large  y,  the 
deviation  of  the  flow  properties  from  those  of  the  uniform  state  at  infinity  is 
small  and  the  solution  can  be  obtained  by  perturbation,  taking  the  uniform 
flow  as  the  zero  approximation.  This  region  will  be  subsequently  called  external 
field.  Near  the  surface,  where  the  viscous  effect  is  important,  boundary-layer 
approximations  will  be  employed.  This  region  will  be  called  the  boundary  layer. 


3.  First -order  solution  of  the  external  field.  As  the  non-uniformity  of  the  flow 
behind  the  shock  is  caused  primarily  by  the  viscous  displacement  of  the  stream¬ 
lines,  the  velocity  in  the  external  field  must  join,  to  the  first  approximation,  with 
the  velocity  produced  by  the  boundary  layer  along  a  flat  plate,  which  is 

fC  0.860  +  0.596(7  -  DM* 
y  /2e  y/x 

Thus,  at  2/  =  0,  the  external  field  must  satisfy: 


V  =  tV\ty/x  (3.1) 

where 

«  =  \/C7«e  and  Vi  =  0.860  -|-  0.596(7  -  1)M* 


The  parameter  c  so  defined  can  serve  as  a  measure  of  the  first-order  viscous 
effect. 

With  this  definition  of  e,  the  following  expansions  can  be  attempted:  for 

e«  1 


w  =  1  -f  -I-  eV”  -!-••• 

V  =  -I-  +  . . . 

P  =  1  +  €p‘“  +  «*p‘*’  -!-••• 

T  =  1  +  eT"’  -I-  €*7’^*’  -!-••• 


(3.2) 


By  substituting  the  expansions  (3.2)  in  Eqs.  (2.2),  (2.3)  and  (2.4),  it  can  be 
readily  seen  that  the  first-order  solutions  satisfy  a  differential  system  which 
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is  identically  the  same  as  the  first-order  inviscid  differential  system.  Solutions 
of  such  a  system  have  been  already  obtained  by  Chu  (Ref.  6);  these  are  as 
follows: 

=  t>i[Fi(x  -  |8y)  -f  Gi(x  +  ^y)] 
p‘”  =  (yM^MF^(x  -  fiy)  -  G,{x  -h  /3j/)] 

=  -(t»i/|8)[Fi(x  -  jSp)  -  Gi(x  -f  /3p)]  -  Si{y)  •  (3.3) 

=  {M\m{Ux  -  Py)  -  G,(x  +  /8j/)]  -  (7  -  l)M*Si(y) 

=  1(7  -  l)M\m  [Fiix  -  0y)  -  Gi(x  +  fiy)]  H-  (7  -  l)M^Si{y\ 

where  0  =  \/M*  —  1 ;  Fi ,  Gi  and  Si  are  arbitrary  functions. 

This  shows  that  the  first-order  solutions  consist  of  both  the  outgoing  and 
the  reflected  families  of  plane  waves  and,  in  addition,  a  “vorticity  wake.”  From 
the  definition  of  entropy,  viz.  In  pp~^,  Si(y)  is  simply  proportional  to  the  first- 
order  entropy  which  is,  therefore,  constant  on  y  =  constant  lines.  It  is  inter¬ 
esting  to  note  that  the  effect  of  the  entropy  generated  by  the  shock,  to  the 
first  order,  is  to  decrease  the  velocity  and  density  but  to  increase  the  temi)era- 
ture,  as  compared  with  an  irrotational  flow. 

The  flow  field  described  above  can  now  be  determined  jointly  with  the  shape 
of  the  shock  by  satisfying  the  Rankine-Hugoniot  shock  relations  and  the  con¬ 
dition  (3.1).  As  the  thickness  of  the  shock  is  much  smaller  than  the  thickness 
of  the  boundary  layer,  the  shock,  to  the  first  approximation,  can  be  described 
by  a  curve: 

dy/dx  =  tan  t  (3.4) 

where  r  is  the  local  shock  angle.  The  expansion  of  the  shock  condition.s  accord¬ 
ing  to  (3.2),  together  with 

T  =  T»  -H  CTl  -1-  •  •  •  (3.5) 


where  ro  is  the  shock  angle  at  infinity  and  is  determined  by  the  half  wedge 
angle  0  and  the  Mach  number  M-^  in  front  of  the  shock,  leads  to  a  set  of  first- 
order  relations  (Ref.  6)  on  the  shock  y  =  x  tan  to  .  From  these  it  follows,  by 
elimination  that  '  - 

=  7Af*i;‘“  tan  X  (3.6) 

=  §(7  +  1)  CSC  2to  P^Vy-W'  (3.7) 

c  _  1  (1  -  JIf*  sin*  To)*  p‘“  qs 


Si  =  I  — 

am* 


sin*  Tt[l  ^(7  —  1)  Af*  sin*  to]  yM* 


^  ^  _  M'[l  +  i(7  -  1)-*^*  an*  to)  sin  2to 

^*(1  +  My  -  1)^  Bin*  to]  +  myM*  sin*  to  -  My  -  1)]  cos*  to  ^ 


These  relations  will  be  valid  as  long  as  the  flow  is  supersonic  and  the  shock 
belongs  to  the  weak  family. 
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To  satisfy  the  conditions  (3.1)  and  (3.6),  the  functions  Fi  and  Gi  may  have 
the  forms: 


F  ^ 

‘  Vx  -  0y  ’  ‘  Vx  +  jSy 

The  constant  Ai ,  by  (3.6),  is  determined  to  be 
.  (1  —  jS  tan  X) 


(3.10) 


(1  —  /8  tan  X)  4*  \/(l  —  /3  tan  to)/(1  4*  /3  tan  to)  (1  4“  jS  tan  X) 

As  soon  as  the  pressure  p”’  is  known,  it  follows  from  (3.7)  and  (3.8)  that 


(3.11) 


- 


7  +  1 


Vi 


2  /3  sin  2ro 


~  1  -  Ai  _  _ 

_y/ 1-/8  tan  to  x/T 


Ai 


_ J_ 

4-  /3  tan  ToJ  Vx 


and 


where 


*  y/y 


a-  M*  sin»  T,)» 

'  /3M*  sin*  To  [1  +  iiy  —  1)3/*  sin*  toI 


" _ ]_ 

.Vcc 


-  Ai 


A, 


(3.12) 


(3.13) 


(3.14) 


.x/  cot  To  —  /3  y/ cot  To  +  |8. 

On  account  of  (3.12),  to  the  first  order,  the  shock  curve  is: 

(7  +  l)<vi- 

1/  =  X  tan  TO  +  Ti - i - .  „ 

j3  cos  To  sin  2to 


[vT^ 


- 


j8  tan  To  Vl  +  /3  tan  to 


(3.15) 


+ 


It  is  observed  that  the  first-order  solutions  given  above  are  singular  &t  y  = 
0  due  to  the  presence  in  the  flow  of  non-imiform  entropy.  This  implies  that  in 
the  neighborhood  of  the  edge  of  the  boundary  layer  the  velocity  gradient  will 
not  be  small,  as  is  the  case  of  an  irrotational  external  flow,  and  consequently, 
a  “sharp  boundary”  between  the  boundary  layer  and  the  external  field  ceases 
to  exist.  As  a  result  of  this  gradual  transition  from  the  viscous  boundary  layer 
to  the  inviscid  external  field,  the  familiar  concept  of  matching  the  boundary- 
layer  solution  to  that  of  the  external  field  must  be  radically  modified.  This  new 
problem  will  be  solved  in  Section  6. 


4.  Singular  solution  of  the  order  In  view  of  the  singular  term  Si ,  it  is 
inevitable  that  singular  terms  of  the  type  y~‘x'"  will  appear  in  the  high-order 
solutions  at  small  y,  where  the  exponents  I  and  m  are  positive  and  I  increases 
Avith  the  order  of  approximation.  For  instance,  by  substituting 

ti  =  1  -  -  «*&  -  •  • .  -  €"5,  -  •  •  •  (4.1) 

’  V  =  ^ify/x 
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in  the  first  of  Eqs.  (2.2),  leaving  out  the  regular  terms,  one  finds  that  the  high¬ 
est  singular  term  in  <Si  is  BiViy~*x^  ;  and  the  highest  singular  term  in  St  is 
(i)Bi(l  +  2vi)y~*x,  etc.  To  continue  the  process,  it  can  be  shown  that  for  the 
highest  singular  term  Sin  in  there  is  an  equation: 

<Si(,+j),  +  (t'i/'\/x)<Si(»+i)»  =  /Si«vv  » =  1>  2,  3,  •  •  •  (4.2) 

From  the  first  three  solutions,  it  can  be  generalized  that  Eq.  (4.2)  admits  a 
solution : 

Sin  =  Sn  =  Si  (4.3) 

A  substitution  of  (4.3)  in  Eq.  (4.2)  yields  the  recurrence  formula:  for  n  = 
1,2,  3,-... 

Cn+t  =  [2/(n  +  1)1  [wi(n  +  §)C',+i  +  (n*  -  i)C,]  (4.4) 

with 


Cl  —  I,  Ci  —  Vi 

This  particular  sequence  on  summation  gives  a  solution  in  the  form  of  (4.1): 

w  =  1  -  Z  4-  •  •  • 

1 

This  series  has  the  property  that  when  y  =  0(e),  all  terms  become  the  same 
order,  e*,  and  the  series  converges  if  c  Vx  <  y.  For  this  reason,  when  y  =  0(e), 
the  complete  solution  for  u  is: 

M  =  1  -  +  •  •  • 

where 

z  e*^C,i/“"'^x‘""“'*  (4.5) 

1 

and  being  the  regular  part  of  defined  in  (3.3),  is  a  linear  combination 
of  Fi  and  Gi . 

As  one  proceeds  to  still  higher  approximations,  singular  terms  like  (4.3), 
which  are  of  the  order  e,  e’/etc.,  have  to  be  considered.  For  the  present  study, 
which  stops  at  the  first  order,  this  problem  will  not  be  pursued  further. 


6.  Boundary-layer  equations.  Consider  now  the  solution  in  the  inner,  viscous 
layer.  In  the  case  of  large  Reynolds  number,  the  viscous  layer  will  be  thin  and 
the  boundary-layer  theory  a  legitimate  approximation.  Accordingly,  the  equa¬ 
tions  (2.2)  can  be  satisfied  to: 

pIuu.  +  Vur]  =  -(l/7Af*)p.  +  l/C\MU,]r] 

0  =  (l/7M*)pr 

(pM)«  +  (j>V)r  =  0 


(5.1) 
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by  neglecting  terms  of  the  order  t.  If  the  surface  is  thermally  insulated,  the 
energy  equation  admits  a  solution: 

r  =  1  +  i(7  -  m\l  -  t**)  (5.2) 

Furthermore,  it  is  assumed  that  the  viscosity-temperature  relation  is  linear. 
Following  Chapman  and  Rubesin  (Ref.  7), 

M  =  Cr  (5.3) 

Here  the  constant  C  is  chosen  such  that  n  at  the  surface  agrees  with  the  {lower 
law  T",  Cl)  being  a  constant  for  individual  gases.  This  determines 

c  =  =  [1  +  hh  -  m'r-'  (5.4) 

where  T.  is  the  tem{)erature  of  the  surface. 

On  account  of  (5.3),  Eqs.  (5.1)  can  be  further  reduced  by  introducing  Ho- 
warth’s  transformation  (Ref.  8) 

^  =  V^({,i;),  X  =  ^,  Y=^j^Tdz  (5  5) 

where 4^  is  the  non-dimensional  stream  function  defined  by: 

pu  =  ^T,  pV - (5.6) 

According  to  the  transformation  (5.5),  the  velocities  u  and  V  can  be  expressed 
in  terms  of  <p,  T,  and  p: 


u  =  <p^ 

A  substitution  of  u  and  V  in  (5.1),  by  making  use  of  the  equation  of  state,  leads 
to  an  equation: 

^  ^  ~  ~ 

where  the  pressure  p  is  a  function  of  {  alone.  The  solution  of  (5.8)  must  satisfy 
the  conditions: 


^  =  ^,  =  0,  n  =  0 

t>),  j;  -»  « 

where  U ({,  rf)  will  be  8{)ecified  later. 


(5.9) 


6.  Solutions  for  the  viscous  layer.  From  (4.5),  the  velocity  u  near  the  edge 
of  the  boundary  layer  is,  instead  of  (3.2), 

u  =  I  +  V~t  H - 
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for  y  =  0(e).  Accordingly,  the  solutions  in  the  viscous  layer  take  the  form: 
V  =  +  tv**”  +  •  • ' 


p  =  1  +  ep^*’  +  €*p‘*^  +  •  •  ’ 

These  expansions  lead,  from  (5.7)  and  (5.2),  to  the  expressions 
^  +  ' 

F  =  +  ••• 

T  =  T"’  +  VlT'*’  +  . . 
where  v^*\  and  are  defined  by: 

.,«)  _  m(0)  (0)  ,  (0)  f’’  rpW  , 

V  =  —  1  <pi  +  <p^  j  1 1  az 
Jn 


(6.1) 


(6.2) 


- 


_  mW  I 

=  —  i  y,j 


(0)  M 


T"”  =  1  + 


7-1 


r<*V(0>  +  ^(O)  r  r‘*)  r  dz 

Jo  Jo 

MVI  -  ^r),  r"’  -  -(t  -  DilfW 


(63) 


By  expatiding  (5.8)  and  equating  to  zero  the  coefficients  of  c"  and  e\  there 


result 

(0)  (0)  .<0).<0)  ^(0)  ^ 
<Pn  V>(n  —  <Pi  = 

0 

(6.4) 

and 

.(0),(|)  ,  ^(0)  (!)  ..(0)  (I)  .,<«).<»> 

<Ph  +  —  V>|  V’ff  —  ¥>nn  Vi 

-  =  0 

(6.5) 

The  boundary  conditions  for  and  are: 

=  /'■  =  „<*>  -  0, 

v  =  0] 

(6.6) 

,r  =  i,  -i). 

,  oo) 

where  ij)  is  required  to  equal  the  series  defined  by  (4.5). 

Thus,  the  zero-order  solution,  as  expected,  is  simply  the  boundary-layer 
solution  for  a  flat  plate  upder  uniform  pressure.  The  solution  of  Eq.  (6.4)  ac¬ 
cording  to  Blasius  is 

=  V^/o(f) 

with  f  =  ij/2vT.  Eq.  (6.4)  then  reduces  to 

fo'  +/c/S'  =  0 

with  the  boundary  conditions: 

/o  =  /o  =  0,  f  =  0 

=  2,  f  =  « 

The  solution  is  well-known.  For  f  near  the  origin,  the  solution  can  be  expanded 
in  a  power  series 


(6.7) 

(6.8) 

(6.9) 
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/o 


oof*  I  llaof*  STSaSr'*  , 

21  5!  8!  11!  ~ 


(6.10) 


where  oo  =  1.328.  On  the  other  hand,  when  f  is  large,  the  solution  is  asympi- 
totically 


/o  2f  —  /3o  +  0(e  ^  ) 


(6.11) 


where  ^  =  1.720. 

Given  fo  above,  both  and  in  (6.2)  can  be  expressed  in  terms  of  fo  and 
its  derivatives.  From  the  asjrmptotic  behavior  of  fo ,  it  can  easily  be  shown  that 
‘’^*^(€1  v)  approaches  the  value  (3.1)  as  f  becomes  infinite. 

With  fo  so  calculated,  it  follows  that  the  solution  must  be 

=  -5i{*/»(f)  (6.12) 


where  the  constant  Bi  is  defined  in  (3.14).  Eq.  (6.5)  is,  consequently,  reduced  to 


2fl"  +  2/o/j  + /o/l  +/o/l  =  0  (6.13) 


with  the  boundary  conditions 

A  =  fi  =  o,  f  =  0  1 

/*  =  2ZT  C,(2r  -  ^0  +  2t;i)-"-^,  f  00 1 


(6.14) 


where  C,  is  defined  by  (4.4). 

It  should  be  pointed  out  that,  as  already  mentioned  in  Section  3,  owing  to 
the  strong  entropy  gradient  near  the  surface  of  the  wedge,  the  two  velocity 
fields,  if  they  are  truly  matched,  should  be  matched  for  all  their  derivatives  in 
^  a  region  of  large  f f  =  5,  say:  This  is  actually  what  is  prescribed  by  the  second 
of  (6.14).  Finally,  the  problem  will  be  completed  after  it  is  verified  that  the 
required  asymptotic  behavior  is  exactly  the  value  of  the  external  velocity  given 
by  (4.5). 

First,  by  satisfying  the  ccmditions  at  f  =  0  the  power-series  development 
yields 

/i  =  a»[^j-3aoi+54a’o^-2586aS|l,-f-  (6.15) 

where  at  determined  by  numerical  integration,  is  1.83150.  Secondly,  when  f  is 
large,  by  approximating /o  according  to  (6.11),  Ek).  (6.13)  is  simplified  to 

fi"-i-(2i:-Mf'/+/i  =  0  (6.16) 


Upon  introduction  of  a  new  variable,  <r  =  2^  —  /So ,  the  resulting  equation  can 
be  integrated  in  terms  of  Bessel  functions  of  imaginary  argument.  Namely, 


d/j  . 


»*/* 


[z)./,(l)  +  Z>,K,(l’)]  (6.17) 


Now  as  <r  — ♦  00,  asymptotically 

,  ('A  «•'”  -O  (-l)’T(l  +  m) 


+  0(e-’'*) 
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It  follows  that  as  f  — ♦  00  asymptotically 

dfi  ^  2Di  (— l)**r(f  -f  m)  _2«_i 
df  -\/ir  0  »n!r(f  —  m) 

From  the  transformation  (5.5),  when  f  is  large  the  relation  between  x,  y  and 
f ,  to  the  first  approximation,  is 


+  Ofc~f*'*) 


(6.18) 


=  2r  -  /3o  +  2v,  (6.19) 

ty/x 


By  writing  a  =  (2f  —  iSo  +  2t>i)  —  2vi  and  replacing  in  (6.18) 


(i  _  _^Y 

\  «r  +  2vxJ 


by  £ 


r(2m  +  1  +  /) 


0^  l\r(2m  4-  1) 


(ff  +  2vi)  *(2t)i)* 


there  will  result  a  double  series  which,  in  the  domain  of  validity,  can  be  con¬ 
verted  into  a  single  series  by  Cauchy’s  method  of  multiplication: 


/»  =  ^  Z  C',(2r  -  /3o  -b  2i;i)“"-"*  +  0(c-f*)  (6.20) 

Vt  1 


The  coefficients  Cn  satisfy  exactly  the  same  recurrence  formula  (4.4)  if  Ci  =  1. 
Therefore,  if  A  =\/t»  the  solution /j  will  satisfy  the  imposed  condition  (6.14) 
at  infinity,  which  by  (6.19)  is  just  defined  by  (4.5). 

It  is  interesting  to  observe  that,  although  the  boundary-layer  solution  does 
approach  the  prescribed  inviscid  field  exponentially,  the  displacement  boundary- 
layer  thickness,  nevertheless,  cannot  be  defined  due  to  the  singular  behavior  of 
the  inviscid  solution  at  y  =  0.  Under  such  circumstances,  it  seems  that  the 
concept  of  the  displacement  thickness  has  to  be  dropped  in  favor  of  the  well- 
defined  quantity  v.  It  must  be  pointed  out  also  that  in  spite  of  the  fact  that  the 
boundary-layer  thickness,  according  to  (5.5),  is  increased  due  to  the  presence 
of  the  entropy  field,  the  displacement  boundary-layer  thickness,  if  defined,  will 
be  decreased,  since  the  flow  deflection  is  decreased,  as  will  be  shown  later. 

t 

7.  and  of  the  external  field.  In  the  preceding  sections,  it  was  shown 
that  the  first-order  entropy  field  produced  by  a  curved  shock  will  induce,  inside 
the  boundary  layer,  velocity  (u),  density  and  temperature  increments  of  the 
order  t*  but  a  velocity  (v)  increment  of  the  order  t*.  This  modification  of  the 
flow  deflection  will  in  turn  generate  new  trains  of  waves  in  the  external  field.  To 
calculate  these  quantities,  the  process  of  Section  3  can  be  repeated.  According 
to  (6.3),  the  velocity  expressed  in  terms  of  /o ,  /» is 

^2(1  -  -  2r/i) 

+  fo(fi  —  f/»/»  +  ifofi  —  «l)  +  /» (/o  — 


(7.1) 
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when  f  is  large,  the  as3nmptotic  expansions  of  fo  and  lead  to: 

\(y  -  1)  +  2i8j  +  0  (i)  (72) 

where  /3|  =  0.1977,  being  the  constant  defined  as/i  ~  — jSj  +  0(vT)  as  f  l)ecomes 
large. 

This  negative  value  of  at  infinity  shows  that  the  entropy  field,  contrary 
to  the  viscous  effect,  turns  the  flow  toward  the  wall  and,  therefore,  reduces  the 
viscous , displacement  of  the  stream  lines.  There  is  an  attendant  reduction  of 
pressure. 

Following  Section  3,  if  the  asymptotic  value  in  (7.2)  is  considered  as  the 
boundary  value  of  the  external  field,  the  solutions  must  satisfy: 

=  -y,/**,  y  =  0  (7.3) 

where 

y,  =  +  (7  -  l)M\ai  +  ^ 


Inasmuch  as  the  shock  relations  to  this  order  remain  the  same  as  those  from 
(3.6)  to  (3.8),  it  follows  therefore  that  y^*’  and  are, 

„(!)  _  r_l_Z_dL  4-  _di— 1 

*  L(^  -  /Jj/)’  (x  +  /3y)U 

,  r-  f  (7-4) 

(I)  ^  _  yM  vj  r  1  —  At _ Aj  1 

/3  L(a;  -  (x  +  |9i/)U  - 


where  the  constant  A|  is  defined  by 


1  —  jS  tan  X 


(1  -iS  tan  X)  +  n  ■  T  (1  +  tan  X) 

+  p  tan  To_ 


Similarly,  the  quantities  T|  ,  S| ,  etc.  can  be  deduced. 


8.  Discussion  of  the  results.  The  solutions  given  in  (3.3)  and  (3.10)  show 
that  the  first-order  solutions  such  as  pressure,  velocity,  etc.  due  to  reflected  and 
incident  waves  bear  a  common  ratio  Aiy/x  —  0y/(l  —  Ai)\/x  -\-  fiy.  Aa  x  — 
is  less  than  x  -f  |3y  in  the  inviscid  field,  this  ratio  will  be  everywhere  less  than  the 
value  Ai/(1  —  Ai)  at  the  surface  y  —  0.  According  to  Fig.  2,  this  value  can  be 
at  most  0.14  for  0  =  15®  at  a  flight  Mach  number  of  12.  Therefore,  for  0  less 
than  10®,  the  effects  due  to  reflected  waves  are  generally  of  no  consequence  and 
may  be  neglected. 

It  is  interesting  to  point  out  that  although  the  deflection  associated  with  the 
reflected  waves  is  positive,  the  pressure  and  temperature  they  induce  are  both 
negative.  In  this  respect,  they  act  in  the  opposite  sense  to  that  of  the  entropy 
wake,  as  shown  below.  Hence,  in  speaking  of  the  effects  of  vorticity,  these 
distinctions  have  to  be  made. 

As  to  the  entropy  dlects,  it  is  noted,  first  of  all,  that,  following  the  solutions 
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Fig.  2.  Variation  of  A,  with  for  9  —  10“,  15®,  and  y  —  1.40 

of  the  preceding  section,  the  pressure  due  to  the  entropy  is  of  the  order  t’. 
With  this  correction,  the  total  pressure,  for  M  1,  is 

p  -  1  .  -  l)(l  -  2^Jx  [l  -  :  2^V^.  +  •  •  •] 

with 

X  =  MWcJR^,  (8.1) 

This  shows  in  the  first  place  that  the  pressure  correction  due  to  the  first- 
order  entropy  generated  by  the  perturbed  shock  is  negative,  and,  moreover,  by 
numerical  calculation  it  is  found  to  be  small.  From  Figs.  3  and  4,  at  flight  Mach 
10  and  6  =  15®,  the  correction  amounts  to  only  6  per  cent.  This  is  in  direct 
contradiction  to  the  prediction  of  Professor  Lees  (Ref.  9)  that  shock  heating 
due  to  the  generation  of  entropy  induces  a  non-trivial  positive  pressure. 

Furthermore,  the  velocity  reduction  by  entropy  is  also  small,  from  (6.1)  and 
(6.12)  it  ran  be  verified  that 


From  Fig.  3,  Bi  is  less  than  unity  and,  for  CIRct  <  1,  the  correction  should  be 
everywhere  small  and  in  fact,  by  Fig.  5,  can  be  at  most  10  per  cent.  The  local 
skin  friction  is  .shown  to  be 

and  the  correction  in  this  case  is  also  small  as  long  as  CjRzx  <  1. 

While  it  is  true  that  the  effect  of  entropy  on  pressure  and  velocity  («)  is 
negligible,  it  contributes  a  considerable  portion  to  the  temperature  near  the 
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edge  of  the  boundary  layer.  Under  the  conditions  specified  in  Fig.  6,  at  places 
the  correction  could  be  100  per  cent  at  the  edge  of  the  boundary  layer.  It  can 
therefore  be  concluded  that  the  shock  heating  of  the  gas  in  the  cool  layer  is 
absorbed  largely  by  expansion  of  the  flow  under  practically  the  pressure  ep*” 
due  to  viscous  deflection  alone. 

From  the  velocity  and  temperature  distributions  shown  in  Figs.  5  and  6,  it  is 
observed  that  as  the  leading  edge  is  approached,  the  boundary  layer  deviates 
gradually  from  the  unperturbed  one  and  becomes  less  and  less  distinct  from  the 
inviscid  field.  This  probably  is  generally  the  case  whenever  the  external  flow  is 
rotational  and  has  a  large  velocity  gradient.  Under  this  circumstance,  as  already 


Fio.  3.  Variation  of  Bi  with  for  6  *  10®,  16*  and  y  "  1.4 


Fio.  4.  Surface  pressure  for  0  —  16®,  —  5.3  and  y  ■■  1.40 
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Fia.  5.  Velocity  distribution  at  three  locations  for  tf  »  16®,  3/.  ■>  5.3  and  7-1.4 


Fio.  6.  Temperature  distribution  at  three  locations  for  e  —  15®,  3f,  —  6.3  and  y  -  1.40 

pointed  out,  the  definition  of  the  displacement  thickness  is  ambiguous,  and  it 
would  be  meaningless  to  identify  the  boundary-layer  thickness  with  the  dis¬ 
placement  thickness.  The  present  result  shows  that,  at  least  in  the  case  of 
wedge,  this  identification  would  be  wrong. 

From  these  results,  there  arrive  the  conclusions  that,  at  h3rpersonic  speeds 
and  half  wedge  angle  $  ^  10°, 

(i)  The  ^ects  due  to  the  reflected  waves  at  the  leading-edge  shock  and  the 
entropy  generated  therein  are  small. 

(ii)  Entropy  raises  considerably  the  temperature  in  the  cool  layer  but 
generates  a  small  negative  pressure. 

(iii)  As  far  as  pressure  and  skin  friction  are  concerned,  the  application  of  the 
simple- wave  theory  to  such  problems  can  be  justified. 
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It  is  remarked,  finally,  that,  owing  to  the  presence  of  the  singular  term  , 
there  appear  in  high-order  approximations  sequences  of  singular  solutions  of 
which  the  leading  one  is  given  in  Section  4.  Similarly,  the  corresponding  term 
Sj  in  the  (|)“-order  solution  leads  to  other  sequences  of  singular  solutions  of 
which  the  leading  one  is  of  the  order  c*,  and  so  on.  Generally,  it  is  clear  that 
between  two  consecutive  integral  powers  of  e,  such  as  (0,  1),  (2,  3)  etc.,  in  the 
expansion  of  there  will  be  a  series  T!*  being  a  fimction  of  the 

integer  n.  For  example,  between  and  the  function  X,  is  (2"  —  l)/2". 
Therefore,  if  a  consistent  first-order  solution  is  required,  this  series  has  to  be 
calculated.  This  shows  that  the  method  of  perturbation  as  expressed  in  (6.1)  is 
actually  impossible.  As  long  as  the  vorticity  in  the  external  field  is  singular  at 
y  =  0,  the  boundary-layer  solution  has  to  be  expanded  in  a  sum  of  two  series 
and  In  this  sense,  the  problem  cannot  be  con¬ 

sidered  as  solved — ^but  this  in  no  way  affects  the  conclusions  drawn  above, 
which  are  consistent  up  to  the  order  «*. 
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RAYLEIGH’S  PROBLEM  AT  LOW  MACH  NUMBER  ACCORDING 
TO  THE  KINETIC  THEORY  OF  G*\SES* 

By  Hsun-Tiao  Yang  and  Lester  Lees 


I.  Introduction.  The  problem  of  an  infinite  flat  plate  set  impulsively  into 
uniform  motion  in  its  own  plane  in  an  “incompressible”  viscous  fluid  was  first 
treated  by  Rayleigh.'  For  a  compressible  fluid  the  problem  has  been  examined 
for  “small”  times  by  Howarth*,  for  “large”  times  by  Van  Dyke*,  and,  recently, 
for  “intermediate”  times  by  Stewartson*.  (Here  the  time  is  measured  in  terms  of 
the  parameter  CLt/v.)*  Howarth*  questioned  the  significance  of  his  solution 
because  of  the  extremely  short  time  interval  during  which  the  pressure  on  the 
plate  surface  decays  to  a  fraction  of  its  value  immediately  after  the  start  of  the 
motion.  For  standard  conditions  of  initial  temperature  and  pressure,  the  plate 
pressure  falls  to  one-half  of  its  maximum  value  in  5  X  10~"'  seconds,  and  to  one- 
tenth  of  this  value  in  10~*  seconds,  as  compared  with  an  average  time  t  between 
successive  collisions  of  a  molecule  of  about  10"'“  seconds.  Over  such  short  time 
intervals  there  are  only  a  few  collisions  per  molecule,  and  the  gas  can  no  longer 
be  treated  on  the  basis  of  the  Navier-Stokes  equations.  In  fact,  for  t/r  =  0(1) 
one  would  expect  that  the  situation  corresponds  more  closely  to  “free-molecule” 
flow,  where  the  collisions  between  the  gas  molecules  and  the  plate  surface  are 
much  more  important  than  the  collisions  between  molecules  in  the  gas. 

These  considerations  suggest  that  Rayleigh’s  problem  should  be  attacked  by 
means  of  the  kinetic  theory  of  gases  in  order  to  determine  the  initial  history  of 
the  important  physical  quantities  and  the  manner  in  which  these  quantities 
approach  the  behavior  predicted  by  the  Navier-Stokes  equations  for  t/r  »  1. 
In  this  way  the  whole  time-history  is  treated  within  a  single  theoretical  frame¬ 
work.  Of  course,  the  present  problem  is  highly  idealized  because  of  the  absence 
of  a  leading  edge,  but  the  results  obtained  for  the  well-defined  Rayleigh  problem 
should  provide  a  qualitative  understanding  of  molecular  effects  in  more  complex 
cases,  just  as  Rayleigh’s  original  solution  contributed  to  the  understanding  of 
boundary  layer  flows  and  the  concept  of  similarity  at  high  Reynolds  numbers. 
For  example,  a  certain  analogy  exists  between  Rayleigh’s  problem  and  the 
development  of  the  steady  flow  downstream  of  the  leading  edge  of  a  thin,  flat 
plate.  One  of  the  eventual  tasks  of  the  present  study  is  to  clarify  this  analogy 
and  to  distinguish  carefully  between  molecular  effects  and  viscous  effects  that 
would  ordinarily  be  expected  at  low  local  Reynolds  numbers  within  the  Navier- 
Stokes  framework. 

Previous  studies  of  molecular  effects  in  Rayleigh’s  problem  have  dealt  mainly 
with  the  “first-order”  influence  of  velocity-slip  and  temperature-jump  at  the 

*  The  quantity  is  proportional  to  the  ratio  of  the  speed  of  sound  to  the  rate  of 

diffusion  of  vorticity.  Alternatively,  the  parameter  aH/p  -•  Re/M*  is  proportional  to  the 
ratio  of  the  elapsed  time  from  the  start  of  the  motion  to  the  average  time  between  succes¬ 
sive  collisions  of  a  molecule,  r{Re/M\  —  \t/r). 
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plate  surface.  The  Rayleigh  problem  in  slip-flow  was  first  investigated  by  Schaaf*, 
who  utilized  the  classical  heat  conduction  equation  governing  the  velocity  com¬ 
ponent  parallel  to  the  plate  for  a  fluid  of  constant  properties.  Instead  of  the 
usual  boundary  condition  that  the  gas  moves  with  the  plate,  Schaaf  imposed  the 
“slip”  boundary  condition.  He  solved  this  system  for  the  tangential  velocity 
component  and  obtained  the  skin  friction  by  differentiation.  The  Rayleigh  prob¬ 
lem  was  then  related  to  the  steady  boundary  layer  flow  over  a  semi-infinite 
plate  by  the  transformation  x  =  KUt,  where  x  is  the  distance  from  the  leading 
edge  along  the  plate  in  the  boundary  layer  flow,  U  and  t  are,  respectively,  the 
impulsive  plate  velocity  and  time  in  the  unsteady  Rayleigh  problem,  and  K 
is  a  numerical  constant.  Although  Schaaf’s  analysis  is  valid  only  in  the  slip-flow 
regime,  he  nevertheless  extrapolated  his  results  over  the  whole  range.  For  free 
molecule  flow  he  obtains  a  finite  skin  friction  twice  the  correct  value.  The  same 
remark  applies  also  to  the  slip  velocity,  which  would  be  equal  to  the  plate  veloc¬ 
ity  when  extrapolated  from  Schaaf’s  result  to  free  molecule  flow,  while  the  correct 
value  is  half  of  the  plate  velocity  for  a  diffusively-reflecting  surface.  Since  the 
momentum  transferred  from  the  plate  to  the  gas  differs  by  a  factor  of  two  in 
the  two  cases,  so  does  the  skin  friction  coefficient. 

The  trend  of  the  variation  of  skin  friction  coefficient  with  the  parameter 
predicted  by  Schaaf’s  theory,  is  followed  surprisingly  well  by  the 
experiments  of  Sherman*,  who  measured  the  drag  force  on  a  number  of  plates 
in  steady  flow  under  the  following  conditions;  (1)  Mach  number  between  2.3  and 
2.9,  and  Reynolds  number  between  30  and  800  per  inch;  (2)  Mach  number 
between  2.7  and  3.6,  and  Reynolds  number  between  55  and  1850  per  inch;  and 
(3)  Mach  numbers  of  0.2  and  0.6,  and  Reynolds  number  between  15  and  480 
per  inch.  These  cover  a  range  of  the  parameter  0.008  <  M/y/Re  <  0.38.  How¬ 
ever,  no  direct  comparison  between  theory  and  experiment  can  be  made  because 
Schaaf’s  analysis  does  not  take  into  account  the  effects  of  the  interaction  between 
the  shock  wave  and  the  viscous  layer  in  supersonic  flow,  and  the  effect  of  the 
finite  length  of  the  plate. 

Mirels^  extended  Schaaf’s  work  to  the  case  of  variable  fluid  properties,  but 
his  work  seems  less  satisfactory  than  that  of  Schaaf.  If  the  impulsive  velocity  of 
the  plate  in  Rayleigh’s  problem  is  large  enough  to  warrant  consideration  of 
compressibility,  then  the  conventional  Navier-Stokes  equations  would  be  inade¬ 
quate  in  describing  the  problem  in  slip-flow. 

An  analysis  similar  to  Schaaf’s  was  made  by  Kane*  for  the  heat  transfer  from 
a  flat  plate  mth  a  temperature-jump  boundary  condition.  Since  the  energy  equa¬ 
tion  is  linearized,  Kane’s  result  would  also  be  valid  only  for  low  Mach  number 
flow.  This  heat  transfer  analysis  was  extended  later  to  cylinders,  spheres*,  and 
cones’®. 

By  dealing  directly  with  the  steady,  uniform  flow  over  a  semi-infinite  flat 
plate,  Maslen”  obtained  the  second  approximation  to  the  laminar  boundar>' 
layer  in  slip  flow.  He  assumed  that  the  velocities  and  the  thermodynamic  prop¬ 
erties  of  the  fluid  may  be  expanded  in  powers  of  the  small  quantity 
c  =  (A/  y/y)/{y/^),  which  is  essentially  the  ratio  of  the  molecular  mean  free 
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path  to  the  boundary  layer  thickness.  By  introducing  these  expansions  into  the 
Burnett  equations  and  also  into  the  velocity-slip  and  the  temperature-jump 
boundary  conditions,  one  finds  that  the  conventional  boundary  layer  equations 
with  velocity  slip  and  temperature  jump  boundary  conditions  are  correct  to  the 
order  of  c.  The  Burnett  terms  give  contributions  of  the  order  of  c*  and  higher. 
The  second  approximation,  correct  to  the  order  of  c,  indicates  a  decrease  in  heat 
transfer  and  for  supersonic  flow  an  increase  in  skin  friction.  For  subsonic  flow 
there  is  no  first  order  shear  effect.  The  change  in  heat  transfer  is  caused  by  the 
slip,  but  the  effect  on  the  skin  friction  is  connected  with  the  interaction  between 
the  boundary  layer  and  the  external  flow.  Maslen  also  obtained  the  incom¬ 
pressible  Rayleigh  solution  (Appendix  D,  Reference  11)  and  found  the  same 
subsonic  features:  namely,  zero  first-order  shear  and  a  decrease  in  heat  transfer. 

Independently  of  Maslen,  Nonweiler'*  also  investigated  the  laminar  boundary 
layer  in  slip  flow  at  low  Mach  numbers.  He  found  a  skin  friction  increase  due  to 
slip  as  a  product  of  dp/dx  and  If  the  pressure  gradient  dp/dx  is 

zero,  then  slip  has  no  first  order  shear  effect.  The  effect  of  slip  alone  is  solely 
responsible  for  a  heat  transfer  decrease.  Nonweiler  also  found  no  effect  of  tem¬ 
perature  jump  on  skin  friction  in  the  cases  he  studied. 

All  the  results  discussed  above,  as  restricted  by  the  framework  used,  are 
applicable  only  to  the  border  regime  between  continuum  and  slip  flow  and  could 
not  be  expected  to  hold  over  the  whole  domain.  Two  approaches  have  been 
employed  to  investigate  molecular  effects  in  the  flow  over  a  flat  plate:  namely, 
the  study  of  the  Rayleigh  problem  and  the  study  of  the  steady  boundary  layer 
flow.  In  the  latter  case,  the  problem  is  not  well-defined  because  of  the  presence 
of  the  leading  edge,  near  which  the  molecular  effects  are  most  important.  At 
any  rate,  one  thing  is  clear:  the  ratio  M/y/^\s  the  fundamental ly-important 
flow  parameter.  However,  in  the  boundary  layer  approach  the  assumption  that 
the  various  quantities  could  be  expanded  in  powers  of  this  parameter  is  ques¬ 
tionable,  and  the  conclusion  that  the  velocity  slip  has  no  immediate  effect  on  the 
skin  friction  is  rather  unsatisfactory. 

Near  the  start  of  the  Rayleigh  motion,  as  mentioned  before,  one  expects  the 
flow  to  resemble  a  “free-molecule”  flow.  In  the  usual  free-molecule  flow  analysis 
the  incident  molecules  are  supposed  to  be  characterized  by  the  Maxwell  dis¬ 
tribution  function  based  on  conditions  “far”  from  the  surface.  In  Rayleigh’s 
problem  this  distribution  function  will  be  modified  as  soon  as  a  sufiKcient  number 
of  the  first  reflected  molecules  have  had  time  to  collide  with  the  new  incident 
molecules.  Therefore,  the  behavior  of  the  flow  quantities  in  the  initial  stages 
should  be  described  by  means  of  a  suitable  expansion  procedure  in  terms  of  the 
parameter  t/r  ~  at/L  RelM'.  Apparently  the  idea  of  improving  upon  the 
free  molecule  flow  values  by  seeking  solutions  of  the  Maxwell-Boltzmann  equa¬ 
tion  in  terms  of  power  series  in  1/L  originated  with  Jaff4‘*.  Keller”  applied  Jaffa’s 
method  to  the  problem  of  determining  the  drag  on  a  moving  body  as  well  as  to 
the  problem  of  free  expansion,  but  only  the  first  approximation  is  given  explicitly. 
The  general  expressions  thus  obtained  for  the  drag  on  a  convex  body  in  the  free 
molecule  flow  are  the  same  as  those  obtained  by  Heinemann”  and  others.  Heine- 
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mann  followed  the  physical  approach  of  obtaining  the  drag  on  arbitrary  convex 
bodies  in  free-molecule  flow  by  considering  the  momentum  imparted  by  the  gas 
molecules  to  the  body.  The  usual  assumption  of  monatomic  gas  and  Maxwellian 
molecular  velocity  distribution  far  from  the  body  was  made,  and  formulas  for 
the  drag  of  a  flat  plate,  a  sphere,  a  cylinder,  and  an  ellipsoid  were  given.  For  the 
particular  case  of  a  flat  plate  moving  perpendicular  to  its  plane,  Heinemann  also 
obtained  a  second  approximation  for  the  surface  pressure  to  take  account  of 
those  molecules  that  collide  once  in  the  gas. 

It  will  be  interesting  to  see  if  solutions  of  Rayleigh’s  problem  obtained  in  the 
present  study  take  the  form  of  series  expansions  in  the  parameter  t/r  for  small 
times.  Conceivably  such  solutions  developed  from  the  free  molecule  flow  regime, 
combined  with  the  proper  solutions  for  large  time,  may  cover  most  of  the  range 
of  interest. 

Perhaps  the  most  comprehensive  attempt  to  obtain  a  general  approximate 
solution  of  the  Maxwell-Boltzmann  equation  is  that  of  H.  Grad'*.  In  Grad’s 
method  the  molecular  distribution  function  /(|,  2,  t)  is  expanded  in  terms  of 
Hermite  polynomials  depending  only  on  where  |  is  the  molecular  velocity 
vector,  2  is  the  space  vector,  and  t  is  the  time.  The  first  term  of  this  series  expan¬ 
sion  is  the  Maxwell  distribution  function  based  on  local  quantities.  The  coeffi¬ 
cients  of  the  higher  terms  are  taken  as  the  new  state  variables,  which  are  func¬ 
tions  of  2,  t,  and  these  coeflScients  are  identified  with  the  “moments”  of  the 
distribution  function  with  respect  to  The  first  moment  gives  the  flux  density 
of  molecules,  while  the  higher  moments  are  essentially  the  normal  and  shear 
stresses  and  the  heat  flux  quantities,  which  are  now  regarded  as  separate  depend¬ 
ent  variables,  not  explicitly  related  to  the  derivatives  of  flow  velocity  it  and 
temperature  T  with  respect  to  2.  By  stopping  the  expansion  after  a  finite  number 
of  terms  and  substituting  the  Hermite  polynomial  series  for  /(|,  2,  t)  into  the 
Maxwell-Boltzmann  equation,  a  system  of  partial  differential  equations  for 
pressure,  density,  velocity,  stresses,  and  heat  flux  quantities  of  the  gas  is  obtained. 
The  usual  equations  expressing  conservation  of  mass,  momentum,  and  energy 
are  always  included  in  the  general  set.  This  system  of  equations  should  govern 
all  possible  flow  regimes  from  free  molecule  flow  to  the  inviscid  or  Euler  flow. 

Grad’s  boundary  conditions  at  a  solid  surface  are  derived  by  introducing  a 
single  “reflection  parameter”,  a,  which  is  similar  to  the  Maxwell-Smoluchowski 
concepts  of  reflection  coefficient  and  energy  acconunodation  coefficient.  This 
parameter  denotes  the  fraction  of  molecules  that  is  reflected  specularly.  Consider¬ 
ing  the  special  case  of  a  perfectly  reflecting  wall  for  which  a  =  1,  Grad  found 
three  of  the  moments  are  required  to  vanish.  By  working  on  these  three  moments 
for  the  general  case  of  0  ^  a  ^  1,  he  obtained  three  boundary  conditions.  How¬ 
ever,  Grad’s  mathematical  argument  of  deriving  these  boundary  conditions 
may  be  interpreted  physically  in  terms  of  the  conservation  laws  of  mass,  momen¬ 
tum,  and  energy.  These  boundary  conditions  are  therefore  re-derived  in  Section 
II.B  from  a  physical  point  of  view. 

Because  of  the  uncertainty  over  the  actual  physical  reflection  process*’,  it  is 
thought  sufficient  at  the  present  time  to  take  the  tangential  momentum  reflec- 
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tion  coefficient  a  and  the  energy  accommodation  coefficient  a'  as  identical  and 
the  normal  momentum  reflection  coefficient  o’  introduced  by  Schaaf  and  Bell'* 
as  unity.  These  assumptions  are  equivalent  to  Grad’s  introduction  of  a  single 
reflection  parameter  a.  Once  a  sound  theoretical  foundation  is  established,  it 
might  be  possible  to  obtain  a’  and  a  indirectly  by  independent  measurements  of 
surface  pressure  and  heat  transfer  rate  (or  surface  temperature),  just  as  the 
ordinary  coefficient  of  viscosity  is  obtained  from  the  flow  rate  in  Poiseuille 
motion. 

Grad’s  method  has  been  applied  to  the  plane  shock  wave"  and  to  the  classical 
problem  of  the  steady  flow  between  two  concentric  rotating  cylinders”.  In 
Grad’s  work"  on  the  steady  plane  shock  wave,  it  was  found  that  the  solution 
breaks  down  for  shocks  stronger  than  M  =  1.65,  which  could  be  taken  as  the 
limit  of  validity  of  Grad’s  thirteen-moment  equations.  The  Navier-Stokes  solu¬ 
tion  for  the  shock  profile  begins  to  deviate  from  the  thirteen-moment  result  at 
about  M  =*  1.2.  According  to  Grad,  then,  this  point  of  M  =  1.2  shock  strength 
marks  the  limit  of  applicability  of  the  Navier-Stokes  equations,  although  for¬ 
mally  the  shock  solution  exists  for  infinite  strength  shock  in  the  Navier-Stokes 
framework.*  On  the  other  hand,  Gilbarg  and  Paolucci*'  concluded  there  is 
nothing  in  the  shock  wave  study  so  far  to  suggest  that  the  classical  continuum 
theory  is  not  fully  adequate  to  describe  the  flow  in  this  case,  and  the  recent 
experiments  of  Sherman”  bear  them  out.  However,  the  question  of  which  system 
best  describes  the  structure  of  a  shock  wave  is  still  in  dispute  and  has  to  be 
settled  by  further  research,  both  theoretical  and  experimental. 

From  the  above  considerations,  it  is  safe  to  say:  (1)  Grad’s  thirteen-moment 
equations  are  sufficiently  flexible  to  describe  most  flows  in  which  there  is  no 
shock  wave  stronger  than  that  of  normal  oncoming  Mach  number  M  =  1.65. 
This  last  difficulty  is  certainly  avoided  in  the  present  study;  (2)  Although  the 
Navier-Stokes  framework  yields  a  formal  solution  of  the  shock  wave  problem 
even  for  infinitely  strong  shocks,  the  Navier-Stokes’  solution  for  Rayleigh’s 
problem  breaks  down  completely  in  the  initial  stage  of  the  flow,  giving  infinite 
skin  friction.  Therefore,  the  classical  equations  of  Navier-Stokes  are  definitely 
not  applicable  to  the  study  of  the  initial  phases  of  Rayleigh’s  problem. 

In  the  present  investigation.  Grad’s  thirteen-moment  method  is  applied  to 
Rayleigh’s  problem.  The  boundary  conditions  are  restated  for  the  case  of  a 
moving  siirface,  and  the  equivalent  assumptions  <r  =  a'  and  a’  —  I  are  retained. 
At  this  stage  the  original  restriction  to  a  monatomic  gas  is  thought  not  to  be 
too  severe.  In  general,  the  problem  is  highly  non-linear;  therefore,  this  phase  of 
the  study  deals  with  the  case  in  which  the  plate  velocity  is  small  compared  with 
the  speed  of  sound  in  the  gas  before  the  start  of  the  motion.  The  differential 
equations  and  boundary  conditions  are  linearized,  and  momentum  and  energy 
are  uncoupled.  In  other  words,  the  problem  is  purposely  simplified  to  the  point 
where  the  molecular  effects  associated  with  a  purely-tangential  motion  should 
be  clearly  discernible.  Solutions  obtained  in  this  case  should  provide  a  basis  for 
attacking  Rayleigh’s  problem  with  arbitrary  plate  velocity,  where  the  pressure, 

*  Of  course,  relaxation  effects  would  have  to  be  taken  into  account. 
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temperature,  and  velocity  fields  are  interrelated  and  the  problem  is  more  com¬ 
plicated. 

n.  Equations  of  Motion  and  Boundary  Conditions.  A.  Maxweli-BoUzmann 
Equation  and  Grad's  Method  of  Sdulion.*  The  basic  equation  of  the  kinetic 
theory  of  gases  is  the  well-known  Maxwell-Boltzmann  integro-differential  equa¬ 
tion  for  the  molecular  distribution  function  /(|,  2,  t),  where  /({,  2,  t)  d2  is  the 
mass  density  of  molecules  in  the  physical  volume  d2  around  2  having  velocities 
within  df  of  A  new  method  of  solving  the  Maxwell-Boltzmann  equation  has 
been  developed  by  Grad".  The  method  is  supposed  to  give  more  general  solutions 
than  that  of  Hilbert,  Enskog,  and  Chapman.  The  essential  feature  of  Grad’s 
method  is  that  the  departure  of  the  distribution  function  from  Maxwellian  is 
taken  to  be  linearly  dependent  on  stresses  and  heat  fluxes,  which  are  not  assumed 
to  depend  explicitly  on  temperature,  pressure,  mean  velocity,  and  their  gradients. 
For'  a  monatomic  gas  sufficiently  close  to  equilibrium,  a  simple  expansion  of  the 
distribution  function  is  assumed,  of  the  form 

'  ^  +  2W  -'MO -Sr)}  »■'> 

where 


P 


^-c*/2«r 


(2.2) 


=  local  Maxwellian  distribution,  not  exactly  the  equilibrium  distribution, 
since  p,  T,  and  c  can  be  functions  of  space  f,  and  time  t. 
p  =  density  of  gas 
T  =  temperature  of  gas 
p  =  pressure  of  ga.s 
R  »  gas  constant 

Ci  =  ii  -  Ui 

=  intrinsic  molecular  velocity 
=  component  of  molecular  velocity  in  i  direction 
Ui  —  component  of  flow  velocity  in  i  direction 
Pij  —  stress  tensor  (inerement  over  hydrostatic  pressure) 
qi  =  heat  flux 


It  is  interesting  to  compare  expansion  (2.1)  with  Enskog’s  solution  to  the 
Maxwell-Boltzmann  equation  for  slowly-varying  flow” 

/  =  /***’{  1  +  Bo  +  mBfii  -f  mBi(f  +  (2.3) 


where  Bo ,  Bi ,  •  •  •  ,  B4  are  constants,  m  is  mass  of  a  gas  molecule  and  ,  ■  ■  *  , 
^4  are  functions  of  ,  C< ,  and  also  of  T,  p  (or  p),  u,-  and  their  gradients.  The  time 
dependence  of  Enskog’s  solution  (2.3)  is  through  that  of  temperature,  density 
(or  pressure),  and  flow  velocity  of  the  gas.  However,  in  Grad’s  expansion  (2.1), 


For  detailn,  see  Reference  16. 
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the  constituent  terms  vary  with  time  directly  as  well  as  with  temperature,  {un¬ 
sure,  and  flow  velocity.  Arbitrary  initial  values  may  be  assigned  to  p,>  and  and 
subsequent  values  determined  from  the  partial  differential  equations  (2.5)  below. 
If  one  replaces  pa  and  g,-  in  expansion  (2.1)  by  the  following  Navier-Stokes’ 
approximation; 


,  2  .  dui 


where  n  and  X  are  the  coeflicients  of  viscosity  and  heat  conductivity,  respec¬ 
tively,  then  it  is  seen  that  Grad’s  expansion  (2.1)  will  take  the  form  of  Enskog’s 
solution. 

The  expansion  (2.1)  is  valid  for  all  flows  in  which  the  macroscopic  variables  do 
not  vary  by  a  large  amount  over  a  mean  free  path.  The  variation  allowed  is 
sufScient  to  include  the  study  of  shock  waves  of  medium  strength,  particularly 
shocks  whose  normal  component  of  the  on-coming  Mach  number  is  less  than 
1.65.*  In  addition,  the  basic  assumptions  for  the  Boltzmann  equation  are  always 
imposed. 

By  substituting  expansion  (2.1)  into  the  Maxwell-Boltzmann  equation,  one 
obtains  the  Grad  equations,  including  the  usual  conservation  equations  and  the 
equation  of  state 


0 


dUi 

IT 


dXr  P  dXi  p  OXr 


^  \  2  dUr  .2  dUi  2  dqr  „ 

«  +  to,  +  3  P  ftS  +  3  to,  +  3  to.  =  “ 
p  =  pRT 

J-  ^  j.  2  1*  ^9i  2  dqr\  ,  dUi  dm  (2.5) 

IT  +  dj,  5  ^  ■  3  ^r)  ai;  +  p-  di; 

2 .  dm  ,  ( dm  ,  dm  2 .  aurN  ,  p  „ 

"3*''  to  +  ”  (to;  to,  ~  3  to)  +  ^  " 

dji  _i_  ^  /  \  I  7  dWt  I  2  dVfT  I  2  dHr  .  nm  ^P»r 

i- +  to  +  5  «' to  +  5  to  +  5  to  +  to 

,  7  dRT  pir  /ap  ,  ap,A  ,  5  dRT  ,  2  p  „ 

+  O  P"  “5 - ~la+'^)  +  oP  “5“  +  o  -  9*  =0 

2  axr  p  \ax,  ax,  /  2  ax,  3  m 


where  in  =*  0  when  i  ^  j  and  i,y  =  1  when  i  =  j,  and  repeated  indices  denote 
summation. 

The  last  two  equations  above  are  the  same  as  Eq.  (5.18)  of  Reference  16, 
except  that  Si  has  been  replaced  by  the  more  common  2qi  and  Bi/m  by  RT/6p, 
as  in  Eq.  (5.30)  of  Reference  16. 

*  See  Introduction,  or  Reference  19. 
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In  Grad’s  system,  the  stresses  and  the  heat  fluxes  are  regarded  as  new  depend¬ 
ent  variables  governed  by  additional  equations  rather  than  being  expressed 
exphcitly  in  terms  of  the  state  variables  and  their  gradients.  These  additional 
equations,  i.e.,  the  last  two  of  Eq.  (2.5),  which  make  the  system  determinate, 
may  be  called,  respectively,  the  stress  and  the  heat  equations.  It  is  to  be  noted 
that  the  Euler  equations,  the  Navier-Stokes  equations,  and  the  Burnett  equa¬ 
tions  may  be  deduced  from  the  Grad  equations.*  Consequently,  the  Grad  equa¬ 
tions  cover  a  larger  part  of  the  manifold  of  the  solutions  to  the  Boltzmann  equa¬ 
tion  than  the  others  do. 

B.  Boundary  Conditions  in  Grad's  Method.  Together  with  the  partial  differen¬ 
tial  equations  (2.5),  Grad  also  gives  the  general  boundary  conditions.  Con¬ 
sider  the  boundary  perpendicular  to  the  2ri-direction.  By  imposing  the  condi¬ 
tion  that  a  certain  fraction  a  of  the  incident  molecules  is  specularly  reflected 
and  that  the  remaining  molecules  are  absorbed  by  the  wall  and  re-emitted  with 
a  Maxwellian  distribution  at  the  temperature  of  the  wall,  T^, ,  (see  Fig.  1)  one 
writes  the  boundary  condition  as 

/^(fi ,  ,  fs)  =  ar(-  ,  «i)  -H  Ac-**'*”-  {,  >  0  (2.6) 

where 

/o  “/^(f)+r(f) 

in  which 


=  0  for  ii  <  0,  /-(I)  =  0  for  {,  >  0 

and  k  is  determined  by  the  condition  that  the  wall  does  not  collect  molecules,  i.e.,  » 

Mi  =  0  (2.7)  ' 

The  boundary  conditions  were  originally  derived  by  Grad  on  a  mathematical 
ground  of  s}rmmetry  consideration  in  the  specularly  reflected  case.  However, 
these  boundary  conditions  may  be  derived  directly  from  a  physical  viewpoint 
based  on  conservation  laws.  From  expression  (2.1)  we  have  the  molecular  dis¬ 
tribution  function  for  the  incident  molecules, 


/^(^i  *  ^  f  ?») 


(2t«7’)« 


({i  ~  <*i)*  +  (fa  ~ 
2RT 


) 


^  r,  ,  Pu({l  -  «i)*  Pii({i  -  W*)*  ,  PltUl  -  Ui)($*  -  Wl) 

^  L  2pRT  2pRT  pRT 

9i({i  -  M,)  9,({t  -  «<)  ,  9i(fi  -  Wi)*  ,  9i(^  -  Ui)((t  -  Ml)* 

pRT  pRf  HpiRTY  5piRT)* 

I  9l({l  —  M|){|  ,  “  Mi)*({i  —  Mt)  ,  gi(|j  —  til)*  ,  9l({l  —  «i){n 

5p(RTy  5p(RT)*  5p(RTy  5p(ftT)*  J 

*  H.  T.  Yang'  “Reduction  of  Grad  Thirteen -Moment  Equations  to  Burnett  Equations 
for  Slip  Flow”,  (unpublished),  G.\LCIT,  1954. 
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Diffutivtiy  Refitcttd 


FIGURE  I 


s- plant 


X  •  bnnoh  polatt 

0  •  polM  tor  p^tfjr)  (with  a  «  0) 


a  ■  0 

■  ■  -Ji92 


FIGURE  2 


Flos.  1  AND  2 


The  molecular  distribution  function  for  the  specularly  reflected  molecules  is 
obtained  by  replacing  by  —  ,  in  expression  (2.8).  The  Maxwellian  distribu¬ 
tion  function  at  the  wall  temperature  is,  by  Eq.  (2.2), 

/  _  i. _ /  d  +  I*  +  /o 


where  k  =  p«,/(2irff7’*)*. 
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The  mass  of  molecules  striking  the  unit  area  of  the  wall  is 

wi"*"  =•  /  f  d^  [  {*,  $i)  d^i 

•'O 


Substituting  Eq.  (2.8)  in  the  above  expression  and  carrying  out  the  integration, 
we  get,  with  Wi  =  0  at  the  wall 


^  P  +  hPn 

V^T 


(2.10) 


Similarly,  the  mass  of  molecules  leaving  the  unit  area  of  wall  in  specular  reflec¬ 
tion  is 


The  mass  of  molecules  leaving  in  Maxwellian  reflection  is,  by  Eq.  (2.9), 
km.  =  k  dh  dh  (’  (,€-<>"•  d(, 

J-co  J-to  (2.12) 

=  fc2T(i2r.)* 


By  conservation  of  mass,  the  expression  (2.10)  must  be  equal  to  the  sum  of 
expressions  (2.11)  and  (2.12),  and  one  has 


P  +  jpii 

V2^ftT 


P  +  iPii 

V2^ 


+  k2iriRTy,y 


Hence, 


.  _  1  -  a  p  +  ipn 

2T(ftr,)* 


(2.13) 


Similarly,  by  conserv'ation  of  momentum,  we  have,  using  Ek].  (2.13) 

prt  2(1  -  a) Uj  /  pu\  ,  2(1  -  a)qt 

p  (1  +  a)(2T«r)»  V  2p)^  5(1  -1-  a)py/2^  “ 


(2.14) 


By  conserv'ation  of  energy,  we  have 


\RT/  p 


+ 


4(1  -  a) 


1  +  a 


1  -  4-  PL‘ 

T  '^2p\2 


To  sum  up,  the  appropriate  boundary  conditions  for  the  Grad  equations  (2.5) 
are  Eqs.  (2.7),  (2.14),  and  (2.15).  The  last  two  boundary  conditions  are  the  same 
as  Eqs.  (6..30)  and  (6.31)  in  Reference  16,  as  originally  derived  by  Grad,  with 
Si  replaced  by  2qi .  However,  it  is  to  be  noted  that  in  Reference  16  the  factor 
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was  missiog  in  the  last  term  of  the  last  equation.  The  first  boundary  condi¬ 
tion  states  that  the  wall  does  not  collect  or  emit  gas  molecules.  The  second  one 
states  that  a  tangential  stress  or  a  tangential  heat  flow  at  the  boundary  is  asso¬ 
ciated  with  a  tangential  slip  velocity  of  the  stream.  The  third  one  states,  roughly, 
that  a  normal  heat  flow  is  associated  with  a  temperature  jump  between  the  wall 
and  the  adjacent  gas. 

For  flows  not  too  far  from  the  equilibrium  state, 

Pii  «  p,  T„=T,  M  S  0 
the  last  two  boundary  conditions  simplify  to 

(2.16) 
(2.17) 

which  are  the  boundary  conditions  (6.30)  and  (6.31)  in  Reference  16. 


Pu  _l_  2(1  —  a)ut 


p  il+a){2rRT)i 
4(1  - 


+ 


2(1  -  a)qt 


(  2ir  Y  gi 
\RT}  p 


+ 


1  + 


5(1  +  «)p(2tRD‘ 


=  0 


m.  Rayleigh's  Problem  for  the  Case  of  Small  Impulsive  Velocity.  A.  Formula¬ 
tion  of  the  Problem.  Rayleigh’s  problem  consists  of  the  study  of  the  flow  above  an 
infinite  flat  plate  suddenly  accelerated  from  r^  to  uniform  motion  in  its  own 
plane  with  velocity,  U.  There  are  two  independent  variables:  namely,  the  time, 
t,  and  the  coordinate  normal  to  the  plate,  y.  No  variation  of  flow  properties 
occurs  along  the  plate,  viz.,  d(  )/dx  =  0.  The  dependent  variables  are  the 
density  p,  the  pressure  p  (or  the  temperature  T  as  related  by  the  equation  of 
state),  the  velocity  components,  u  and  v,  the  stresses  p„ ,  pxy ,  and  pyy ,  and  the 
heat  fluxes  and  qy ,  making'a  total  of  nine. 

The  system  of  partial  differential  equations  based  on  Eqs.  (2.5)  for  Rayleigh’s 
problem  in  general  is  highly  non-linear  and,  hence,  extremely  difficult  to  solve. 
However,  if  we  limit  ourselves  to  the  special  case  where  the  plate  impulsive 
velocity,  (/,  is  small,  and  where  the  temperature  difference  between  the  plate 
and  the  undisturbed  gas,  Ty,  —  To,  is  small,  then  the  equations  as  well  as  the 
boundary  conditions  are  linearized.  The  study  of  the  simplified  problem  should 
throw  some  light  on  the  general  problem  of  arbitrary  impulsive  velocity. 

Under  the  assumptions  of  small  impulsive  velocity  and  small  temperature 
difference,  one  may  write 

M  =  u',  t>  »=  v',  p  =  po  -I-  p',  p  =  Po  +  p',  T  =  To  +  T', 

9  9  9  9  9 

Pxx  =“  P*X,  Pxy  —  Pxy,  Pyy  —  Pyy,  9x  ~  ?*, 

where  the  primed  quantities  denote  small  perturbations  in  the  undisturbed 
quantities.  The  coefficient  of  viscosity  depends  on  the  temperature  only: 

m/mo  =  (T/nr 


fMt  +  U' 


(32) 


Hence, 
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Now  substitute  expressions  (3.1)  and  (3,2)  in  Eqs.  (2.5).  The  system  of 
partial  differential  equations  becomes 


du'  I  _  Q 
dt.  po  dy 

dt  Po  dy  Po  dy 

dp'  5  dv'  ,2  dqy  „ 

- +3’*'aF  +  "-“® 


dt 


Zdy 


dt  Z^dy  15  dy  ^  po 


dpjy  .  du'  ,2  dQx  ,  Po  >  „ 

-^  +  Po-^+^^  +  -p*w  =  0 

dt  dy  5  dy  PO 


dp. 

U 


4  dv'  8  dqy  Po  >  ^ 

a,  +3'"iF  +  is^  +  F.'^  =  ® 

I  Po  ^V*y  _L  ^  P®  —  n 
dt  Po  dy  3  po 

^  5^^_5p2V  ^  ^  4-  -  ^  o'  =0 

dt  2  po  dy  2  pI  dy  po  dy  3  mo 

and  the  equation  of  .state  (3.5)  t)ecomes 

p'  =  R{poT'  +  Top') 


T 


1 


To 


p  P - P 

itpo  Po 


(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 


The  initial  conditions  are 

Q'iO,  y)  =  0 

where  Q{t,  y)  is  any  physical  quantity.  The  above  conditions  state  merely  that 
there  is  no  initial  disturbance. 

The  boundary  conditions  (3,12)  to  (3.14)  are  linearized  as  follows: 

v'  (t,  0)  =  0  (3.15) 


P*yi.t,  0) 


2(1  -  a)  u'(f,0)  -  u  ,  2(1  -  a)  qy{t,Q) 


Po 


+ 


0  (3.16) 


(1  +  a)(2T«)*  [T.]*  ■  5(1  +  a)(2T«)*  polToJ* 

/  2r  ^  qyitfO)  ,  4(1  —  a)  F.  ^*1  Piw(^  0)"|  _  n  (317) 

Uf.)  +  TTFT  L‘  n  +  "IFrJ  ^  ' 


and  these  boundary  conditions  take  the  same  form  as  (2,16)  and  (2.17)  for  flows 
not  too  far  from  equilibrium. 
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} 


It  is  also  interesting  to  note  that  Eqs.  (3.4),  (3.8),  and  (3.10)  with  boundary 
(condition  (3.16)  completely  determine  the  quantities  induced  parallel  to  the 
plate  motion:  namely,  the  tangential  flow  velocity,  u';  the  tangential  shearing 
stress  pty ,  and  the  tangential  heat  flow  5, .  The  other  quantities  like  normal 
flow  velocity  v\  density  p',  pressure  p',  temperature  T',  normal  stresses  p'xx , 
ply,  and  normal  heat  flow  ql  are  governed  by  Eqs.  (3.3),  (3.5),  (3.6),  (3.7), 
(3.9),  (3.11),  and  the  boundary  conditions  (3.15)  and  (3.17).  In  other  words, 
momentum  and  energy  are  not  coupled.  The  dynamic  effects  of  the  plate  impul¬ 
sive  velocity,  U,  and  the  thermal  effects  of  the  temperature  difference  between 
the  plate  and  the  undisturbed  gas,  T„  —  To,  may  be  treated  separately  and  then 
superposed. 

The  characteristics  of  the  linearized  system  (3.3)  to  (3.11)  are  found  by  the 
vanishing  of  the  determinant  (3.18) 
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From  the  above,  we  obtain 


0 

dt  ’ 


(ft  •  y  5po  5  ^ 


(3.19) 


where 


oo  =  VyRTo  =  y/iRTo 

is  the  isentropic  speed  of  sound  in  the  undisturbed  monatomic  gas,  and 


I---/ 


13  ±  Vm  po  _  ^  V3(13  ± 


(3.20) 


Po 


=  ± 


Oo 


The  solution  dy/dt  =  0  means  that  the  particle  path  is  one  characteristic. 
The  solutions  (3.19)  and  (3.20)  represent  characteristic  directions  at  “sound- 
speeds”  dy/dt,  different  from  the  isentropic  sound-speed  which  is  the  character¬ 
istic  slope  from  the  Euler  equations.  All  the  characteristics  obtained  here  are 
identical  to  those  given  by  Grad  in  Reference  16,  except  that  due  to  lineariza¬ 
tion,  the  present  characteristics  are  straight  lines  and  are  known  in  advance. 
It  is  to  be  noted  that  the  characteristics  (3.19)  are  associated  with  the  tangential 
quantities  u',  pxy ,  and  q'x  dependent  upon  the  impulsive  velocity  of  the  plate  U, 
while  the  characteristics  (3.20)  are  associated  with  the  rest  of  quantities  depend¬ 
ent  upon  the  temperature  difference  T.  —  To. 

B.  Laplace  Transform  SohUions  of  the  Linearized  Rayleigh  Problem.  To  solve 
the  linearized  equations  (3.3)  to  (3.11),  we  apply  the  Laplace  transform  defined 
by“’“ 

f  e-*Q(lt,y)dt  =  Q{s,y)  (3.21) 

Jo 

where  Q(t,  y)  vs&  function  defined  for  all  positive  values  of  the  variable  t,  and 
8  is  the  transform  variable 

By  using  Eqs.  (3.21)  and  the  initial  conditions  (3.14),  we  transform  the  partial 
differential  equations  (3.3)  to  (3.11)  into  the  following  system  of  ordinary  differ- 


ential  equations: 

t 

dy 

> 

1 

II 

(3.22) 

dPry 

dy 

=  —posu' 

(3.23) 

dp' 

dy 
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dp^ 

dy 

=  -poJrf)' 

(3.24) 

5  (ft)' 

3  dy 

^  ^Pody. 
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- sp 

Po 

(3.25) 
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5<»' 

^  Spody 

5/1  ,  l\  ./ 

3dy 

du 

^  5  Po  dy 

-  + 

VPo  mo/ 

dy 

5dd' 

4.21^ 
^  Spody 

=  -!(- » + -) 
4\po  mo/ 

Sdy 

=  _(£!,+  2  »' 

dy 

\po  3  Mo/ 

5  dp' 

_  5  po^  _l_  dp'yy 

2  pody  dy 

=  4- 2 

\po  3  mo) 

2  dy 

The  equation  of  state  (3.12)  transforms  into 

= 

Kpo  po 

The  boundary  conditions  (3.15)  to  (3.17)  transform  to 

e'(s,  0)  =  0 

Pryis,  0) 


(3.29) 

(330) 

(331) 

(3.32) 


^  +  (1  +  i)(2;«n)> + 1^]  “  ” 


/2x  Y9;(»,0)  4(1  -  a) 

\RTo/  po 

From  Ekjs.  (3.23),  (3.27),  wd  (3.29)  together  with  boundary  condition  (3.33), 
we  find  the  transformed  tangential  stress,  velocity,  and  heat  flow  as  follows; 

1 


U 

Pxv  =  po  - 
Oo 


ri  +  a 

ll  -  aV  10  • 

+  (H.  +  2e' 

\5  Mo> 


3s(s  +  ??) 

_ \  Mo/ _ 

y  ^3«  +  2  ^)(^21s  +  10  ^ 


(335) 


H'  ^  U  - 


-/(»)» 


«f21«  +  10 


po\ 

mo/ 


(336) 
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(3^7) 


(3^8) 


The  rest  of  the  transformed  quantities,  such  as  normal  velocity  5',  density 
pressure  temperature  T',  normal  stresses  p'„,  and  normal  heat  flux 
,  are  given  by  Eqs.  (A.l)  to  (A.7)  in  the  Appendix. 

It  is  interesting  to  note  once  again  from  expressions  (3.35)  to  (3.37)  and  (A.l) 
to  (A.7)  that  the  effect  of  the  impulsive  velocity  U  of  the  flat  plate  and  the  effect 
of  the  temperature  difference  —  To  between  the  plate  and  the  undisturbed 
gas  are  separated  by  linearization.  This  separation  of  effects  is  made  possible 
mainly  because  the  energy  dissipation  terms,  such  as  p,„  (du/dy)  in  the  energy 
equation  and  {tt(0  —  C/j*  in  the  boundary  condition,  were  neglected  in  the 
linearizing  procedure.  When  the  impulsive  velocity,  as  well  as  the  temperature 
difference,  is  large,  the  situation  would  certainly  be  different. 

Our  main  concern  in  the  present  problem  is  the  effect  due  to  impulsive  velocity 
U.  Physically,  neglecting  the  temperature  difference  corresponds  to  the  case  of 
a  heat  insulated  plate,  for  which  the  condition  =  0  requires  T*  =  To 
[Cf.  Eq.  (A.7)  and  Eq.  (A.  11)  which  gives  fi(«)  =  0  for  T*  =  To .]  In  the  follow'- 
ing  sections,  Rayleigh’s  problem  of  an  insulated  flat  plate  at  low  Mach  number 
will  be  investigated  in  detail. 

We  may  foresee  the  nature  of  the  solutions  by  examining  Eqs.  (3.35)  to  (3,37). 
For  small  time,  most  of  the  contributions  to  the  quantities  p,y ,  u,  and  9,  would 
come  from  p„ ,  H,  and  g, ,  respectively,  when  s  is  large.  From  Eqs.  (3.35)  to 
(3.37)  we  see  that  when  s  is  large,  p,* ,  u,  and  9,  are  all  of  the  form 

which  gives  step-functions  in 

For  large  time,  the  contributions  to  px„ ,  u,  and  q,  would  come  from  p.y ,  H,  and 
when  8  is  small,  which  are  of  the  form 
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respectively.  The  corresponding  inversion  functions  are  diffusive  in  character. 
These  distinct  features  of  the  solutions  for  small  and  large  values  of  the  time 
are  just  what  one  would  have  expected;  namely,  during  the  initial  stage  of  the 
motion,  the  quantities  ,  u,  and  q,  are  impulsively  developed  as  step  functions 
in  y  and  the  region  of  main  influence  grows  linearly  with  time;  for  later  times, 
these  quantities  are  diffused  out  smoothly  in  the  whole  space  by  viscosity,  and 
the  viscous  layer  grows  as  y/t. 


IV.  The  Heat  Insulated  Plate.  For  Rayleigh’s  problem  of  an  insulated  infinite 
flat  plate,  i.e.,  g„(t,  0)  =  0,  we  have  from  expressions  (A.l)  to  (A.ll)  with  1  — 
(T./To)  =  0, 

v'  =  0|  =  0,  p'xx  =  0,  p'  =  0,  p'  =  0,  T  =  0,  =  0 

Thus,  Eqs.  (3.1)  become 

u  =  u\  V  =  0,  p  =  po ,  P  =  Po,  T  =  To  =  Tu, , 

n  —  '  —  n  —  ' 

P**  “  I  Pyv  b,  Qx  q*  f  U, 

i.e.,  the  density,  the  pressure,  and  the  temperature  of  the  gas  remain  unchanged; 
no  normal  velocity,  normal  stress,  or  normal  heat  flow  is  developed.  The  impul¬ 
sive  velocity  gives  rise  to  tangential  velocity,  tangential  stress,  and  tangential 
energy  (heat)  flux  only. 

However,  it  is  important  to  note  that  the  solutions  for  the  tangential  quantities 
j>xy ,  u,  and  qx  so  obtained  apply  whether  the  plate  is  insulated  or  not,  because 
*  of  the  separability  of  effects  in  the  linearized  problem.  For  a  non-insulated  plate, 
in  addition  to  ,  tt,  and  q, ,  we  superpose  the  other  quantities  p',  ,  p,x , 

r,  p' ,  T,  and  qy  obtained  by  inverting  Eqs.  (A.1)  to  (A.7). 

A.  Discussion  of  the  Transformed  Quantities  in  the  s-Plane.  In  the  expressions 
(4.1)  the  non-vanishing  perturbation  quantities  u,  pxy ,  and  qx  are  to  be  obtained 
by  inverting  Eqs.  (3.35)  to  (3.37).  The  shear  stress  pxy ,  gas  velocity  ti,  tangential 
energy  transfer  q,  may  be  obtained  from  an  inversion  integral  of  the  form“: 

QU,y)  =  9-/  ds  (4.2) 

^in  Je—im 

where  c  is  a  constant  greater  than  the  real  part  of  all  the  singularities  of  Q(«,  y). 

From  expressions  (3.35)  to  (3.37),  we  see  that  the  functions  pxy ,  a,  and  g, 
all  have  branch  points  at 


2^  _  10^  Q 

3  po’  21  po’ 


(4.3) 


and  also  poles  at  roots  of  each  denominator.  (For  a  =»  0,  the  roots  of  the  denomi- 
ninator  in  Eq.  (3.35)  are  0,  —  .492(po/po),  —  .649(po/po).) 

.\I1  three  denominators  are  essentially  positive  for  real  positive  s  and  will  not 
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vanish.  This  property  is  demonstrated  by  representing  the  complex  variable  in 
polar  coordinates  as 

8  =«  re**  where  1  1  <  t/2  (4.4) 


and  the  other  three  factors  in  the  radical  accordingly  as  shown  in  Fig.  2.  The 
radical  in  the  denominator  of  the  function  may  thus  be  written  as 


mth  notations  shown  in  Fig.  2.  Now 

10  +  0s-  0,-  fill  =  Iff- 01-  ($2-6,)  I 

<  I  0  -  1  +  I  -  01 1 

<  1  0  1  +  I  02 1  <  I  0  I  +  I  0  I  =  20 
But  I  0  I  <  r/2  for  8  having  positive  real  part 

i  1  0  +  0a  -  02  -  01  1  <  I  0  I  <  ir/2 

Hence  the  radical  (4.5)  has  positive  real  part  and  the  denominator  of  the  function 
p„  given  by  Eq.  (3.35)  will  not  vanish  for  any  s  with  positive  real  part.  In  other 
words,  the  function  has  no  poles  in  the  half-plane  i21  s  >  0.  Likewise,  we 
show  the  same  for  fl  and  g,  .  To  sum  up,  we  have  the  following  statement:  ' 

All  the  three  functions  ,  H,  and  9,  given  by  expressions  (3.35)  to  , 

(3.37)  have  no  singularities  in  the  half-plane  i21  s  >  0.  ^  ^ 

Physically,  this  must  be  so;  otherwise,  the  quantities  pxv ,  u,  and  qx  inverted 
from  Integral  (4.2)  will  diverge  with  time. 

However,  we  are  not  going  to  apply  the  inversion  integral  (4.2),  since  the 
complete  solutions  are  not  only  laborious  to  obtain,  but  also  inconvenient  to  use. 
Instead,  we  shall  find  solutions  suitable  for  small  and  large  values  of  the  time, 
which  together  would  cover  most  of  the  flow  regime,  and  also  approximate  solu¬ 
tions  which  apply  to  the  whole  regime. 

From  expressions  (3.35)  to  (3.37)  we  see  that  the  function  pxy  («,  y),  m(«,  y), 
and  $,(«,  y)  have  singularities  only  in  the  finite  s-plane  and  are  regular  for  8 
sufficiently  large.  We  may  then  expand  these  functions  in  powers  of  l/«  and 
invert  them  term  by  term  to  obtain  solutions  Px^it,  y),  u{t,  y),  and  qx(t,  y)  for 
small  values  of  the  time  as  in  Heaviside’s  series  expansion.  For  large  values  of 
the  time,  one  expands  these  functions  in  powers  of  s  and  then  inverts.” 

To  obtain  approximate  solutions  for  all  values  of  the  time,  we  try  to  approxi¬ 
mate  the  functions  pxy ,  u,  and  of  Eqs.  (3.35)  to  (3.37)  by  simpler  functions 
that  can  be  easily  inverted.  These  simpler  functions  are  chosen  in  such  a  way 
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that  the  regular  behavior  at  «  =  <»  and  the  singular  behavior  at  s  =  0  are 
retained,  while  the  singularities  with  moduli  between  0  and  <»  are  collapsed  into 
a  singularity  simpler  in  nature.  By  inverting  these  simpler  functions,  we  are 
able  to  obtain  approximate  solutions  which  approach  the  exact  solutions  for 
small  values  and  large  values  of  the  time  and  which  satisfactorily  approximate 
the  exact  solutions  for  intermediate  values  of  the  time.  The  detailed  discussions 
of  the  different  approximations  to  the  transforms  will  be  taken  up  in  the  next 
section. 

B.  Comparison  of  Approximations  to  the  Transforms.  In  this  section,  the  exact 
expressions  (3.35)  to  (3.37)  are  compared  with  their  different  approximations, 
which  are  series  expansions  in  powers  of  l/«,  in  powers  of  s,  and  a  simple  approxi¬ 
mate  form  for  all  values  of  s,  corresponding  respectively  to  solutions  p^(f,  y), 
u(t,  y),  and  q,(t,  y)  for  small  values  of  the  time,  for  large  values  of  the  time,  and 
approximate  solutions  for  all  values  of  the  time.  For  simplicity,  we  consider  in 
detail  only  the  expression  (3.35)  for  in  the  special  case  of  y  =  0  and  a  =  0, 
i.e.,  the  shear  stress  at  a  diffusively  reflecting  wall,  which  interests  us  most.  But 
the  argument  applies  also  to  the  other  two  expressions  (3.36)  and  (3.37)  as  well 
as  to  the  general  case  of  y  ^  0  and  a  ^  0. 

From  expression  (3.35)  with  y  =  0  and  a  =  0,  we  have 

Puis,  0) 

ftoMo 


The  numerical  values  of  pg^is,  0)/noMo  vs.  mo/po»  are  computed  from  Eq.  (4.7) 
and  tabulated  in  Table  1.  Byexpanding  the  function  Psy(s,  given  by  Eq. 

(4.7)  in  powers  of  1/s,  we  have 


Eq.  (4.8)  is  an  approximation  to  Eq.  (4.7)  for  large  values  of  s.  The  numerical 
calculations  are  entered  in  Table  1. 


214 


HSUN  TIAO  YANG  AND  LESTER  LEES 


TABLE  1 


Compariaon  of  Laplace  Tranaform  Solutiona  for  Surface  Shear  Slreaa 


p,t(a,  0) 

Mo  Af» 


Original  Eq.  (4.7) 

Large  t  Eq.  (4.8) 

Small  >  Eq.  (4.11) 

Approximate  Eq.  (4.12) 

0 

00 

00 

00 

.0001 

127.3 

127.5 

126.2 

.001 

39.34 

39.25 

38.09 

.01 

11.42 

11.45 

10.52 

.05 

4.425 

4.37 

3.831 

.1 

2.82 

36.30 

3.63 

2.378 

.2 

1.742 

4.913  1 

1  4.04 

1.433 

.4 

1.032 

1.242 

7.63 

.839 

.5 

.863 

.933 

9.95 

.701 

.6 

.744  i 

,765 

13.8 

.605 

1 

.483 

.472 

26.2 

.395 

3 

.178 

.176 

.151 

5 

.1093  ! 

.1086 

.0951 

10 

.0558  1 

.0566 

.0498 

50 

.0113 

.0113 

.0107 

100 

.0057  ' 

.0057  1 

.0054 

1,000  1 

.00057  ! 

.00057 

.00056 

10,000 

.000057  1 

.000057 

.000057 

00 

0  ! 

0 

0 

In  order  to  obtain  solutions  for  the  shear  stress  for  t/r  or  (ah)/v  »  1, 
we  shall  make  use  of  the  method  of  asymptotic  expansions  given  in  Reference 
25.*  According  to  this  approach,  an  asymptotic  expansion  of  Q(t)  for  large  t 
can  be  deduced  from  the  behavior  of  Q{8)  near  its  singularity  with  the  algebrai¬ 
cally  largest  real  part.  In  our  case  the  singularity  with  largest  real  part  lies  at 
«  =  0.  If  Qis)  can  be  expanded  near  the  origin  as 

=  +  (4.9) 

ii«*0  n^O 

then  Q(t)  has  the  asymptotic  expansion  for  large  t 


Q(t)  oo  -b  i  E  i-Tbn  r(n  +  (4.10) 

X  amO 

Expanding  the  function  p*,(«,  0)  given  by  Eq.  (4.7)  in  the  form  of  Eq.  (4.9), 
we  have 


P.yi8,  0) 

floMo 


(4.11) 


*  For  detailed  discussion  of  the  conditions  under  which  the  expansion  is  valid  and  the 
proof  of  the  general  result,  see  fl26,  pp.  279-282,  Reference  25. 
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=  1.291 


2?  1 1  1  -  1.253 


+  1.071  « 

If  po  po 


+  20i21 


fe*)’--] 


Eq.  (4.11)  is  an  approximation  to  Eq.  (4.7)  for  small  values  of  «.  The  numerical 
values  are  entered  in  Table  1.  From  Eq.  (4.11)  or  Table  1,  it  is  clear  that  the 
convergence  of  the  series  (4.11)  becomes  poor  when  (#io/po)  «  ^  .01,  or  yj (|io/po)« 
^  .1,  which  corresponds  to  y/ipolno)t  =  \/3/5  (y/E€)/Mo  ^  0(10).  In  other 
words,  the  asymptotic  series  in  the  brackets  of  Eq.  (4.11)  is  useful  only  in  a 
narrow  region  around  the  origin.  This  result  implies  that  the  Bumett-type 
expansion  of  the  solution  for  Pxy(t,  0)  is  inappropriate  for  y/ReJWo  <  10,  or 
t/r  <  100  (see  Section  IV.E.l).  Therefore,  it  is  necessary  to  find  approximate 
solutions  which  will  properly  bridge  the  gap  between  the  initial  free  molecule 
flow  and  the  later  classical  Rayleigh  motion. 

First  a  simple  approximation  for  p^y  («,  0)/noMo  is  required  for  all  values  of  s. 

For  8  large,  it  is  seen  from  Eq.  (4.8)  that  the  dominant  term  for  ^  is 

MoiHo 


A  ,  6 

T  10  35  / 


For  8  small,  Eq.  (4.11)  shows  that  the  dominant  term  is  l/v^3/5  y/(tio/Po)  «• 
Therefore,  the  simplest  approximation  for  all  values  of  s  is  as  follows: 


p«(s,  0)  1 


Of  course,  the  approximation  is  very  good  for  both  small  and  large  values  of  8. 
The  numerical  calculation  is  carried  out  and  tabulated  in  Table  1,  which  is  also 
plotted  as  Fig.  3. 

From  Table  1  and  Fig.  3,  it  is  clear  that  the  approximation  (4.12)  to  the  exact 
expression  (4.7)  is  satisfactory.  Eq.  (4.12)  gives  values  lower  than  those  given 
by  Eq.  (4.7),  but  the  maximum  deviation  which  occurs  in  the  range  .5  < 

I  (wo/po)  *  1  <  .6,  is  less  than  20%.  The  function  ^„(«,  0)//ioMo  given  by  Eq.  (4.7) 
is  regular  for  s  ranging  from  infinity  down  to  the  singularity  having  largest  mod¬ 
ulus,  which  is  of  the  order  |  (jio/po)  s  |  =  0(1),  so  the  expansion  (4.8)  is  useful  for 
^  I  (jto/po)  s  I  ^  1 .  For  small  s,  the  expansion  is  valid  for  a  domain  between 
0  and  the  singularity  having  smallest  modulus,  which  is  close  to  the  origin,  so 
the  range  of  validity  is  limited.  Based  on  these  observations,  we  shall  obtain 
solutions  for  small  values  of  the  time  by  inverting  expansion  (4.8)  and  solutions 
for  large  values  of  the  time  by  inverting  approximate  expression  (4.12)  to 
replace  the  unsatisfactory  expansion  (4.11). 
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C.  Solutions  Suitable  for  SmaU  Values  of  the  Time.  By  expanding  p,y  given 
by  Eq.  (3.35)  in  powers  of  l/«,  we  obtain 


M..  t,)  =  p.  ^  y|  A  exp  (  -  ^  ^  [1  -  ( 


21\/^  MO 


42 

-  0.139  ^  T  -  (0.0681i4  -  0.0567)  ^  ^ 

#4<V«*  I  mJ  mS® 


(4.13) 


where 


A 


+  0.00964egl  +  o(i)]exp(- 


®  K.) 


/T  421  11,231 

1 

^_l~ar 

70  588  ^,8T0 

1  +  a  ,/i  . 

2  + 

6  ’ 

/I  +  a 
\\-a 

By  inverting*  and  expanding  the  exponent,  we  have 

*  See  Table  of  Transforms,  Formulas  61,  62,  63,  page  298,  Reference  24. 
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»)  “  P*  a,  -j/l  ^  [l  ^  {21v^  '*  ('  42V^t 

+ {'’K'  -  Will  +  -Wii) 


0  <  t  < 


_L_ y  !'■■ 


=  W  u  I  •«<  7777  — 

V2l  Oo  •  ' 

where  A  and  B  are  given  in  Eq.  (4.13). 

Similarly,  expanding  the  functions  u,  9,  given  by  Eqs.  (3.36)  and  (3.37)  in 
powers  of  1/s  and  inverting  term  by  term,  we  obtain 

l/|  [1  +  «  H‘ “  ^  I;)  “  4^  1} 


+  0(t*) 


where  A  is  given  in  Eq.  (4.13)  and 


V21  rto 


l+a  /5T5  2  I  +  a  .Ar  1699  4 

1  -  g  y  14  6  15  1  -  g  y  70  504  45 

1  -h  «  '  1  /fir  .  6''  '' '  1  +  «  .  /7v  1  6 

l-gyi0'’‘5  l-gyiO'^5 

t/f  4*  -  s  {K‘  -  1) + 4^ 


+ (i^  ^ iAwu)+ 3’ 


+  o(f*) 


0  <  <  < 


0 
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where  A  is  given  in  Eq.  (4.13) 


F 


1  +  a  /7  299 
1  -  a  T  70  504 


For  a  fixed  small  value  of  the  time,  the  distribution  of  tangential  stress,  , 
tangential  energy  flow,  9. ,  and  tangential  gas  velocity,  u,  normal  to  the  plate 
surface  is  represented  in  Figs.  4  and  5,  where  the  numbers  1,  2,  and  3  designate 
the  number  of  terms  taken  in  evaluating  the  functions. 


FIGURE  4 
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From  E}qs.  (4.14)  to  (4.16),  the  parameter  in  the  small  time  solution  is 


Pb<  _  3  poUh  bpo  I  _  S  Re 

i  '  ■  MO  5  MO  35;  17^"  5  3(2  ' 

where  ' 

Re  =  instantaneous  Reynolds  number  =  (poUh)/no 

Mo  =  Mach  number  =  U/oo  =  iZ/V (5/3)(pi/po) 

For  small  values  of  the  time,  or  po^/mo  ~  oj</i»o  tlr  <  1,  the  solution  in  series 
expansions  of  this  parameter  is  indeed  satisfactory. 

From  Figs.  4  and  5,  we  see  that  when  a  heat  insulated  infinite  flat  plate  is 
suddenly  accelerated  into  uniform  motion  with  a  small  impulsive  velocity  (7, 
the  gas  far  from  the  plate  is  not  at  all  disturbed  at  first,  because  the  gas  mole¬ 
cules  there  are  not  aware  of  the  plate  motion  yet.  Only  the  gas  close  enough  to 
the  plate  is  affected  by  the  motion.  Within  a  thin  layer  y  <  v^21/5  oof,  where 
t  =  0(t),  i.e.,  t  is  of  the  order  of  the  time  between  two  successive  collisions  of  a 
gas  molecule,  the  gas  as  a  whole  moves  with  the  plate  at  a  fraction  of  the  im¬ 
pulsive  velocity  U  as  shown  in  Fig.  5.  Also  the  tangential  stress  and  the  tan¬ 
gential  energy  flux  are  developed  as  shown  in  Fig.  4.  This  thin  layer  grows 
linearly  with  time  at  the  rate  of  (\/^/5)ao ,  which  is  one  of  the  characteristic 
slopes  dy/dt  found  in  Eq.  (3.19). 

A  discussion  of  some  of  the  other  physical  aspects  of  these  solutions  is  given 
in  Section  V. 

D.  SoltUtona  for  Large  Values  of  the  Time.  The  formal  solutions  for  the  quanti¬ 
ties  pty  ,  u,  and  9,  at  large  timeaare  obtained  by  expanding  p^y  ,  u,  and  q,  given 
by  Eqs.  (3.35)  to  (3.37)  in  the  form  of  Eq.  (4.9),  and  writing  out  the  asymptotic 
solutions  in  the  form  of  Eq.  (4.10).  Thus, 
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and 


7=^-7=ri  -5ffr  +  |«s+  0(5 

where  H  and  K  are  given  in  Eq.  (4.18).  Similarly,  we  obtain 

«(,v)  ~  £.{1  -  ^[(c  -  {(«•  - 


+  +  *(?)]} 

where  G  is  given  in  Eq.  (4.18). 

+(TVl-ri-:Vll)/;* 

■  -vi/sifij-a: 


(4.19) 


(4.20) 


(4.21) 


where  =  coefficient  of  kinematic  viscosity  =  /no/po  . 

As  we  have  seen  in  the  previous  section  the  expansions  for  small  s  such  as 
Eq.  (4.18)  are  good  approidmations  for  0  <  |  (/io/po)«  |  <  .01.  In  other  words, 
solutions  (4.19)  to  (4.21)  are  convergent  only  for  sufficiently  large  values  of  the 
time,  i.e.,  t/r  >  0(100).  These  solutions  are  included  here  for  comparison  with 
the  approximate  solutions  to  be  found  below. 

In  the  previous  section  an  approximate  expression  for  ^sy(«,  0)  (Eq.  (4.12)) 
was  found  by  combining  the  dominant  terms  for  large  and  small  a.  Evidently 
the  same  procedure  can  be  employed  for  /)««(«,  y),  provided  that  the  quantity 
/(«)  in  the  exponential  term  c“^‘***  (Eqs.  (3.35)  and  (3.38))  is  approximated  by 
the  dominant  terms 


( 


oo  VTo' 
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for  large  and  small  «,  i.e., 


P«(»,  y)  “  Po  ^  ^ — 7=  exp  ( - 


5  y  j _ ^ 


*+yS' 

where  A  is  given  in  Eq.  (4.13). 

By  inverting*  expression  (4.22),  we  obtain 

P,(t. !/)  -  p.  ^  A  <,xp  (x  exp  (a'  ^  , 

('  “  ^m))  ^ 


Va) 


(422) 


+ 


=  0 


t  > 


0  <  1  < 


5  y 


(4.23) 


y/^Oo 


5  y 


y/^Oo 


where  A  is  given  in  Eq.  (4.13). 

This  cloeed-form  solution  for  the  shear  stress  p,y  is  not  only  the  proper  solu¬ 
tion  for  large  values  of  the  time  but  also  the  approximate  solution  for  all  values 
of  the  time.  Letting  t  — ♦  0  and  bearing  in  mind  y  =  0(1),  we  have 


lim  p^(t,  y)  =  a/\a 

(-•0  Oo  r  o 


t  > 


0 


0  <  1  < 


5  y_ 
V2Tao 

5  y 


(424) 


y/^oo 


This  expression  for  p^(l,  y)  is  the  first  term  of  the  small  time  solution  (4.14), 
which  gives  the  free-molecule  shear  stress  based  on  Grad’s  distribution  function 
(2.1).  By  letting  t—*»  and  making  use  of  the  ai^mptotic  formulaf  for  the  com¬ 
plementary  error  function 

r 


erfc. X 


1- 


2! 


xy/^  L*  i  r(2x)*  2\(^y  3!(2x) 


41 


61 


we  obtain 


lim  p„(l,  y) 

l>»«e 


u 

P»  r 


Vi'S 


*  See  Table  of  Operations,  Formula  12,  p.  294  and  Table  of  Transforms,  Formula  87, 
p.  300,  Reference  24. 

t  See,  for  instance,  Dwight,  H.  B.:  Table  of  Integrals,  2nd  Ed.,  p.  129,  The  Macmillan 
Company,  New  York,  1947. 
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or,  by  Eq.  (4.17) 

Wnx  -4=  for  all  y  (4.25) 

which  ia,  of  course,  the  classical  Rayleigh  result.* 

In  other  words,  the  closed-form  approximate  solution  (4.23)  gives  the  exact 


FIGURE  6 


FIGURE  7 
FlOS.  6  AND  7 
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description  of  the  gas  behavior  for  both  extremely  small  and  extremely  large 
values  of  the  time.  In  the  initial  phase,  the  flow,  impulsively  started,  is  a  free- 
molecule  one,  and  the  thin  layer  grows  linearly  with  time.  During  the  later  stages, 
the  flow  is  diffusive  in  nature  with  the  viscous  layer  growing  as  y/i  and  may  be 
treated  as  a  continuum,  as  Rayleigh  flrst  did.  For  intermediate  values  of  the 
time,  Eq.  (4.23)  gives  an  approximate  description  of  the  flow  field,  which  is 
essentially  a  diffusive  layer  bounded  by  a  wave-front  travelling  at  the  speed 
{y/^/5)ao .  In  Fig.  6,  the  distribution  of  shear  stress  with  respect  to  j/  for  a 
fixed  intermediate  time  is  shown.  For  sufficiently  large  values  of  time,  for  which 
y  =  0(Vf),  we  may  reduce  Eq.  (4.23)  to 

»)  =  P.  I -j/l  .4  exp  U 

_  (4.26) 

which  is  again  represented  in  Fig.  7.  It  is  clear  that  for  sufficiently  large  values 
of  the  time,  the  shear  stress  distribution  is  close  to  Rayleigh’s  result. 

In  a  similar  manner,  the  proper  large  time  solution  for  the  tangential  energy 
flux  Qt  is  found  to  be 


«.«.  y)  ~  P.U  ^  A  o  exp  (o  exp  (eV  (l  -  ^  X)) 

•erfc. / ay/i  -h - - - - \  —  b  exp  (h  — 


=  0 


(4.27) 


where 

^  l/|  *  l/F -  i  i/|«  - 1] 

and  A  and  G  are  given  in  Eq.  (4.13)  and  Eq.  (4.18),  respectively.  Like  Eq.  (4.23), 
Elq.  (4.27)  is  also  an  approximate  solution  of  the  quantity  q,  for  all  values  of  the 
time.  The  discussion  of  the  properties  of  Px»(f,  y)  also  applies  to  9,(f,  y). 
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The  situation  for  the  gas  velocity  u(t,  y)  is  a  little  different.  The  dominant 
terms  in  the  expansions  for  large  and  small  s  are,  respectively  [Eq.  (3.36)]: 

fi(«,  y) 

po  (4.28) 

IM) 

8  large 


tl(«,  y)^U 


s  small 


(4.29) 


Here  the  leading  terms  in  both  denominators  are  of  the  order  s,  and  hence  no 
approximate  expression  for  all  «,  like  Eq.  (4.22),  can  be  obtained  for  the  trans¬ 
form  u(«,  y).  Therefore,  for  the  velocity  of  the  gas,  we  shall  obtain  a  closed-form 
solution  valid  only  for  large  values  of  the  time  rather  than  for  all  values  of  the 
time.  It  is  obtained  by  inverting*  Eq.  (4.29) 


0  -  U  [erfc.  (^)  -  exp  (g  ^ 

(4.30) 

•  '’‘P  (o’  ^ ')  (e  j/f '  +  ^)]  ‘ 

where  G  is  given  in  Eq.  (4.18). 

However,  for  the  special  case  y  =  0,  it  is  possible  to  approximate 
t/(l/«)  —  iZ(«,  0)  for  all  values  of  »,  since  the  dominant  terms  there  are  of  differ¬ 
ent  orders.  The  velocity  slip  U  —  u{t,  0)  obtained  by  inverting  U(l/8)  —  m(»,  0) 
will  be  given  in  Section  IV.E.2. 

E.  The  Skin  Friction,  the  Slip  Velocity,  and  the  Tangential  Energy  {Heal)  Flax 
of  the  Gas  Adjacent  to  the  Heat  Insulated  Plate.  In  this  section,  we  are  going  to 
study  the  quantities  which  interest  us  most,  viz.,  the  skin  friction,  the  slip  ve¬ 
locity,  and  the  tangential  energy  (heat)  flux  of  the  gas  adjacent  to  the  plate. 
All  these  quantities  are  obtained  by  setting  ^  =  0  in  the  expressions  for  px„ ,  u, 
and  g,  found  in  the  previous  section. 

So  far  the  surface  condition  of  the  plate  is  not  specified;  in  other  words,  the 
parameter  a  is  rather  arbitrary,  and  it  may  vary  from  a  =  1  for  specular  reflec¬ 
tion  to  a  =  0  for  diffusive  reflection.  In  the  numerical  calculation  that  follows, 
we  consider  the  case  a  =  0,  viz.,  the  gas  molecules  impinging  on  the  surface  of 
the  plate  are  temporarily  absorbed  and  later  re-emitted  in  a  random  fashion, 
such  that  they  give  up  all  their  momentum  to  the  plate. 

1.  The  Skin  Friction  Coejficienl.  The  instantaneous  skin  friction  coefficient 
is  defined  as 


c/ 


PTnil,  0) 


(4.31) 


*  See  Table  of  Transforms  Formula  86,  p.  300,  Reference  24. 
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By  putting  y  =  0  and  a  =  0  in  Eqs.  (4.14),  (4.19),  and  (4.23)  and  using  defini¬ 
tions  (4.31)  and  (4.17),  we  obtain  the  following  expressions  for  the  skin  friction 
coefficient: 

A/oC/  =  0.683  r 1  -  0.0906  -|-  0.00878  —.1  -f  0  f— t  small  (4..32) 

L  Mo  MoJ  \Mo/ 

A/.c,=  1.128^, [1  -  0.892^+ 42.1  §]+o(§„)  ,1^  (4^) 

A/o  c/  ^  0.683  exp  ^0.342  erfc.  ^0.342  all  t  (4.34) 

The  free  molecule  value  of  the  skin  friction  coefficient  based  on  Grad’s  distribu¬ 
tion  function  is  obtained  by  letting  f  ^  0  in  either  Eq.  (4.32)  or  Eq.  (4.33)  or  by 
substituting  Eq.  (4.24)  into  Eq.  (4.31) 


which  is  to  be  compared  with  the  conventional  free  molecule  skin  friction  coeffi¬ 
cient  based  on  Maxwellian  distribution. 

MoCf  =  |/?i  =  y/?|  =  0.618  (4.36) 

These  two  values  differ  because, different  molecular  distribution  functions  are 
used  (see  Section  IV.E.2).  The  Rayleigh  result  is  obtained  by  letting  f  — >  « 
in  either  Eq.  (4.33)  or  Eq.  (4.34)  or  by  substituting  Eq.  (4.25)  into  Eq.  (4.31) 

The  results  of  the  numerical  calculation  of  the  skin  friction  coefficient  based  on 
Eqs.  (4.32)  to  (4.34)  are  tabulated  in  Table  2  and  are  also  plotted  in  Fig.  8. 

From  Fig.  8,  we  may  make  the  following  statements: 

(1)  The  series  solution  (4.32)  in  powers  of  the  parameter  {Re /Ml)  ~  f/r  is 
indeed  quite  accurate  for  small  values  of  the  time  (t/r  ^  1).  As  more  and  more 
of  the  reflected  molecules  collide  with  the  incident  molecules  the  thickness  of 
the  layer  influenced  by  the  moving  plate  grows  (see  also  Fig.  4)  and  the  skin- 
friction  decreases  with  time. 

(2)  On  the  other  hand,  the  solution  for  large  time  in  inverse  powers  of 
{Re/Ml)  t/r  is  of  very  limited  usefulness.  When  Ml/Re  =  0.01  the  second 
term  in  the  expression  for  c/  (Elq.  (4.33))  is  only  one  per  cent  of  the  first  term, 
but  the  third  term  is  already  40  per  cent  as  large  as  the  second.  Clearly,  the 
Burnett-type  expansion  is  inappropriate,  at  least  for  Rayleigh’s  problem. 

(3)  The  approximate  solution  (4.34)  presented  here  is  not  only  the  appro¬ 
priate  solution  for  large  v’alues  of  the  time,  but  is  also  a  satisfactory  solution  for 
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TABLE  2 


Time  Hietory  of  Skin  Friction  Coefficient  MtC/  in  Rayleigh’s  Problem 


1 

Free  Molecule 
Eq.  (4.3S)  j 

Rayleifh  { 

Eq.  (4.37)  ■ 

small  time 

Eq.  (4.32) 

large  time 

Eq.  (4.33) 

Approxunate 

Eq.  (4.34) 

0 

.683  . 

.683 

i 

.683 

.01  { 

.683  ! 

1 

.681 

.1 

.683 

.658 

.316 

1 

.677 

.607 

.5 

.668 

.569 

1 

.627 

.483 

1.414 

.583 

.427 

2 

.564 

.532 

!  1.923 

.364 

3 

i 

.376 

.612 

.534 

.287 

4 

.282 

.313 

.236 

5 

i 

.226 

.232 

.108 

8 

.141 

.141 

.134 

10 

.113 

.112 

.110 

100 

1 

.0113 

.0113 

.0113 

1,000 

! 

.00113  1 

.00113 

.00113 

10,000 

.000113 

.000113 

.000113 

*  1 

1 

1  1 

0 

0 

0 

it 
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all  times.  This  approximate  solution  approaches  the  exact  free  molecule  solution 
and  the  exact  Rayleigh  solution  at  the  respective  limits  and  gives  the  right  trend 
of  the  skin  friction,  which  is  enveloped  by  the  free  molecule  and  the  Rayleigh 
values.  It  is  to  be  noted  that  the  approximate  solution  (4.34)  might  slightly 
under-estimate  the  skin  friction  coefficient. 

S.  The  Slip  Velocity  and  the  Tangential  Energy  (Heat)  Flux.  The  slip  velocity 
is  defined  as  the  difference  between  the  velocity  of  the  flat  plate  and  the  velocity 
of  the  gas  adjacent  to  the  plate,  U  —  u(t,  0).  The  Laplace  transform  of  this 
quantity  is  f7(l/«)  —  iZ(«,  0).  From  Eqs.  (4.28)  and  (4.29),  we  "obtain  the  ap- 
pro.\imation 


where 


U--  tZ(s,0)  =  U 
8 


Ar‘s  -I-  cr 


V  fU) 


N  = 


1  -1-  g 
1  -  g 
1  +  a 
1  -  a 


(4.38) 


and  G  is  given  in  Eq.  (4.18).  In  the  denominator  of  Eq.  (4.38)  the  first  term  is 
the  dominant  term  for  large  8  or  small  t,  and  the  second  is  the  dominant  term 
for  small  8  or  large  t.  These  two  terms  are  not  of  the  same  order,  so  the  approxi¬ 
mation  is  possible  for  the  whole  8  range,  and  its  inversion  would  be  valid  for  all 
times. 

By  inverting*  Eq.  (4.38),  we  have 

Cf  -  »«,0)  -  l/AT  exp  ^  l)  erfc.  (§  (439) 

where  G  is  given  in  Eq.  (4.18),  and  N  is  given  in  Eq.  (4.38). 

Putting  y  =  0  and  a  =  0  in  Eqs.  (4.15)  and  (4.20),  o  =  0  in  Eq.  (4.39),  and 
using  Eq.  (4.17)  we  obtain  the  following  solutions  for  the  slip  velocity: 

1  -  =  0.627  -  0.0847  +  0.0105  +  0  t  small  (4.40) 

G  Afo  A/o  \Mo/ 

,  0.913^ -  2.086^+ 0.147  ^  +  0(^)  .large  (4.41) 

1  -  ^  0.627  exp  ^0.388  erfc.  ^0.388  all  I  (4  42) 

The  results  of  the  numerical  calculations  are  tabulated  in  Table  3  and  are 
plotted  in  Fig.  9. 


See  Table  of  Transforme,  Formula  43,  p.  297,  Reference  24. 
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TABLE  3 

Tim*  HutOry  of  Slip  Velocity  1  —  u(t,  0)/U  in  Rayleigh's  Problem 


Vx*/Jr. 

small  time  Eq.  (4.40) 

large  time  Eq.  (4.41) 

Approximate  Eq.  (4.42) 

0 

.627 

.627 

.01 

.627 

.625 

.1 

.626 

.601 

.316 

.619 

.549 

.6 

.607 

.511 

1 

.553 

.425 

1.414 

.500 

.371 

2 

.456 

.200 

.312 

3 

.712 

.228 

.242 

4 

.196 

.197 

6 

.166 

.165 

8 

.110 

.110 

10 

.089 

.089 

100 

.009 

.009 

1,000 

.0009 

.0009 

10,000 

.000009 

.000009 

00 

0 

0 
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Fio.  9 


The  velocity  slip  at  zero  time  is  63%  rather  than  the  conventional  50%  for 
free  molecule  flow  based  on  the  Maxwellian  distribution  far  from  the  plate  sur¬ 
face.  According  to  Grad’s  approximate  solution  of  the  Maxwell-Boltzmann  equa¬ 
tion,  the  distribution  function  experiences  a  “jump”  at  (  =  O’*",  and  this  fact 
accounts  for  the  difference  between  the  present  results  and  those  of  conventional 
free-molecule  flow.  (See  also  SectionV.) 
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According  to  Fig.  9,  the  velocity  slip  is  less  than  10%  when  >  10, 

and  less  than  1%  when  >  100.  For  \/Se/^o  >  100,  the  no-slip 

boundary  condition  certainly  applies.  The  approximate  formula  (4.42)  is  seen 
to  be  somewhat  less  accurate  than  that  for  the  skin  friction. 

Similarly,  the  energy  (heat)  flux  parallel  to  the  plate  may  be  obtained  and  is 
plotted  in  Fig.  10  and  tabulated  in  Table  4. 
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FIG.  10  TIME  HISTORY  OF  TANGENTIAL  ENERGY  (HEAT) 
FLUX  IN  THE  RAYLEIGH  PROBLEM 

Fig.  10 


TABLE  4 


Time  History  of  Tangential  Energy  (Heat)  Flux  q,{t,  0)/ptV  in  Rayleigh’s  Problem 


small  time 

large  time 

Approximate 

0 

.373 

.373 

.01 

.373 

.373 

.1 

.372 

.372 

.316 

.366 

.367 

.5 

.357 

.350 

1 

.311 

.321 

1.414 

.254 

.277 

2 

.154 

.242 

.205 

3 

.0508 

.007 

4 

.0109 

.034 

5 

.0008 

8 

.00229 

10 

.00116 

.000000 

100 

.000001 

1,000 

.000000 

.000000 

10,000 

.000000 

.000000 

00 

0 

0 
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F.  Comparison  with  Schaaf’s  SoltUion  for  Wall  Shear  Stress  Pxy(t,  0).  The 
closed-form  approximate  solution  for  the  shear  stress  is  given  by  Eq.  (4.28). 
For  the  special  case  of  a  =  0,  we  have 


a/-  + 

y  10 


4/5  t^^V7o\ 


6v^ 

35 


exp 


A 

y  10^  35  / 


•exp 


5  ao\  V2I  qp^/  1  X  erfc  •  I' ' 


1  ^ 

10  35 


a/- 

y  10 


5  j/^ 
oati 

6V^ 

35 


(4.43) 


+ 


=  0 


t  > 


0  <  t  < 


5  y 


Oo 


5  y 

Ofi 


from  which  the  wall  shear  stress  is 


p*yit,0)  =  po^ 

Oo 


1 


10  35 


exp 


/ 

I _ o  Mo 

I  / 


•erfc.  I 


-I- 


6v^V 


35 


/3t  eV^i 
^y  10“^  35  ^ 


alU 


(4.44) 


The  corresponding  quantities  obtained  by  Schaaf^,  using  the  linearized  Na- 
vier-Stokes  equation  and  a  slip  boundary  condition,  are,  respectively. 


Pn(t,  y)  = 


4ot/ 

U 


IL'  ^(r,/t'*)» 


erfc. 


V 


2'n/^> 


p,«.0)  erfc.  (:^ 


(4.45) 

(4.46) 


where  U  is  the  mean  free  path  used  in  Reference  5.  The  expressions  for  pty{t,  0) 
in  Eqs.  (4.44)  and  (4.46)  are  of  the  same  form,  but  the  numerical  constants  are 
different.  However,  the  expression  (4.43)  and  (4.45)  for  Pxyit,  y)  away  from  the 
surface  are  very  different.  Our  solution  of  Grad  equations  contains  the  inherent 
wave  characteristics  in  the  term 

1  -  ^  •  y 

y/21  ao< 


RAYLBIQH’s  problem  at  low  MACH  NUMBER 


231 


while  Schaaf’s  result  (4.45)  is  dififusive  in  nature.  Of  course,  for  sufficiently  large 
time,  p„(t,  y)  given  by  Eq.  (4.43)  is  also  dififusive,  as  shown  in  Eq.  (4.26).  In 
other  words,  near  the  start  of  the  motion  the  shear  stress  satisfies  a  wave  equa¬ 
tion  of  the  form 


^  s=  fc*  ^  P** 

dy*  ’ 

where  6  is  a  constant,  and  not  the  Navier-Stokes  equation 

~lt  ~ 

At  the  plate  surface,  however,  the  difference  in  character  between  the  two  solu¬ 
tions  disappears,  and  only  the  numerical  constants  are  different. 

In  Grad’s  framework 


Therefore,  if  we  arbitrarily  define  an  “effective  mean  free  path”  so  that 


6V2r 

T  10  35  16 


IJ 


1.843L'  =  1.809L, 


and  solve  the  linearized  Na\ner-Stoke8  equations 

•  du  ,  du  d^u 

Pxy  =  — and  —  = 

dy  dt  dif 

with  the  slip  boundary  condition 

U  =  *w«,0)  =  -Uti(p) 

\dy/y~n 

we  obtain  an  expression  for  p»y(f,  0)  identical  to  Eq.  (4.44). 

At  the  present  time  it  is  not  clear  whether  the  result  obtained  by  this  purely 
formal  process  is  coincidental  and  restricted  to  Rayleigh’s  problem,  or  is  sug¬ 
gestive  for  more  general  flow  problems. 

V.  Discussion  and  Conclusion.  According  to  the  solution  of  Rayleigh’s  prob¬ 
lem  by  means  of  Grad’s  thirteen-moment  approximation,  a  time  interval  cor¬ 
responding  to  50-100  collisions  per  molecule  is  required  to  transform  the  ini- 
tially-discontinuous,  step-function  distribution  of  gas  velocity  into  the  classical 
Rayleigh  distribution  with  a  n^gibly  small  “slip”  at  the  surface.*  As  antici¬ 
pated  from  qualitative  physical  considerations  (Introduction)  the  flow  behaves 
initially  like  a  free-molecule  flow,  and  all  ph3r8ical  quantities  are  analytic  func- 

*  This  time  interval  is  about  10  times  longer  than  the  transit  time  across  a  steady,  plane 
shock  wave  of  moderate  strength  in  a  monatomic  gas. 
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tions  of  the  parameter  //  r,  or  Re/ All  •  Although  the  solutions  for  t/r  *  0(1) 
seem  to  be  satisfactory  in  most  respects,  the  persistence  of  a  sharp  wave-front 
carrying  discontinuities  in  u,  ,  and  q,  is  somewhat  surprising.  This  behavior 
appears  to  be  inherent  in  Grad’s  method.  One  might  expect  that  some  of  the 
fastest  molecules  near  the  plate  surface  would  always  be  able  to  travel  ahead  of 
the  wave,  so  that  the  wave  front  would  be  smoothed  out.  (Of  course  steep  gradi¬ 
ents  would  be  expected  around  some  “average”  wave  front.)  For  this  reason 
(and  others)  it  is  desirable  to  investigate  Rayleigh’s  problem  with  the  aid  of  the 
linearized  Maxwell-Boltzmann  equation,  as  Wang  Chang  and  Uhlenbeck*^  have 
done  for  some  simple  steady  flows.  Naturally  this  study  will  be  guided  by  the 
results  of  the  present  investigation. 

In  spite  of  this  criticism  of  Grad’s  method,  the  present  results  suggest  that 
other  simple  but  fundamental  non-steady  flow  problems  should  be  explored  by 
means  of  the  linearized  Grad  equations.  In  addition,  the  character  of  the  solu¬ 
tions  obtained  for  t/r  =  0(1)  encourages  us  to  believe  that  Rayleigh’s  problem 
with  arbitrary  impulsive  velocity  (high  Mach  number)  can  be  attacked  by  means 
of  series  expansions  in  t/r  for  “small  time”,  combined  with  solutions  of  the 
Navier-Stokes  equations  for  large  time. 

The  character  of  the  present  solutions  of  Rayleigh’s  problem  for  large  time 
adds  to  the  growing  lack  of  confidence  in  the  Chapman-Enskog-Bumett  method 
of  successive  approximations.  Unlike  Wang  Chang  and  Uhlenbeck*,  we  were 
able  to  obtain  asymptotic  series  expansions  in  powers  of  mean  free  path  (more 
precisely,  M\/Re)y  but  just  when  the  deviations  from  Rayleigh’s  solution  become 
interesting  the  convergence  of  these  series  is  so  poor  that  they  are  practically 
useless.  Grad’s  method  avoids  this  difficulty,  because  the  explicit  relation  be¬ 
tween  the  distribution  function  and  the  stress  and  energy  flux  quantities  in  no 
way  implies  a  series  expansion  of  the  Burnett  type.  By  utilizing  this  “freedom” 
we  are  able  to  obtain  approximate  solutions  of  Rayleigh’s  problem  for  low  Mach 
number  that  are  valid  for  all  values  of  the  time.  It  remains  to  exploit  this  tech¬ 
nique  for  more  general  flow  problems. 

Appendix.  Laplace  Transforms  of  v',  p',  p\  T,  and  q'y.  From  Eqs.  (3.22) 
(3.24),  (3.25),  (3.26),  (3.28),' and  (3.30)  together  with  boundary  conditions  (3.32) 
and  (3.34),  we  have  , 

p  =  Bis)  ^exp  i-Vgi^\  jftii^Vf^8y\y)  -  ^ ^ 

(A.1) 

•exp  (->/p(«)l/i(«)  -/*(«)jy)J 

*  For  the  problem  of  heat  conduction  between  two  infinite  parallel  flat  plates,  and  also 
for  the  planar  Couette  flow,  the  solution.s  obtained  by  Wang  Chang  and  Uhlenbeck  are  not 
analytic  in  the  limit  of  small  mean  free  path  (d/L  -*  w)  where  “d”  is  spacing  between 
plates.  This  behavior  may  be  connected  with  the  particular  geometry  involved.  Even  in 
the  Knudsen  limit  (d/L  -«  «)  they  experienced  convergence  difficulties,  for  which  they 
offer  a  simple  physical  explanation,  but  these  difficulties  did  not  appear  in  the  Couette 
flow  between  two  rotating  cylinders. 
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5.  A.2S 


{/,(«) +/,(«)) 


X  [exp  (- V^(«){/i(a)  +/*(«)}!/)  “  exp(- V^WI/iW  -  /*(«)|y)] 
^  =  ^(«)  2  ^  ^  ^  ((/i(»)  +  /*(«))  exp  ( -  Vgis)  {/i(«)  +  /j(«)  I  y) 


-y/flis)  -  /1(a)  exp  (-V^(a)|/i(a)  -  /j(a)|y) 


T'  =  —p'  - 

fipo^  PO 


«;  =  -B(.)  ?!- - r-i - — r  VkWI/iW  +/.WI 

■■(■+2X-*iS) 

__!! _ )  5  1  (A.7) 

-  exp  (-V&(a){/i(a)  - /»(a))y)|  -  ^  -  {(/i(a)  +  /j(a) 

•  exp  ( -  y/ gi8\  { /i(8)  +  /i(a) }  y)  -  (/j(a)  -  /i(»)) 

X  exp  i-y/g{9)[fii8)  -/j(a)}j/)}j 
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/,(.)  +  (A,8) 

ZO  d  Pc  ^  PO 
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and 
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A  FREE  STREAMLINE  THEORY  FOR  TWO-DIMENSIONAL 
FULLY  CAVITATED  HYDROFOILS* 

By  T.  Yao-tsu  Wu 

I.  Introduction.  The  problem  of  cavity  flows  received  attention  early  in  the 
development  of  hydrodynamics  because  of  its  occurrence  in  high  speed  motion 
of  solid  bodies  in  water.  Many  previous  works  in  this  field  were  mainly  concerned 
with  the  calculation  of  drag  in  a  cavitating  flow.  The  lifting  problem  with  a 
cavity  (or  wake)  arose  later  in  the  applications  of  water  pumps,  marine  pro¬ 
pellers,  stalling  airfoils,  and  hydrofoil  crafts.  Although  several  formulations  of 
the  problem  of  lift  in  cavity  flows  have  been  pointed  out  before  (1-3),  these 
theories  have  not  yet  been  developed  to  5deld  general  results  in  explicit  form 
so  that  a  unified  discussion  can  be  made. 

The  problems  of  cavitating  flow  with  finite  cavity  demand  an  extension  of  the 
classical  Helmholtz  free  boundary  theory  for  which  the  cavity  is  infinite  in 
extent.  For  this  purpKtse,  several  self-consistent  models  have  been  introduced, 
all  aiming  to  account  for  the  cavity  base  pressure  which  is  in  general  always  less 
than  the  free  stream  pressure.  In  the  Helmholtz-Kirchhoff  flow  these  two  pres¬ 
sures  are  assumed  equal. 

Of  all  these  existing  models,  three  significant  ones  may  be  mentioned  here. 
The  first  representation  of  a  finite  cavity  was  proposed  by  Riabouchinsky  (4) 
in  which  the  finite  cavity  is  obtained  by  introducing  an  “image”  obstacle  down¬ 
stream  of  the  real  body.  A  different  representation  in  which  a  reentrant  jet  is 
postulated  was  suggested  by  Prandtl,  Wagner,  and  was  later  considered  by  Krei- 
sel  (5)  and  was  further  extended  by  Gilbarg  and  Serrin  (3) .  Another  representation 
of  a  free  streamline  flow  with  the  base  pressure  different  from  the  free  stream 
pressure  was  proposed  recently  by  Roshko  (6).  In  this  model  the  base  pressure  in 
the  wake  (or  cavity)  near  the  body  can  take  any  assigned  value.  From  a  certain 
point  in  the  wake,  which  can  be  determined  from  the  theory,  the  flow  downstream 
is  supposed  to  be  dissipated  in  such  a  way  that  the  pressure  increases  gradually 
from  the  assigned  value  to  that  of  the  free  stream  in  a  strip  parallel  to  the  free 
stream.  Apparently  this  model  was  also  considered  independently  by  Eppler  (7) 
in  some  generality.  Other  alternatives  to  these  models  have  also  been  proposed  (8) , 
but  they  do  not  differ  so  basically  from  the  above  three  models  that  they  need 
to  be  mentioned  here  specifically.  The  mathematical  solutions  to  the  problem 
of  flow  past  a  flat  plate  set  normal  to  the  stream  have  been  carried  out  for  these 
three  models  (9, 6).  All  the  theories  are  found  to  give  essentially  the  same  results 
over  the  practical  range  of  the  wake  underpressure.  That  such  agreement  is  to 
be  expected  can  be  indicated,  without  the  detailed  solutions  for  the  various 
models,  from  consideration  of  their  underlying  physical  significance,  as  will  be 
discussed  in  the  next  section. 

*  This  study  was  supported  by  the  U.  S.  Navy,  Office  of  Naval  Research,  under  Contract 
N6onr-24420  (NR  062-OM) .  Reproduction  in  whole  or  in  part  is  permitted  for  any  purpose 
of  the  U.  S.  Government. 
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In  the  present  work  the  free  streamline  theory  is  extended  and  applied  to  the 
lifting  problem  for  two-dimensional  hydrofoils  with  a  fully  cavitating  wake. 
The  analysis  is  carried  out  by  using  the  Roshko  model  to  approximate  the  wake 
far  downstream.  The  reason  for  using  this  model  is  mainly  because  of  its  mathe¬ 
matical  simplicity  as  compared  with  the  Riabouchinsky  model,  or  the  reentrant 
jet  model.  In  fact,  it  can  be  verified  that  these  different  models  all  yield  practi¬ 
cally  the  same  result,  as  in  the  pure  drag  case;  the  deviation  from  the  results  of 
one  model  to  another  is  not  appreciable  up  to  second  order  small  quantities. 
The  mathematical  considerations  here,  as  in  the  classical  theory,  depend  on  the 
conformal  mapping  of  the  complex  velocity  plane  into  the  plane  of  complex 
potential.  By  using  a  generalization  of  Levi-Civita’s  method  for  curved  barriers 
in  cavity  flows,  the  flow  problem  for  curved  hydrofoils  is  finally  reduced  to  a 
nonlinear  boundary  value  problem  for  an  analytic  function  defined  in  the  upper 
half  of  a  unit  circle  to  which  the  Schwarz’s  principle  of  reflection  can  be  applied. 
The  problem  is  then  solved  by  using  the  expansion  of  this  analytic  function  in¬ 
side  the  unit  circle  together  with  the  boundary  conditions  in  the  physical  plane. 
In  order  to  avoid  the  difficulty  in  determining  the  separation  point  of  the  free 
streamline  from  a  hydrofoil  with  blunt  nose,  the  hydrofoils  investigated  here  are 
those  with  sharp  leading  and  trailing  edges  which  are  assumed  to  be  the  separa¬ 
tion  points.  Except  for  this  limitation,  the  present  nonlinear  theory  is  applicable 
to  hydrofoils  of  any  geometric  profile,  operating  at  any  cavitation  number,  and 
for  almost  all  angles  of  attack  as  long  as  the  wake  has  a  fully  cavitating  configura¬ 
tion. 

As  two  typical  examples,  the  problem  is  solved  in  explicit  form  for  the  circular 
arc  and  the  flat  plate  for  which  the  various  flow  quantities  are  expressed  by  sim¬ 
ple  formulas.  From  the  final  result  the  various  effects,  such  as  that  of  cavitation 
number,  camber  of  the  profile  and  the  attack  angle,  are  discussed  in  detail. 
It  is  also  shown  that  the  present  theory  is  in  good  agreement  Anth  the  experi¬ 
ment. 

n.  Remarks  on  Models  in  Free  Streamline  Theory.  The  total  force  (drag 
and  lift  for  two-dimensional  flow's)  exerted  by  the  fluid  on  a  solid  body  may  of 
course  be  expressed  as  an  integral  of  the  local  force,  which  consists  of  both  the 
pressure  and  viscous  stresses  over  the  surface  of  the  solid.  However,  it  is  also 
possible  to  express  the  total  force  in  terms  of  integrals  over  surfaces  at  a  dis¬ 
tance  from  the  body  by  appljdng  the  momentum  theory.  In  the  case  of  the  real 
fluid  flow  past  a  bluff  body,  experimental  observations  indicate  that  the  dis¬ 
continuous  surfaces  in  the  flow,  or  free  streamlines,  are  actually  thin  shear  layers, 
into  which  the  vorticity  is  fed  from  the  boundary  layer  in  front  of  the  separation 
point.  The  shear  layers  in  general  do  not  continue  smoothly  far  downstream, 
but  roll  up  to  form  vortices,  alternately  on  each  side  with  a  certain  frequency. 
These  vortices  diffuse  rapidly  and  are  eventually  dissipated  in  the  w'ake.  With  a 
constant  upsteam  velocity,  the  wake  flow  is  thus  only  stationary  in  the  mean. 
Because  of  this  complicated  wake  flow,  it  seems  rather  fruitless  to  apply  the 
momentum  theory  which  requires  a  detailed  consideration  of  the  free  streamlines 
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at  infinity.  A  more  realistic  way  to  formulate  the  problem  is  thus  to  obtain  a 
solution  which  is  accurate  near  the  body  by  taking  appropriate  consideration 
of  the  cavity  pressure.  It  is  physically  plausible  that  the  detailed  structure  of 
the  wake  far  downstream  has  indeed  negligible  influence  uiion  the  flow  field  near 
the  body.  Consequently,  one  may  represent  the  dissipative  wake  flow  by  an 
equivalent  model  of  potential  flow,  if  properly  chosen. 

The  general  character  of  cavity  flows  depends  on  the  value  of  the  cavitation 
number  a  which  is  defined  by 

P,)/QtpU')  (2.1)  • 

where  P  denotes  the  pressure  of  the  undisturbed  free  stream,  U  is  its  relative 
velocity,  p  is  the  fluid  density,  and  p,  is  the  pressure  of  the  vapor  or  gas  in  the 
cavity.  Physical  cavities  usually  have  finite  length  and  positive  cavitation 
number  (v  >  0,  or  p,  <  P).  Some  mathematical  formulations  have  been  sug¬ 
gested  previously  to  investigate  the  possibility  for  obtaining  the  solution  of 
steady  cavity  flows  of  ideal  fluid  satisfying  the  following  conditions; 

(i)  the  cavitation  number  is  greater  than  zero,  <r  >  0,  or  p,  <  P; 

(ii)  the  cavity  pressure  is  uniform  throughout  the  cavity; 

(iii)  the  pressure  of  the  fluid  is  nowhere  less  than  the  cavity  pressure; 

(iv)  the  pressure  is  continuous  across  the  cavity  boundary. 

The  first  two  conditions  are  imposed  because  of  their  physical  reality  (o-  =  0 
case  is  physically  unreal).  The  third  condition  follows  from  the  potential  flow 
theory  that  the  velocity  cannot  have  a  maximum  in  the  interior  of  the  flow  field. 
The  last  condition  states  that  the  interface  between  two  phases  of  fluid  cannot 
withstand  any  pressure  jump.  It  then  follows  from  (ii)  that  the  free  streamlines 
are  surfaces  of  constant  velocity;  also,  (iii)  always  implies  that  the  cavity  bound¬ 
ary  is  convex  towards  the  interior  flow.  Application  of  Bernoulli’s  equation  with 
condition  (iii)  shows  that  the  velocity  is  maximum  on  the  cavity  boundary. 

It  should  be  noted  that  these  conditions  differ  only  in  (i)  from  the  classical  theory, 
for  which  <r  =  0  (or  p,  =  P),  corresponding  to  an  infinitely  long  cavity.  If  the 
flow  is  restricted  to  be  everywhere  potential  flow,  then  the  cavity  cannot  have 
finite  length  for  <r  ^  0.  For  if  the  cavity  were  to  close  up  at  the  rear  end  by  itself, 
then  the  free  streamlines  from  two  sides  of  the  body  should  meet  either  at  a 
stagnation  point  from  opposite  directions  or  with  a  cusp  in  the  downstream  direc¬ 
tion.  The  first  conjecture  contradicts  (ii),  while  the  second  alternative  violates 
(iii).  Though  the  streamlines  may  reverse  in  direction  and  form  a  reentrant  jet, 
as  often  observed,  the  jet  cannot  terminate  in  the  physical  plane.  The  above 
argument  indicates  the  need  of  models  of  potential  flow  to  represent  the  dissipa¬ 
tive  wake  downstream  if  the  formulation  of  the  problem  is  to  be  retained  within 
the  scope  of  potential  theory. 

Now  the  problem  of  flow  past  a  two-dimensional  flat  plate  set  normal  to  the 
stream,  forming  a  finite  cavity,  shall  be  reviewed  to  exhibit  the  characteristics 
of  these  models.  In  the  model  of  Riabouchinsky,  an  image  plate  A'  (see  Fig.  la) 
is  put  downstream  of  the  real  plate  A.  The  free  streamlines  run  from  A  to  A' 
and  the  flow  field  is  assumed  irrotational  everywhere.  The  total  force  on  the  pair 
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PHYSICAL  PLANE  HOOOCRAPH  PLANE 


(0)  RIABOUCHINSKY'S  IMAGE  MODEL 


(b)  REENTRANT  JET  MODEL 


(C)  ROSHKO'S  DISSIPATION  MODEL 

Fio.  1.  Flows  in  the  physical  and  hodograph  plane  for  the  various  models.  Note  the 
resemblance  of  the  streamlines  in  the  hodograph  planes  near  the  plate  AC. 

of  plates  then  vanishes,  but  the  calculation  of  the  drag  on  A  alone  yields  the 
following  approximate  expression  for  the  drag  coefficient: 

Coi<r)  ^  {1  +  a  +  (8(x  +  4)rV}Ci,(0)  ^  (1  +  <r)Cn(0)  (2.2) 

where  Co(0)  =  2t/(4  +  »•)=*  0.88  is  the  classical  Helmholtz  solution  for 
<r  =  0.  The  physical  significance  of  the  image  plate  can  perhaps  be  justified 
by  the  following  argument.  In  a  coordinate  system  where  the  fluid  at  infinity 
is  at  rest,  the  force  holding  A'  does  an  amount  of  negative  work,  equal  toW  ^ 
—DU,  where  D  is  the  drag  on  A  and  U  is  the  speed  of  the  traveling  plates.  The 
coefficient  of  work  defined  by  C,  *  W/(^pU*l),  where  I  is  the  plate  width, 
then  equals  —  Cj> .  Now  if  the  wake  is  approximated  by  a  vortex  street  and 
Co  be  calculated  from  the  vortex  energy  shed  into  the  wake,  the  result  is  (see 
Ref.  10,  p.  557) 


Cj 


2[i.59  ^'-0.63(^)’] 


(2.3) 
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where  a  is  the  spacing  between  consecutive  vortices  in  the  same  row  and  Ub 
is  the  receding  velocity  of  the  vortices  relative  to  the  undisturbed  flow.  If  the 
air  is  taken  to  be  the  fluid  medium  (because  of  more  data  available  in  this  case), 
the  measured  underpressure  (11)  corresponds  to  <r  =  1.2  for  which  Eq.  (2.2)  gives 
Cd  =  1-93.  For  the  same  flow,  Heisenberg  (10)  showed,  by  using  some  representa¬ 
tive  experimental  values,  that  Eq.  (2.3)  yields  Co  =  1-82.  Thus,  the  work  done 
by  the  image  plate,  even  though  it  does  not  exist  in  reality,  provides  a  good 
representation  of  the  energy  shed  to  the  wake,  which  should  be  removed  from 
the  flow  if  the  flow  is  assumed  to  be  potential.  It  should  be  noted  that  the  result 
Elq.  (2.2)  together  with  the  assumed  flow  configuration  actually  imposes  on  A' 
a  certain  restriction  that  A'  must  be  of  the  same  size  as  A.  Now  when  asym¬ 
metric  bodies,  such  as  the  lifting  plate,  are  considered,  a  question  arises  whether 
the  image  body  should  be  in  symmetry  with  respect  to  a  plane  normal  to  the 
stream  or  only  to  a  point  in  the  cavity.  In  the  former  case,  the  physical  reasoning 
suggests  that  a  circulation  around  the  cavity  is  necessary  to  generate  a  total  lift 
on  the  pair  of  bodies;  while  in  the  later  case,  the  potential  is  continuous  every¬ 
where  in  the  fluid.  A  clarification  of  this  vague  point  certainly  seems  necessary. 

In  the  reentrant  jet  model,  the  free  streamlines  reverse  direction  at  the  rear 
of  the  cavity  to  form  a  jet  which  flows  upstream  in  the  cavity  (see  Fig.  lb)  and 
is  supposed  not  to  impinge  on  the  real  body  but  is  removed  mathematically  by 
allowing  it  to  flow  on  a  second  Riemann  sheet  in  the  physical  plane  to  infinity. 
Thus,  in  the  original  physical  plane,  the  point  infinity  acts  like  a  doublet  plus  a 
source,  while  the  jet  represents  a  sink.  Physically,  the  jet  momentum  carried 
away  from  the  first  sheet  is  then  closely  associated  with  the  energy  dissipated  in 
the  wake.  For  even  though  the  jet  can  usually  be  observed,  it  is  rather  weakened 
by  the  turbulent  mixing,  at  least  its  observed  width  is  much  smaller  than  its 
theoretical  value.  For  the  flat  plate  flow,  the  theory  yields  for  Cfl((r)  the  same 
formula  as  Eq.  (2.2),  the  jet  width  is  0.22(1  4*  a/ A)  of  the  plate  width.  In  the 
lifting  problems,  it  can  be  shown  from  consideration  of  momentum  that  the  jet 
will  turn  in  direction  and  eventually  flow  towards  the  downstream  on  the  second 
sheet  for  small  enough  attack  angles. 

In  Roshko’s  dissipation  model,  the  flow  past  a  bluff  body  is  considered  in  two 
parts.  Near  the  body  it  is  described  by  the  free  streamline  theory  to  allow  a  pos¬ 
sible  adjustment  of  the  underpressure.  The  flow  farther  downstream  is  described 
by  an  equivalent  potential  flow  so  that  its  pressure  increases  continuously  to  the 
free  stream  value  as  it  approaches  infinity  in  a  strip  parallel  to  the  free  stream 
(see  Fig.  Ic).  In  this  manner,  the  actual  dissipative  wake  flow  is  represented;  the 
detailed  mechanism  according  to  which  the  flow  is  dissipated  is  immaterial. 
Thus,  it  can  be  seen  that  this  model  is  actually  closer  to  the  physical  fact  than 
the  other  models  for  the  air  flow  past  bluff  bodies.  However,  this  model  applies 
equally  well  to  cavity  flows  if  the  wake  in  front  of  the  dissipation  range  is  con¬ 
sidered  to  be  the  front  half  of  the  cavity.  By  using  this  theory,  the  solution  of 
Coia)  on  the  flat  plate  differs  from  the  previous  two  solutions,  Eq.  (2.2),  only 
slightly  by  a  term  of  0(<r*).  Moreover,  for  the  lifting  problems,  the  assumption 
that  the  dissipative  wake  is  parallel  to  the  free  stream  is  still  physically  sound 
and  hence  needs  no  further  modification. 
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To  summarize,  all  these  models  have  one  essential  feature  in  common:  they 
are  aimed  to  give  a  satisfactory  description  of  the  flow  near  the  body  by  making 
possible  an  adjustment  of  the  base  pressure  and  thereby  removing  a  serious 
limitation  in  the  classical  theory.  For  this  reason,  it  should  not  be  expected  that 
these  solutions  of  the  flow  field  shall  describe  the  wake  far  downstream.  The  free¬ 
dom  of  adjusting  the  base  pressure,  therefore,  yields  a  family  of  solutions  con¬ 
taining  one  parameter  which  can  be  expressed  in  terms  of  <t.  For  pure  drag  prob¬ 
lems,  the  agreement  of  these  theories  in  that  they  all  yield  the  result  Eq.  (2.2) 
can  be  explained  also  from  consideration  of  the  hodograph  involved  (see  Fig.  1 
and  Refs.  12,  13).  However,  it  should  be  pointed  out  that  for  lifting  problems  the 
linear  relation  in  a  for  Cl  and  Cj>  such  as  given  by  Eq.  (2.2)  becomes  invalid  for 
moderate  and  small  attack  angles  as  will  be  shown  by  the  present  analysis. 
Consequently,  the  problem  of  calculating  Cl{(t)  and  Coia)  cannot  be  reduced  to 
the  calculation  of  Ci,(0)  and  Cd(0)  for  a  given  geometric  configuration,  as  is 
usually  done  in  pure  drag  problems. 

With  respect  to  the  mathematical  details  involved  in  the  analysis,  these 
models  differ  in  simplicity  to  some  extent,  especially  for  the  lifting  case.  In 
Riabouchinsky’s  theory,  some  numerical  integration  containing  elliptical  in¬ 
tegrals  are  required.  Although  the  results  obtained  by  using  the  reentrant  jet 
model  are  expressible  in  terms  of  elementary  functions,  the  Roshko  model  is 
still  simpler  in  many  respects. 

m.  Formulation  of  the  Problem.  The  free  streamline  theory  is  applied  here 
to  investigate  the  steady,  two-dimensional  flow  at  a  given  attack  angle  a  past 
a  hydrofoil  with  a  fully  cavitating  wake.  The  leading  and  trailing  edges  of  the 
'  hydrofoil  are  assumed  to  be  sharp  and  the  flow  configurations  concerned  are 
such  that  free  streamlines  separate  from  the  hydrofoil  at  these  sharp  edges,  but 
otherwise  the  wetted  side  of  the  hydrofoil  may  have  any  continuous  profile. 
After  the  cavity  is  fully  developed,  the  thickness  of  the  hydrofoil  has  no  effect 
on  the  flow  and,  therefore,  the* hydrofoil  will  be  assumed  to  be  of  zero  thickness. 
The  Roshko  model  (see  previous  sections)  will  be  used  to  approximate  the  wake 
far  downstream.  The  flow  in  the  physical  space  (or  z-plane,  where  z  =  x  +  iy 
with  X  parallel  to  the  free  stream)  is  shown  in  Fig.  2.  Outside  the  wake  the  flow 
is  assumed  to  be  everywhere  irrotational.  Thus,  from  the  complex  potential 

W(z)  =  <p(x,  y)  +  i4>ix,  y), 
the  complex  velocity  w  can  be  derived  as 

w{z)  =  dWJdz  =  u  —  iv  =  qe~**, 

where  q,  6  are  the  magnitude  and  direction  of  the  velocity  field.  Here,  the  velocity 
at  separation  is  normalized  to  9  =  1,  and  remains  at  this  value  along  the  free 
streamlines  until  the  latter  reach  points  D  and  D'  where  0^0.  Downstream  of 
these  two  points,  the  free  streamlines  keep  parallel  to  the  free  stream  on  DE' 
and  D'E'  along  which  q  decreases  from  unity  back  to  the  free  stream  value  U.  In 
order  that  the  cavitation  number  of  the  flow  be  <r  (see  Eq.  (2.1)  for  its  definition) 
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Fig.  2 

with  q  —  1  on  i4D  and  BD',  U  takes  the  value  (1  +  as  can  be  shown  by  ap¬ 
plying  Bernoulli’s  equation 

,  P^hpq"  =  P+  hpU\ 

The  mathematical  problem  can  be  treated  by  finding  the  conformal  trans¬ 
formation  which  maps  the  TT-plane  into  the  u7-plane.  From  this  relation  the 
physical  plane  can  be  deduced  by  an  integration 

z  =  I  dW/w 

We  introduce  to  W  a  transformation  in  f  which  is  given  by 

Vw  =  -b[co8  /S  +  §(f  -f  r‘))  (:i ' ) 


where 


b  =  Hbi  +  hi),  cob/9  *  (hj  -  6i)/(hi  +  In), 
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and  bi  and  bt  are  two  positive  quantities  defined  by  the  potential  at  A  and  B 

^A  =  b\,  W,  =  6^*'’. 

This  transformation  maps  the  entire  flow  in  the  TT^-plane  into  the  interior  of  the 
upper  semi-circle  of  unit  radius  in  the  f-plane.  The  barrier  ACB  corresponds  to 
the  semi-circle  ]  f  j  =  1, 0  ^  arg  ^  r,  and  the  free  streamlines  ADE'  and  BiyE' 
map  on  to  the  two  halves  of  the  diameter  along  the  real  axis.  The  approaching 
streamline  EC  leaves  =  0  perpendicular  to  the  real  axis  and  approaches  C 
along  the  direction  arg  f  =  x  — 

Because  of  the  way  the  nonlinear  boundary  conditions  are  specified  in  the 
z-plane  (that  is,  with  0  described  on  the  barrier  and  q  given  on  the  free  stream¬ 
lines),  we  introduce  the  variable 

ci>  =  t  log  to  =  0  +  t  log  g  s  ^  tV. 

The  flow  in  the  w-plane  is  sketched  in  Fig.  2.  The  jump  in  the  real  component  0 
of  u  at  C,  where  t  =  —  « ,  follows  from  the  fact  that  the  two  branches  of  the 
streamlines  at  the  stagnation  point  C  in  the  z-plane  are  orthogonal.  The  notch 
DED'  in  the  w-plane  results  from  the  assumption  introduced  in  this  model.  At 
E,  03b  =  —ie  where  c  =  i  log  (1  -}-  <r).  This  notch  can  be  removed  by  the 
transformation 

Q  =  -f.  f*,  c  =  i  log  (1  +  <r).  (3.2) 

It  should  be  noted  that  the  present  case  (a  >  0)  differs  from  the  classical  theory 
(<r  *=  0)  only  by  the  last  transformation.  When  a  =  0,  Q  and  —o>  become 
identical  and  the  problem  reduces  to  the  classical  Levi-Civita  problem. 

It  follows  from  the  jump  condition  of  Q(f)  at  f*  =  that  the  analytic 

function  Q(r)  has  a  logarithmic  singularity  at  and  is  regular  elsewhere  within 
the  semi-circle.  Moreover,  we  note  that  Q(f)  is  real  for  real  f,  and  therefore  the 
function  fl(f)  can  be  continued  analytically  over  the  lower  half  of  the  unit  circle 
by  applying  Schwarz’s  principle  of  symmetry.  More  precisely,  since  11(0)  =  0,  we 
may  express  the  function  11(f)  by 

11(f)  =  t  log  ((1  -b  fc"’^)/(l  +  fc^)]  +  E  ^-f*.  (3^) 

IMmI 

The  first  term  on  the  right-hand  side  represents  the  singular  part  of  0(f)  while 
the  series  denotes  the  expansion  of  an  analytic  function,  regular  and  hence  con¬ 
vergent,  in  and  on  the  unit  circle.  The  coefficients.  An  a,  are  real  and  can  be  de¬ 
termined  in  principle  from  the  geometry  of  the  barrier  ACB  (see  Sec.  4).  Near  the 
origin,  we  have 

aw  -  Zr(-l)"+'-8mr^  +  A.]r  .  t,  (If  1  <  1).  (3.4) 

On  the  barrier,  where  f  =  e*’,  0  ^  ij  ^  x,  we  have 

Tiri)  =  Im  0  =  i  log  I  +  cos  (i?  0)  _j_ 

1  cos  (ij  P)  ft-l 


(3.5a) 


244 


T.  YAO-T8U  WU 


\\ 


m 

0(v)  =  RlJl  =  /3o  +  j9-f*  ^  An  cos  nij;  (3^b) 

where  /So  =  0  for  0  ^  i;  <  (t  —  /3)  and  /So  =  —  t  for  (t  —  /3)  <  17  ^  t.  Now 
from  the  definition  of  w  and  the  expression  of  in  terms  of  f,  (3.1),  the  physical 
plane  z(f)  can  be  obtained  by  integrating 

&  =  e‘-  dir  =  ^  exp  1  -.(n*  -  £*)M  (f  +  -1  +  2  coe  /s)  (f  "  y)  f  (3-6) 

which,  in  particular,  reduces  on  the  wetted  wall,  f  =  e*’,  to 

pW—fi 

z  =  2b*  I  e”’®*~**’*(cos  +  cos  j8)  sin  t/  dij.  (3.7) 

The  arc  length  of  the  barrier  along  CA  or  CB  can  be  determined  from 

*  “  f  dij  =  26*  /*  e“’^^’^(cos  ij  +  cos  /S)  sin  r)  dij;  (3.8) 

dfi  j, 

and  the  total  length  of  the  wetted  wall  is  then 

S  =  2b*  f  I  cos  ft  -h  cos  /S  |  sin  ij  drt  (3.9) 

Jo 

where  t  =  Im  «  =  —  Im  (11*  —  e*)*.  The  radius  of  curvature  of  the  barrier  is 
given  by 

ft  =  ^  =  26*e“^^’’  I  cos  jj  +  cos  |8  |  sin  i;  (3.10) 

du  dd 

If  X  denotes  the  drag,  Y,  the  lift,  then  it  can  be  shown  that  the  force  is  given 
by  (e.g.  Ref.  14,  p.  305) 

“  T"  /  ^  (f  +  ^  +  2  cos  |8)  (f  -  I”  (3.11) 

where  the  contour  for  the,  integral  is  1 1*  |  =  1.  Likewise  the  moment  M  of  the 
force  about  the  stagnation  point  C,  positive  in  the  sense  of  nose-down,  is  found 
to  be  (14) 

M  =  f  Ic—'f’  -  ^  dr,  (3.12) 

^  J(MCA)  dr 

the  integration  is  taken  aroimd  the  semi-circle  BCA  in  the  ^-plane.  The  above 
integral  cannot  be  reduced  to  one  on  a  closed  contour,  and,  therefore,  must  be 
evaluated  separately. 

The  above  formulas  are  merely  formal  representations  of  various  physical 
1  quantities.  The  magnification  factor  6  for  the  physical  plane  may  be  eliminated 

from  Eqs.  (3.8)-(3.10).  If  the  boundary  value  iZ(s)  is  applied  to  these  two  re- 
I  suiting  equations,  an  identity  containing  all  the  coefficients  dl,,  in  the  parameter 
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of  ti  can  be  obtained.  From  this  identity  the  coefficients  A,  can,  at  least  in  princi¬ 
ple,  be  determined.  The  factor  b  can  then  be  expressed  by  (3.9)  in  terms  of  the 
wall  length  S,  and  in  turn,  X,  Y,  M  can  be  calculated  from  Eqs.  (3.11),  (3.12). 
In  practice,  however,  to  determine  the  coefficients  An  from  the  identity  would 
necessitate  some  expansion  of  the  fimctions  of  n  involved  in  the  identity  into 
series.  This  procedure  leads  to  infinitely  many  transcendental  equations  in 
infinitely  many  unknowns.  In  order  to  obtain  the  general  result  in  explicit  form 
with  sufficient  accuracy,  the  analysis  is  carried  out  by  replacing  the  expansion 
in  Eq.  (3.3)  by  the  three  leading  terms  only,  that  is, 

n(f)  =  i  log  [(1  +  fe-'^)/(l  +  fe*^)]  -b  ilif  +  +  A^^\  (3.13) 

If  two  particular  points  are  suitably  chosen  on  the  arc  ACB  at  which  the  bound¬ 
ary'  values  of  R  and  $  are  applied,  we  get  four  transcendental  equations  from 
which  the  four  unknowns,  /3,  Ai,  At,  and  At  can  be  determined,  expressible  in 
terms  of  the  cavitation  number  a,  the  attack  angle  a,  and  the  profile  shape.  The 
rest  of  the  physical  quantities  can  then  be  calculated  as  shown  below. 

a.  Lift  and  Drag.  In  the  integral  representing  the  force,  given  by  Eq.  (3.11), 
the  integrand  has  inside  the  contour  ]  f  |  =  1  only  one  pole  at  f  =  0,  but  has,  in 
addition,  two  branch  points  at  Q  =  :i:e.  Besides,  the  function  Q({')  in  the  inte¬ 
grand  has  on  the  contour  a  logarithmic  singularity  at  C  and  its  conjugate  point 
in  the  f-plane.  Thus,  if  a  branch  cut  is  introduced  from  D  to  D'  along  the  real 
axis  in  both  the  and  Q-planes  and  two  other  branch  cuts  from  C  to  its  conju¬ 
gate  point  outside  of  the  unit  circle  in  f -plane  (see  Fig.  2),  the  integrand  is  then 
one  valued  inside  and  on  the  contour  in  the  cut  plane.  In  practical  applications, 
the  values  of  the  cavitation  number  <r  usually  fall  in  the  range  0  <  <r  <  1,  cor¬ 
responding  to  0  <  £*  <  0.123j  which  can  therefore  be  considered  small.  More- 
*  over,  the  modulus  |  Q  |  is  always  greater  than  e  on  the  contour.  Therefore,  the 
exponential  function  in  Eq.  (3.11)  can  be  expanded  in  terms  of  the  small  quan¬ 
tity  e*, 

exp  { -  £*)*}  =  exp|-tQ  ^  0(£*)|  =  e"®  (l  ^  Oie*)^ .  (3.14) 

It  can  be  verified  that  the  term  of  0(f*)  has  indeed  negligible  value  and  thus  may 
be  omitted.  Upon  substitution  of  Eqs.  (3.13),  (3.14)  into  (3.11),  the  resulting 
integral  is  of  the  form  to  which  the  theorem  of  residues  can  readily  be  applied. 
From  the  residue  of  the  integrand  at  ^  =  0,  one  obtains  the  following  result: 

X  =  rp6*  ^1  +  0  (sin  /3  -H  A,/2)’,  (3.15) 

y  =  Tp6*(l  -H  c*/4)  |(sin  jS  cos  /3  -|-  ili  cos  j8  -|-  i4i/2) 

-H  I*  cos  /3  (sin  13  -h  [(sin  0  -f-  (3.16) 

-H  sin  /3  (sin  i  "^*)]}  ‘ 
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In  Eq.  (3.16)  the  quadratic  terms  in  At  and  At  are  omitted  because  their  contri¬ 
bution  is  negligible.  It  should  be  remarked  here  that  Eq.  (3.16)  is  valid  when  the 
denominator,  (sin  /3  +  Ai/2),  of  the  last  term  is  greater  than  zero,  implying 
further  that  the  drag  X  is  always  positive  definite.  For,  if  this  quantity  vanishes, 
then  the  expansion  of  Q(()  near  f  0  (see  Eq.  (3.4))  starts  with  and  hence  the 
mapping  fails  to  be  conformal  at  =  0,  indicating  that  the  flow  configuration  is 
basically  different  from  what  is  being  considered.  If  this  quantity  becomes  nega¬ 
tive,  then  the  function  O(^)  changes  its  branch,  implying  physically  that  the 
cavity  shifts  sides  on  the  barrier  so  that  different  boundary  conditons  should  be 
used.  With  the  modified  boundary  conditions,  the  present  formulation,  however, 
would  remain  valid. 

The  factor  b*  in  the  above  equation  can  be  expressed  in  terms  of  the  arc  length 
S  of  the  barrier.  To  evaluate  the  integral  representing  S  in  (3.9),  we  first  expand 
®xp  (— r)  in  a  way  similar  to  that  in  (3.14), 

=  «p  (Im  (0*  -  t’)*)  -  [l  +  ^ +  0(c‘)]  (3.17) 

where  Q(c*’)  =  0(n)  +  tT(ij),  and  0,  T  are  given  in  Eq.  (3.5)  with  ^4  =  ^5  = 

•  •  ’  =0.  Substituting  Eq.  (3.17)  into  (3.9),  we  obtain 

S  =  2b*  ^1  +  ^  ^  1^1  +  23-4,  sin  nijJ  [1  +  cos  (ij  —  /3)]  sin  ij  dri 

in  which  the  higher  order  terms  of  An  are  neglected.  The  function  T/{Q*  -f  T*) 
is  positive  and,  as  can  be  shown,  is  bounded  above  by  a  constant  of  order  unity, 
which  depends  on  the  value  of  0  at  £  but  is  independent  of  e.  Hence  the  con¬ 
tribution  from  the  term  of  0(e*)  is  very  small  relative  to  the  first  order  term.  * 
Carrying  out  the  integration,  we  finally  obtain  * 

S6”*  s  J  «  4  +  T sin  /3  +  Ai  +  I  sin  ^  Aj  cos  /3  —  i4|  sin  /3.  (3.18) 

For  a  flat  plate  set  at  an  angle  a,  moving  at  the  idealized  limiting  condition 
=  0  (c  =  0),  the  coefficients  A’s  all  vanish,  as  required  by  the  condition  of 
conformal  mapping,  and  /3  =  a  (see  Eq.  (3.5b)),  then  Eqs.  (3.15),  (3.16)  and 
(3.18)  reduce  to  the  classical  result  for  an  oblique  lamina  (see  Ref.  15,  p.  102). 

b.  Moment  of  Force;  Stagnation  Point;  Center  of  Preeeure.  Applying  a  similar 
approximation,  as  described  in  Eq.  (3.17),  to  Eqs.  (3.12)  and  (3.7),  and  further 
neglecting  At ,  we  obtain  ' 


M  =  26*p  R1  exp  {t’CS  +  Ai  cos  +  A*  cos  2if) } 

•  (sin  /3  -h  (Ai  +  2Ai  cos  ij)(l  +  cos  /3  cos  i?)](sin*  rOziii)  dt) 

where 

z(if)  =  2b*e~'^  f  [1  —  tAic”  —  tAtc*‘’l[l  +  cos  (i>  —  j8)]  sin  dij. 
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We  then  substitute  the  integral  for  2(1;)  into  the  former  expression,  decompose  ac¬ 
cordingly  the  interval  into  two  parts:  0  ^  ^  t  —  /3  and  r  —  ^  1  ^ 

and  then  interchange  the  order  of  integration  so  that  the  limits  of  integration 
further  simplify  the  involved  manipulation.  After  some  tedious  integrations, 
which  are  otherwise  straightforward,  we  finally  obtain 

M/(2rfib*)  *  X  =  Cijcos  -1-  sin*  /3  -f  Ai  ^^sin  jS  -1-  |sm*  /3  -  j 

(3.19) 

-h  Cl  M  -h  A,  -f  ^  cos  /sj  ^1  -H  sin  pj 

+  ^^co,0(i+Ia). 

where  6*  is  given  by  Eq.  (3.18)  and 

C|  =  sin  jS  -1-  Aj  ^  cos  Ci  =  i(^i  cos  /3  -1-  2Ai). 

If  a  profile  symmetrical  with  respect  to  the  central  chord  is  set  with  its  chord 
normal  to  the  free  stream,  then  ^  =  t/2  due  to  S3anmetry  (see  Fig.  2).  Further¬ 
more,  Ai  should  vanish  because  in  this  case  Q(j')  is  necessarily  an  odd  fimction  of 
I*  (see  Eq.  (3.13)).  It  then  follows  from  Eq.  (3.19)  that  the  moment  M  about  the 
stagnation  point,  which  is  now  at  the  central  chord,  vanishes  as  it  should  be  ex- 
*  pected. 

^  Because  of  the  indefinite  location  of  the  stagnation  point,  the  moment  of 
force  is  usually  calculated  or  measured  referring  to  a  fixed  point.  Hence,  we  derive 
here  the  moment  Mo  about  the  leading  edge.  This  further  requires  the  calculation 
of  the  position  of  stagnation  point.  Denote  the  distance  along  the  wall  from  the 
stagnation  point  to  the  leading  edge  by  So ;  then  So  can  be  calculated  from  Eq. 
(3.8)  by  letting  the  lower  limit  1;  =  t.  Proceeding  in  a  manner  similar  to  that 
described  for  the  equation  previous  to  (3.18),  we  obtain 

f  ^ 

So^  2b*  J  (1  -H  A 1  sin  0  —  A*  sin  2d  -b  A|  sin  3d)[l  —  cos  (6  ■+■  fi)]  sin  d  dd 
which  finally  leads  to 

Sob~*  ss  Jo  =  2(1  —  cos  /3)  -h  sin  /3(/5  —  sin  2/S) 

-f  Ai(j8  -H  I  sin  |8  —  I  sin  2/3  -1-  i  sin  4/3) 

-f  A|(i/3  cos  /3  —  i  sin  /3  -h  i  sin*  /3  —  2  sin*  fi) 

+  ^At  sin  /3(co8  /3(2  +  sin*  /3  -{-  24  sin*  /3)  —  2].  (3.20) 

The  factor  b*  can  be  eliminated  by  using  Eq.  (3.18)  to  give 

M  a  So/S  =  Jo/J. 


(3.21) 
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Again,  for  a  symmetric  profile  normal  to  the  free  stream,  /3  »  ir/2,  and  At  =  0, 
it  can  be  verified  from  Eqs.  (3.18)  and  (3.20)  that  m  =  !•  I^or  small  values  of 
0  (corresponding  to  small  a,  as  can  be  seen  from  Eq.  (3.5b),  Eq.  (3.21)  reduces  to 

M  =  +  003*)  (3.22) 

which  shows  that  the  stagnation  point  is  extremely  close  to  the  leading  edge  for 
small  angles  of  attack. 

Knowing  the  position  of  the  stagnation  point,  the  moment  Mo  about  the  lead¬ 
ing  edge  then  becomes,  for  profiles  of  small  camber. 

Mo  =  M  {Y  cos  a  X  sin  a)<So  (3.23) 

Having  obtained  Mo ,  we  can  determine  the  location  of  the  center  of  pressure, 
measured  from  the  leading  edge,  to  be  approximately  at 

Si  =  Mo/{Y  cos  a  X  sin  a),  (3.24) 

or,  in  percentage  of  the  chord, 

„  =  Si/S  =  /i  +  {M/S){Y  cos  a  -I-  X  sin  a)"‘.  (3.25) 

Now,  consider  again  a  symmetric  profile  normal  to  the  free  stream,  a  —  0  = 
xf2.  We  have  shown  before  that  m  =  I  and  M  =  0,  hence  v  =  i.  For  small 
values  of  a  03  is  also  small  as  previously  explained),  Eq.  (3.22)  states  that  /i  is 
very  small;  Eq.  (3.16)  reduces  to  F  ^  xfJb'{0  -}-  Ai  -f  Aj/2);  Eq.  (3.18)  gives 
S  ^  46*;  and  M  ^  +  Ai  +  A,/2)  +  i(^i  +  2A,)]  from  Eq.  (3.19). 

Thus,  for  small  o  and  <r,  we  have  approximately 

+  i(A,  -f  2At)/i0  +  Ai  +  At/2)  +  0(0).  (3.26) 

Hence  the  center  of  pressure  ranges  from  A  to  i  of  the  chord. 

c.  Some  Basic  Features  of  the  Free  Streamlines.  In  this  section  the  shape  of  the 
free  streamlines  AD,  BD'  and  the  location  of  the  points  D  and  D'  will  now  be 
calculated.  First,  we  show  that  the  assumed  curvature  form  of  the  free  stream¬ 
lines,  namely,  concave  towards  the  cavity,  imposes  certain  conditions  on  the 
coefficients  Ai ,  At  and  At .  Denote  the  distance  along  the  streamline  =  0  by 
s,  positive  when  away  from  the  point  C.  On  AD,  f  =  —  {  with  1  ^  ^  where 

— is  the  value  of  f  at  Di  while  on  BD',  f  =  {  with  1  ^  ^  where  =  f  d<  . 

Then  the  radius  of  curvature  R  =  —ds/dO  on  AD  and  R  =  ds/d6  on  BD' 
should  both  be  positive.  We  shall  first  consider  R  on  AD.  From  the  definition  of 
n  =  0  -|-  tT  and  z(f)  (see  Eqs.  (3.2),  (3.6)),  u  and  Q  are  both  real  on  AD,  and 
hence 

ds  _  \dz  \  di  do  _  d\dz\  /do 

“  ~  de~  ,  ~WdQdB  “  e  d^  /  d^ 

=  ^  I-  r* _ (1  -  {*)(!  -  2^  cos  0  +  ^)* _ 

2\  0/*  2sin/3 -t- (1  -  2{cos/3  +  e*)(Ai  -  2A,{ -H  3Ai{»)' 

From  this  equation  it  follows  that  the  condition  R(^)  ^  0  for  f  ^  1  requires 

2  sin  /3  -I-  (1  -  2{  cos  /3  -f  {*)(Ai  -  2A,{  +  3A,{*)  >  0.  (3.27) 
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Consequently  R(^)  increases  from  R(l)  =  0  as  ^  decreases  from  1.  A  similar 
requirement  for  positive  R  on  BD'  is,  for  (2  ^  |  ^  1, 

2  sin  ^  +  (1  +  cos  +  f*)(Ai  +  2A,i  +  3A^)  >  0.  (3.28) 


It  will  be  only  stated  here  that  these  two  subsidiary  conditions  are  in  general 
satisfied  owing  to  the  facts  that  the  coefiicient  of  the  first  term  in  Eq.  (3.4)  is 
positive  and  that  An’s  decrease  rapidly  with  respect  to  .  However,  no  further 
elaboration  will  be  made  here  on  these  points. 

A  parametric  representation  x({),  y(f)  of  the  free  streamline  AD  can  be  ob¬ 
tained  by  integrating  Eq.  (3.6)  along  f  {  from  {»=lto{^fi.C)n  AD, 
T  =  Im  w  =  0,  and  hence,  referring  to  the  point  A,  we  have 

X  -  ^  -  2{  cos  /3  -b  {*)(!-{*)  cos  0  d^,  (3.29) 

y  -  ^  ^ r*(i  -  2^ cos /s  +  t){x  -f)^edi.  (3.30) 

In  the  above  equations  cos  6  and  sin  $  are  complicated  functions  of 

e  =  -(0*  -  £*)*,  (3.31) 

e  =  -2  tan-*  ■  ^  ^  -  -  A.f  -H  (3.32) 

1  —  f  cos  /3 

To  simplify  the  calculation,  we  approximate  Eq.  (3.31)  hy  d  =  —  (0  -|-  f) 
on  AD,  which  should  be  good  for  d  both  small  and  large.  Then  we  obtain  the  fol¬ 
lowing  approximate  formulas 

*  cos  =  (1  —  2{  cos  /3  -F  ^  cos  20)/ (1  —  2^  cos  /3  +  {*) , 

^  _  2{(1  —  {  cos  /3)  sin  /3  +  (Ai{  —  A^f  —  e)(l  —  2{  cos  /3  -|-  (*  coe20) 

1  —  2  f  cos  ^ 


Substituting  these  values  into  Eqs.  (3.29),  (3.30)  and  carrying  out  the  integra¬ 
tions,  we  finally  obtain 

2J(x  -  Xa)/S  ^  id  -  {*)({-*  -  cos  20) 

—  2  cos  0(1  —  t)V*  +  2  sin*  log 

^(y  —  yA)/S  “  (2  sin  /3  -I-  A,  -H  2c  cos  /3)(1  —  {)*/{ 

'1-^ 


(3.33) 


-H  (sin  20  -1-  2Ai  cos  /3  +  A*  -1-  c  cos  2/3) 

Dog  {  +  id  -  f)] 

+  i(A,  cos  2/3  -b  2A,  cos  0)(l  -  i)*(2  -|-  {) 


(3.34) 


-  iA,(l  -  {*)*c08  2/3 
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To  find  the  location  of  D,  (xd  ,  yo),  we  fiirst  determine  the  value  corresponding 
to  n  =  —e.  Then,  by  letting  0  *  —e  and  f  =  — in  Eq.  (3.4),  we  obtain 

Using  this  value  of  ,  one  can  easily  derive  from  Eqs.  (3.33),  (3.34)  that 

I.  a  1 1 J  +  0  (i)}  -  I  11  +  OWI,  (3  35) 

as  1 +  0(logc)|  -  ?  [J  ^  Jog  ,)]  (33J) 

The  above  value  of  Xd  and  j/j>  may  be  regarded  respectively  as  the  half-length 
and  half-width  of  the  cavity.  Thus  we  see  that  for  <r  small  the  cavity  length  is 
proportional  to  <t“*,  while  the  cavity  width,  proportional  to  <r“*.  It  may  also  be 
seen  that  the  free  streamline  near  D  lies  close  to  a  parabola 

y'/x  —  a\S/J  =  b\2  sin  j8  -f-  Ai)*  s  C,  say. 

Then  a  comparison  with  Eq.  (3.15)  shows  that  the  drag  X  can  be  expressed  by 

X  ^  Tp6*(8in  j9  +  Ai/2)*  =  tpC/4 

which  is  the  general  formula  of  Levi-Civita  (16). 

Now,  in  order  to  determine  these  unknown  coefficients  Ai,  At,  Aj  and  ^ 
and  thus  to  exhibit  explicitly  the  effects  of  cavitation  number  <r,  the  attack  angle 
a  and  the  profile  geometry,  two  specific  examples,  the  circular  arc  and  the  flat 
plate,  will  be  worked  out  below. 

IV.  Cavitating  Hydrofoils  with  Circular  Arc  and  Flat  Plate  Profile.  Let  us 
first  consider  the  hydrofoil  having  the  circular  arc  profile,  with  radius  R  and 
arc  angle  2fy  (see  Fig.  3).  The  flat  plate  is  just  a  special  case  with  7  — ►  0  (f?  —*■  « ). 


Fio.  3.  The  circular  arc  profile 
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We  shall  here  restrict  ourselves  to  small  values  of  7,  say,  7  <  ir/4.  The  arc 
length  S  and  the  length  I  of  the  chord  AB  are  Uien 

5  =  27/e;  e  =  2/e  sin  7  =  2yR{l  -  7V6).  (4.1) 

Now  we  choose  the  end  points  A  and  B  to  which  the  following  boundary  condi¬ 
tions  are  applied ; 


(i)  =  »  —  a  +  7.  (ii)  9b  =  —a  —  7, 

(iii),  (iv)  radius  of  curvature  at  A  and  B  =  R  =  S/2y. 


(4.2) 


These  four  conditions  enable  us  to  determine  Ai,  At,  Ai  and  jS  which  in  turn 
can  be  used  to  check  the  radius  of  curvature  at  other  points  on  the  boundary.  Ap¬ 
plying  (i)  and  (ii)  to  the  definition  of  6  (see  Eqs.  (3.2),  (3.5)),  we  obtain 

9*  =  (®i  4*  f*)*  =  l(a  +  7)*  4"  ^^*1*  =  4"  Aj  -f  A* , 

Qa  =  —  (®i  4-  r*)*  =  — ir  4-  a  —  7  —  i^'/^A  =  — »  -j-  —  Ai  -|-  A*  —  A| . 

In  the  second  equation  the  value  with  §  power  is  expanded  for  Oa  is  always  much 
greater  than  c,  but  in  the  first  equation  no  expansion  is  made  because  the  ratio 
e/Ba  may  not  be  small.  Adding  and  subtracting  these  two  equations,  we  have 

.4i  4-  A»  =  7  4-  i  {l(a  +  7)*  +  e*l*  —  (a  +  7))  4- 1  (t  —  a  -f  7)“*  (4.3) 

/3  4-  A j  =  a  -b  i  { l(“  4-  7)*  4-  £*]*  —  (a  +  7) )  —  I  (*•  —  «  4-  7)"*-  (4.4) 


In  applying  the  conditions  (iii);  (iv),  we  first  note  that  at  B,  t  =  0  and 

dB  {el  4-  £*)*  de  {el  +  e*)* 


dll 


Bb  dri 


Bb 


(Ai  -f  4Aj  4-  9A|)  sin  i>,  as  ij  — ►  0. 


Hence,  from  Eq.  (3.10) 


Bb{1  4-  cos  iS) 

“  (oi+^y 


(Ai  4"  4Aj  4"  9A|)  * 


26*  *  25  "  47'  ’ 


or, 

Ai  4-  4A,  -b  9A,  =  {Ar/j){a  -b  7)l(a  +  7)*  +  fT*(l  4-  cos  /3).  (4.5) 


Similarly,  application  of  the  boundary  condition  (iv)  at  A  yields 

Ai  -  4A,  4-  9A,  =  {4y/J){l  -  cos  /3)[1  -b  0(c*)].  (4.6) 

In  Eqs.  (4.5)  and  (4.6),  J,  as  defined  by  Eq.  (3.18),  also  contains  Ai ,  At,  A| 
and  /3.  Thus  Eqs.  (4.3)-(4.6)  ti^ther  with  (3.18)  represent  five  transcendental 
equations  for  five  unknowns  Ai ,  As ,  Ai ,  /J  and  J.  The  solution,  however,  can 
easily  be  approximated  with  good  accuracy  by  using  an  iteration  procedure.  For 
the  present  purpose,  the  following  approximation  is  sufficient 
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I 

] 

I 


II 


: 


f 


/3  =  a  +  f  5  — 


4(t  —  a  4-  y) 
T—  I  — 

in  a  ^(a 


4  4-  »■  sin 
«  =  ((a  4-  7)*  4-  e*l*  -  (a  4-  7) ; 


«  4-  7  » a  •  *  a 

4-  7)*  4-  e*]‘  2  2 


4,  =  7<1  4- 


At 


K  sm 


8(4  4-  *■  sin 


sin  a)/  16  \ 


1  4- 


7(1  4"  COB  o) 
9((a  4-  7)*  4-  e*l‘ 
9f» 


4  4-  ir(Ai  4-  sin 


A,  =  ^(7  AO  ^ 


_/ _ eL± 

l((«  +  7)* 

1 _ ( 

«-  sin  a)  ( 


^  32(t  -  a  4-  7)  ’ 

\  COB*  ^  —  sin*  ^ 

4-  f*]‘  2  2 


X  sin  /3  4- 


25(1  4-  cos  a) 


(4.7a) 


(4.7b) 


(4.8) 


(4.9) 


(4.10) 


,  2x/ 

"’-TV 

-t( 


14-^4- 


4-? 


_  08  <3  r/ . 

4  (sin  /3  4-  .4i/2)*  L\ 


sin  /3  4- 


1  4-  4- 


8in/3co8/34-AiC08/34- 


sin  /3  4- 


4-  sin  /3  ^sin  /3  4- 


Cv,  =  ^  ^1  4-  <r  4-  /c  4-  ftiCi.  cos  a  4-  Co  sin  o) 


4- jA,4- A, 
4 


)]}^ 


(4.12) 


(4.13) 


(4.14) 


[(«  4-  7)*  4-  f*]V 

whereas  J  is  still  given  by  (3.18).  The  above  result  shows  that  03  —  a),  Ai ,  A* 
and  Aa  are  all  of  0(7,  e*)  for  all  a;  and  in  particular,  (fi  —  a),  At  and  Aa  reduce  to 
0(yc*,  e*)  for  a  close  to  r/2.  Moreover,  the  fact  that  Aa  is  much  smaller  than  Ai 
indicates  a  good  accuracy  of  the  expansion  given  by  Eq.  (3.13).  If  the  above 
quantities  are  used  to  check  the  curvature  and  slope  of  the  solid  boundar>'  at 
some  other  points,  say  at  f  =  e'"*,  one  can  easily  find  that  the  agreement  is 
within  a  factor  at  most  of  0(7,  c*).  It  should  also  be  remarked  here  that  if  more 
terms  were  taken  in  the  expansion  (3.13),  then  the  first  three  coefficients  Ai , 
A} ,  At  would  differ  slightly  from  the  above  value  (4.8-4.10).  However,  it  can  be' 
verified  that  the  “improvement”  of  the  solution  by  taking  terms  more  than^ 
three  is  actually  unappreciable. 

Now  we  define  the  conventional  drag  coefficient,  lift  coefficient  and  moment 
coefficient  (about  the  leading  edge)  as  follows; 

X  =  ipC*fCi, ;  Y  =  ipU*lCi, ;  Mo  =  .  (4.11) 

Then,  for  y  not  too  large  (<x/4),  we  compile  some  of  the  previous  results  and 
note  that  t7  =  (1  4-  <r)~*,  we  finally  obtain: 
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where  /3,  Ai,  A2,  Az  are  given  by  Eqs.  (4.7)-(4.10);  J  is  given  by  (3.18);  K,  by 
(3.19);  M,  by  (3.20),  (3.21)  and  e  =  i  log  (1  +  «r). 

The  results  for  the  flat  plate  hydrofoil  can  be  deduced  from  the  above  expres¬ 
sions  by  putting  7  =  0.  For  the  circular  arc  hydrofoil  with  its  convex  side  toward 
the  approaching  stream  at  positive  a  (see  Fig.  4a),  the  above  formulas  still  hold 
if  y  assumes  a  negative  value.  For  flow  configurations  with  positive  y  but  nega¬ 
tive  a  (see  Fig.  4b),  the  results  are  that  Cj>  stays  the  same,  but  Ct.  and  Cm  have 
oppositive  signs  as  those  of  flow  case  (4a). 

There  are  however,  several  points  of  complication  at  which  the  above  results 
may  become  invalid,  and  thus  should  be  applied  with  great  care.  First,  there  in 
general  exists  a  certain  small  a,  say,  a, ,  positive  or  negative,  at  which  the  free 
streamline  AD  given  by  Eqs.  (3.33),  (3.34)  would  cut  into  the  solid  boimdary. 
It  could  be  conjectured  that  a  partial  cavitation,  that  is,  with  the  rear  end  of 
the  cavity  reattached  to  the  boundary,  probably  is  established  for  a  around  Op . 
The  present  theory  certainly  does  not  cover  partially  cavitating  flows.  Second 
*  there  is  another  critical  value  of  a,  say,  Oeiy,  a)  at  which  |8  =  0,  implying  that 
the  stagnation  point  is  then  at  the  leading  edge.  Hence  the  cavity  will  shift  side 
on  the  boundary  for  a  <  Oc.  The  value  of  a,  is  in  general  less  than  ap .  Third,  in 
flow  configurations  shown  in  Fig.  4,  the  streamline  will  be  in  a  more  critical 
position  at  B  than  at  ^4.  In  other  words,  the  flow  is  more  likely  to  separate  in 
front  of  B  for  small  enough  a;  and  thus  a  rear  part  of  the  boimdary  will  be  inside 
the  full  cavity.  This  critical  condition  will  take  place  when  either  the  slope  or  the 
radius  of  curvature  of  streamline  Biy  at  B  is  numerically  greater  than  that  of  the 
solid  boundary  at  B,  These  points  will  be  touched  upon  in  the  following  explicit 
calculations,  though  the  clarification  of  these  points  requires  further  study. 

a.  Inclined  Flat  Plate.  For  an  inclined  flat  plate,  7  =  0,  and  hence  Eqs.  (4.7)- 
(4.10)  reduce  to 


=  a  +  M(«*  +  c*)*  -  «1  -  icV(»  —  a). 
=  tVI(«*  +  e')*  -  a]  +  AcV(t  -  a),  Az  =  0,  A, 
and 


J  =  4  -|-  T  sin  d  -1-  At(r  2.72  sin  /3). 


(4.15) 
-Mx  (4.16) 

(4.17) 
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The  expressions  for  Cl  and  Cd  then  can  be  simplified  to; 


1  +  <T  + 


1  +  <r  + 


COS  /3  ^(sin  /*  +  ^0  +  I2 


8  sin  j8(sin  /3  +  AO*  +  Ai(Ai  —  sin  /S)*l 
(sin  P  +  Ai/2)*  J  ' 

In  the  idealized  case  of  <r  =  0  (hence  c  =  0),  /S  =  a  and  Ai ,  Aj ,  A*  all  vanish, 
the  above  result  then  reduces  to  Rayleigh’s  theory  of  the  oblique  lamina  (e.g. 
ref.  15,  p.  102): 

Co  =  ,  °  ;  Cl ‘‘Co  cot  a.  (4.20) 

4  +  T  sm  a 


When  a  =  rl2  but  v  >  0,  Elqs.  (4.17)-(4.19)  become 

which  agree,  up  to  the  term  in  a,  with  the  known  results  (see  also  Eq.  (2.2)). 

For  general  values  of  a  and  <r,  one  more  physical  requirement,  however, 
should  be  pointed  out.  For  a  fully  cavitating  flow  past  the  oblique  flat  plate,  the 
local  pressure  is  everywhere  normal  to  the  plate  and,  besides,  there  is  no  singular 
force  at  leading  edge  as  in  the  noncavitating  case.  Consequently  Cl  and  Co  should 
satisfy  the  condition 

CoICl  “  tan  a  for  all  a  and  a.  (4.22) 

In  the  special  cases  (i)  cr  =  0,  (ii)  a  close  to  r/2  and  7  >  0,  the  above  condition 
is  obviously  satisfied  (see  Eqs.  (4.20),  (4.21)).  However,  in  the  general  case,  it  is 
rather  difficult  to  derive  this  relation  from  Eqs.  (4.18),  (4.19),  because  of  the 
complicated  manner  in  which  the  dependence  on  a  and  c  appears.  Under  this 
circumstance,  the  condition  (4.22)  can  only  be  used  as  a  check  in  numerical  com¬ 
putation  to  assure  the  correctness  of  this  theory. 

Another  approximate  formula  for  Cl  ,  when  a  is  small  but  <r  is  left  arbitrary, 
has  been  given  by  Betz.  The  main  idea  is  first  to  linearize  the  Rayleigh’s  formula 
(4.20)  to  obtain  xa/2  and  then  by  adding  to  this  quantity  the  pressure  coefficient 
on  the  upper  suction  side,  namely,  a,  to  obtain 

Cl  =  ira  +  cr.  (4.23) 

This  approximation  appears,  in  general,  too  rough. 

On  the  other  hand,  as  9  increases  the  cavity  dimension  diminishes  (see  Eqs. 
(337),  (3.38));  in  some  cases  it  is  observed  experimentally  that  the  cavity  col¬ 
lapses  completely  for  <r  approximately  greater  than  1.5.  In  the  latter  flow  condi¬ 
tion  Cl  and  Co  then  resume  their  noncavitating  (aerodynamic)  values: 

Cl  =  2t  sin  a,  Co  =  (2  cos  a)C/  (4.24) 

where  C/  is  the  mean  friction  coefficient  on  one  side  of  the  plate. 
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a,  ATTACK  ANCLE  IN  DEGREES 

Fio.  5.  The  dependence  of  Cl  on  a 

The  value  of  Cl  given  by  (4.19)  is  plotted  against  a  for  different  values  of  a 
in  Figs.  5  and  6.  The  aerodynamic  value  of  Cl  given  by  (4.24)  is  also  shown  for 
comparison.  For  a  given  value  of  v,  there  is  a  certain  small  a,  say,  a,  at  which 
the  cavitating  value  of  Cl  becomes  equal  to  the  aerodynamic  value  if  the  fully 
cavitating  model  is  assumed  still  possible  (e.g.  op  —  4.5**  for  cr  =  0.4).  A  further 
extrapolation  (dotted  lines)  of  Eq.  (4.19),  without  justification,  to  smaller  a 
would  yield  an  implausible  result  that  the  cavitating  value  of  Cl  would  be  greater 
than  its  corresponding  aerodynamic  value.  As  a  ph}rsical  conjecture,  this  result 
is  unacceptable.  Instead,  we  expect  that  near  a  =  a,  partially  cavitating  flow 
takes  place,  a  transitional  stage  between  the  fully  cavitating  and  fully  wetted 
conditions.  This  argument  is  supported  by  experimental  evidence,  as  shown  by 
the  double-dotted  lines  in  Figs.  5  and  6.  Thus,  the  aerodynamic  value  of  Cl  for 
a  fully  wetted  hydrofoil  is  actually  the  asymptote  to  which  the  cavitating  Cl  at 
every  a  approaches  from  below  as  a  decreases  from  a, . 

The  value  of  Cd  given  by  Eq.  (4.18)  is  similarly  plotted  in  Figs.  7  and  8.  In 
the  cavitating  range  of  practical  interest,  the  Reynolds  number  of  the  flow  is  in 
general  very  large,  say,  of  the  order  5  X  10*  or  greater.  Then  the  frictional  drag 
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coefficient  C/,  as  can  be  estimated  by  using  the  Prandtl-Schlichting  formula  * 
(e.g.  ref.  17,  p.  33),  is  of  the  order  0.005  which  is  much  smaller  than  the  cavity 
Cd  for  almost  all  a  and  a  and  can  thus  be  neglected. 

I  A  series  of  experiments  (18)  was  carried  out  in  the  Hydrodynamics  Laboratory, 

California  Institute  of  Technology,  at  about  the  same  time  the  present  theoretical 
result  was  obtained.  In  order  to  compare  the  theory  with  the  experiments,  Cl 
and  Cd  are  further  cross-plotted  against  <r  in  Figs.  9  and  10  in  which  the  experi¬ 
mental  data  are  also  shown.*  The  agreement  is  very  good.  As  a  further  check, 
the  value  ClICd  is  plotted  against  a  for  several  a  and  is  compared  with  cot  a  in 
Fig.  11.  The  deviation  is  less  than  a  few  percent,  impljring  the  accuracy  of  the 
present  theory. 

Some  of  the  salient  points  of  the  previous  results  may  be  summarized  here. 

(i)  The  results  plotted  in  Figs.  9  and  10  show  that  for  a  large,  say,  greater 
than  45°,  the  values  of  Cl  and  Cd  approach  respectively  the  asjrmptotes 

Ci(<r,  a)  =  (1  +  <r)Ct(0,  a),  C^Ccr,  a)  =  (1  -P  (r)Ci,(0,  a),  (4.25) 

*  In  these  experimental  data,  the  correction  due  to  tunnel-wall  effect  was  not  taken  into 
account.  However,  the  cavitation  number  v  was  computed  based  on  the  measured  cavity 
pressure  which  presumably  absorbs  a  part  of  the  wall-effect  correction.  For  the  detailed 
description,  refer  to  Ref.  (18). 

I 

i 

I  ^ 


10 
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Fiq.  11.  Values  of  Cl/Cd  for  the  flat  plate 


which  are  shown  as  dotted  lines.  For  a  small,  they  deviate  appreciably  from  these 
*  asymptotes;  the  deviation  is  much  more  marked  for  Ct  since  here  the  deviation 
of  Cd  is  magnified  by  a  factor  cot  a.  For  instance,  the  slope  dCJda  becomes 
greater  than  unity  for  a  <  15“  and  a  >  0.2. 

(ii)  It  is  to  be  noted  from  Figs.  5  and  6  that,  after  the  hydrofoil  at  small  a 
is  fully  cavitated,  dCJda  dect^ases  to  values  much  smaller  than  that  of  fully 
wetted  case,  which  is  approximately  equal  to  2t.  This  means  that  fully  cavitating 
hydrofoils  are  quite  insensitive  to  variations  of  attack  angle  a.  However,  the 
drag  coefficient  is  relatively  more  sensitive  due  to  the  relation  (4.22).  Differentiat¬ 
ing  Eq.  (4.22)  with  respect  to  a,  we  have 


1  dCn 
Cd  da 


1  aOi  ,  o 

■pr  +  2  CSC  2o 
(/£,  dot 


(4.26) 


Thus,  the  percentagewise  change  of  Cd  is  always  greater  than  that  of  Cl  . 

The  location  of  the  stagnation  point,  n  =  /So/<S,  as  given  by  Eqs.  (3.18)  and 
(3.20),  is  plotted  in  Fig.  12  for  this  oblique  flat  plate  by  using  the  quantities 
given  in  Eqs.  (4.15)-(4.17).  It  is  of  interest  to  note  that  <r  has  really  negligible 
effect  on  p.  With  the  aid  of  Figs.  9, 10  and  12,  the  moment  coefficient  Cjr,  about 
the  leading  edge  of  the  flat  plate  (see  Eq.  (4.14)  with  y  0)  is  further  computed 
and  plotted  against  a  in  Fig.  13.  The  theoretical  value  of  Cjr,  is  also  in  fair  agree- 
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2(K) 


Fio.  12.  Location  of  stagnation  point  and  center  of  pressure  (flat  plate) 


ment  with  the  experimental  data  (18).  From  these  results  the  location  of  the 
center  of  pressure 

V  =  CmJiCt.  cos  a  4*  Cn  sin  a)  (4.27) 

can  be  easily  deduced.  The  result  shows  that  v,  like  n,  is  also  independent  of  a 
for  all  practical  range  of  <r  (see  Fig.  12).  It  varies  almost  linearly  from  one-third 
chord  at  small  a  to  half-chord  at  a  =  t/2. 
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Fia.  14.  Some  calculated  locations  of  the  free  streamline 


The  location  of  the  free  streamlines,  as  given  by  Eqs.  (3.33),  (3.34),  is  computed 
and  plotted  for  a  =  10°  in  Fig.  14. 

b.  An  Example  of  Circular  Arc  Hydrofoils:  Further  Discussions.  With  a  knowl¬ 
edge  of  some  essential  hydrodynamic  features  of  the  Bat  plate  hydrofoil,  we  may 
further  note  several  general  characteristics  of  the  camber  effect  in  cavity  flows  by 
examining  the  circular  arc  profile. 

First,  when  both  y  and  e  are  assumed  to  be  small,  then  at  a  =  t/2,  we  have 

*  Ai  ^  7  -f-  ^  e*,  A|  ^  —  I -  0.057,  At  tmd  —  a)  —  Q{ye*)\ 

or  OT 

and  hence 

C.-O.  (4^«) 

Therefore 

(wL.  =  (‘  +  ')  ^  g  (‘  +  ')• 

These  equations  then  represent  the  effect  of  camber  on  pure  drag  problems. 

Second,  in  order  to  exhibit  the  effect  of  camber  on  Ci.  and  Cd  for  all  o,  we  con¬ 
sider  the  limiting  case  c  — »  0  and  7  — »  0,  in  which  case 

dAi  j  dAt  _  _  ^  CO®  “ 

dy  ’  dy  dy  ‘i  r  sin  a  ’ 


It  then  follows  from  Eqs.  (4.12),  (4.13)  that  as  £  — ♦  0,  7  — » 0, 


dCi  ^  7r  cos  a 
dy  (4  -|-  T  sin  a)*  \ 


sin  a  4- 


4  .  ,  \ 

ysm  o>; 


(4.29) 
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dCo^ 

4ir  sin  a  L 

1  .  j  ,  *•  sin  a  cos*  a  \ 

(4.30) 

dy 

(4  -|-  X  sin  a)*  \ 

3  ^4(4  4- x  sin  a)/’ 

Therefore, 

dy 

7t 

”*T6’ 

0 

T 

as  a  — »  0, 7  — »  0  and  c  — ♦  0, 

(4.31) 

dCo 

1  ^ 

0 

t 

as  a  — ^  7  — »  0  and  c  — ►  0. 

(4.32) 

dy 

'3(4  + 

t)*  dy 

2 

This  result  shows  that  for  small  a  positive  camber  is  very  favorable  for  increasing 
Ci,  with  negligible  effect  on  Cd  .  On  the  other  hand,  when  a  is  so  large  that  the 
hydrofoil  is  fully  wetted,  then  we  obtain  the  well-known  aerodynamic  value  of 
Cl: 

Cl  =  2ir  sin  («  +  . 

from  which  we  derive 

dy  /  a-»0,  T-»0 

Although  the  value  of  dCLidy  for  fully  cavitated  hydrofoil  is  less  than  that  in 
fully  wetted  flow,  a  comparison,  however,  can  be  made  on  a  different  basis.  If 
we  compare  these  values  at  the  same  effective  angle  of  atack  (aerodynamic) 

a.  =  a  +  , 

then  the  aerodynamic  value  of  Cl  is  almost  the  same  for  same  a« ,  but  the 
cavitated  value  of  Cl  still  increases  with  increase  in  7,  holding  a,  fixed.  The  rate 
of  increase  in  this  case  can  be  estimated  to  be  dCLidy  =  J  at  equal  a, .  The  in- 


(4.33) 

(4.34) 
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fluenoe  of  7  on  Cl  and  Co  at  a  =  0  is  shown  in  Figs.  15  and  16  for  two  particular 
values  of  7, 4®  and  8®. 

Roeenhead  proposed  an  empirical  formula  for  small  cambers  at  (r  =  0  as 
follows  (2): 

^  2x  sin  a  ,  20ir  2  +  cos  a  +  3  cos*  a  ,  7  /.i  oe  \ 

Cf  =  T-T - : - 1-  -K - TT-r - : - Ni —  i  (4.35a) 

4  +  T8ma  9  (4  +  TSin  a)*  2 


Cl  =  Cp  cos  5,  Co  =  Cj.  sin  S 


(4.35b) 


where  the  angle  S  can  be  computed  according  to  Rosenhead’s  formulation.  The 
value  of  j  is  in  general  very  close  to  a.  Equation  (4.35)  is  plotted  in  Fig.  15  for 
several  points  with  7  =  8®<.  The  result  shows  that  this  formula  is  in  good  agree¬ 
ment  with  the  present  theory  for  a  small. 

Finally,  we  present  here  some  exphcit  results  of  a  numerical  example  with 
7  =  8®  to  show  the  over-all  effects  due  to  <t,  a  and  7.  Since  both  7,  a)  and 
Coitr,  7,  a)  approach  their  as3nnptotes  (1  -f  <r)CL(0, 7,  a)  and  (1  -f  <r)Co(0, 7,  a) 
for  a  large,  the  calculation  is  limited  here  to  a  ^  30®.  For  10®  <  a  <  30®,  the 
calculated  values  of  Cl  and  Cj>  are  plotted  against  <r  in  Figs.  17  and  18  together 
with  some  experimental  data  (18).  The  agreement  here  may  also  be  considered 
as  good. 
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THE  MAGNETOSTATIC  CHARACTERISTICS  OF  TWO 
NON  MAGNETIC  ELLIPTIC  CYLINDERS 

By  £.  E.  Jones 

1.  Introduction.  Knowledge  of  the  magnitudes  of  the  mechanical  forces  be¬ 
tween  current  carrying  conductors  is  desirable  from  the  practical  point  of  view, 
as  has  been  pointed  out  by  Steinmetz  and  others,  [1].  The  application  to  bus-bar 
operation  has  been  indicated  by  Higgins,  [2].  The  basic  type  ol  system  is  the 
return  circuit  of  two  parallel  cylindrical  conductors  of  circular  sections,  the  forces 
between  which  are  well-known  when  the  materials  forming  the  conductors  are 
non-magnetic  in  character.  It  is  of  interest  to  determine  the  deviation  from  these 
results  when  the  cylinders  have  sections  which  deviate  from  the  circular  form: 
an  elliptic  section  is  such  a  case.  It  is  also  possible  to  deduce  an  exact  expression 
for  the  self-inductance  of  the  cylinders,  a  result  which  has  application  in  low- 
frequency  transmission  line  o{)eration.  The  inductance  could  presumably  be 
calculated  by  use  of  Maxwell’s  Geometric  Mean  Distance  method,  [3],  which  is 
merely  the  vector  potential  method  in  another  form,  but  an  expression  for  this 
inductance  has  not  been  located  in  the  literature.  The  above  method  involves  the 
determination  of  the  solutions  to  complicated  integrals,  and  the  magnetic 
properties  of  the  conducting  system  are  obscured.  An  alternative  method  is 
therefore  proposed  in  this  paper  yielding  also  the  magnetic  field  at  all  points 
inside  and  outside  the  conductors,  hence  the  magnetic  disturbance  due  to  the 
presence  of  such  a  system  of  conductors  could  then  be  determined. 

The  technique  used  follows  that  originated  by  Green,  [4],  in  connection  with  an 
‘external’  type  hydrod}mamical  problem,  but  the  notation  has  been  altered, 
since  the  ‘internal-external’  tjrpe  magnetostatic  problem  investigated  here  takes 
a  simpler  form.  Although  Green’s  method  can  be  applied  directly  to  the  problem 
of  conduction  in  magnetic  cylinders  of  elliptic  section,  in  view  of  the  fact  that  the 
boundary  conditions  applied  at  the  surfaces  of  the  conductors  are  complex  in 
form,  the  theory  becomes  more  involved,  c.f.  Section  6(3).  Fortunately  in 
practice  non-ferromagnetic  conducting  materials,  such  as  copper  and  aluminium, 
have  magnetic  permeabilities  which  differ  but  slightly  from  that  of  free  space. 
In  this  case  the  boundary  conditions  can  be  put  in  a  more  compact  form,  and  the 
theory  considerably  simplified. 

It  has  been  decided  to  employ  the  rationalized  M.K.S.C.  or  Giorgi  system  of 
units,  [5],  although  the  theory  is  not  restricted  to  such  a  system. 

2.  The  Complex  Potential  Functions.  Two  parallel  identical  cylinders  have 
inductive  capacities  m  equal  to  that  of  free  space.  The  right  sections  of  the 
cylinders  are  ellipses  with  centers  at  0  and  O'  respectively,  where  00'  =*  2b, 
and  their  major  axes  are  inclined  at  an  angle  20.  The  regions  of  space  are  as 
marked  in  Fig.  1,  a  current  /  flows  in  one  direction  through  region  (1),  and  an 
equal  current  in  the  opposite  direction  through  region  (3).  A  right  section  of 
the  cylinders  defines  the  z-plane,  where  z  =  i  -f  iy.  Rectangular  axes,  Ox,  Oy 
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<‘L 


are  taken  with  origin  at  0,  in  the  directions  of  the  semi-major  and  semi-minor 
axes  respectively  of  the  ellipse  defining  region  (1).  The  right  section  intersects 
the  plane  bisecting  the  angle  between  the  inclined  major  axes  of  the  ellipses 
in  the  line  PQ,  and  on  this  line  z  =  (xo  —  ib)e~'*,  where  xo  is  a  variable  length. 

The  magnetic  field  can  be  expressed  in  terms  of  magnetic  vector  potentials 
^  directed  parallel  to  the  axes  of- the  cylinders.  If  V,(x,  y)  is  the  non-zero  com¬ 
ponent  of  the  vector  potential  in  the  ath  region,  where  «  =  1,  2,  3,  then  complex 
potential  functions  w,  =  <l>,  +  iV,  can  be  formed,  where  y)  is  a  harmonic 
function  of  x  and  y.  With  the  currents  flowing  as  stated  above,  the  line  PQ 
is  a  line  of  force,  hence  along  jt  Fj  is  constant.  The  required  condition  to  be 
imposed  on  Wt  is  therefore 


lmvD%  =  const., 

when  z  =  (xo  —  ib)e~'*.  Another  condition  exists  in  region  (2),  since  at  large 
distances  from  the  conducting  system,  iPj  — »  0,  the  currents  having  an 
effect  as  if  they  were  line  currents  through  0  and  O'  respectively.  These  two 
conditions  imposed  on  are  satisfied  if  it  is  assumed  that 


Wt 


ifil .  z  +  2ibe 

27'"* — ; — 


(z  -1-  2t6e~‘*)"/  ’ 


(1) 


where  the  An  are  complex  constants.  In  region  (2)  it  is  noticed  that  u>}  is  an 
analytic  function  of  z,  hence  its  imaginary  part  Fj  is  a  harmonic  function  of  x 
and  y  as  required,  since  in  this  r^on  no  currents  flow.  The  constants  An  are 
chosen  so  as  to  satisfy  certain  boundary  conditions  on  the  ellipse  forming  the 
bounding  curve  to  region  (1).  It  is  then  possible  to  deduce  wi  and  trj  uniquely 
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on  one  side  of  PQ,  and  since  the  magnetic  field  is  symmetrical  about  PQ  the 
functions  and  Wi  are  known  on  the  other  side  of  PQ. 

The  expansion  for  vh ,  given  by  equation  (1),  near  the  ellipse  of  center  0  can 
be  written  in  the  form 


tOj  =  -  ^log2  +  AnZ~*  +  BnZ”, 

ilt  n-O  n-'l 


(2) 


where 


and 


A.  -  (2i6e-)  +  E  (2^). 


Bn  =  an.o6~"  +  an,rA,b~ 


(3) 


Here  the  following  coefficients  have  been  introduced: 


71x2"+' 


2»+T 


where  n  ^  1 ,  and 


/n  +  r  —  l\  ^  (n  -H  r  -  1)! 
\  n  /  n!(r  —  1)! 


If  the  distance  between  the  foci  of  the  ellipse  of  center  0  is  4c,  then  the  trans¬ 
formation  which  maps  this  ellipse  in  the  z-plane  on  to  the  line  i;  =  a,  0  ^  ^  2t, 

in  the  f-plane,  where  f  =  f  -{=  in,  is 

z  =  c(c*f  +  c-‘0.  (4) 

The  semi-major  axis  of  the  eUipse  is  2c  cosh  a,  and  the  semi-minor  axis  is  2c 
sinh  a.  It  is  assumed  that  n  =  -\-oo  corresponds  to  z  =  +  ® ,  thus  the  z-plane 
outside  the  line  —  2c  ^  x  ^  2c  is  mapped  conformally  on  to  the  semi-infinite 
strip  in  the  f-plane  given  by0^i;<<»,0^{^  2t.  Strictly  the  two-fold 
Riemann  surface  in  the  z-plane  with  branch  points  at  z  =  d=2c  is  mapped  con¬ 
formally  on  to  the  infinite,  strip  — «  <ij<  <»,0^^^2x,  in  the  f-plane, 
(6),  [71. 

From  equation  (4),  it  can  be  shown  that 


~  Pn.T* 


where  forn  ^  1, 
0 


0n.r 


=  (-1)‘ 


fn  +  r  -2\ 
2 

r  —  n 


when  r  =  n  -F  1 ,  n  -b  3, 
when  r  =  n,  n  -F  2,  •  •  •  , 
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and 


where 


log  z  =  log  c  -  if  +  22 

r-l 

1-0, 

do.rf  2(- 


It  can  also  be  shown  that 


2"  =  E  K.re-^^  +  E 

r— 0  r— 1 


when  r  is  odd, 
when  r  is  even. 


where  X,.,  and  7»,,  are  zero  if  n  is  even  and  r  odd,  or  vice-versa.  Otherwise 
when  r  =  n,  n  —  2,  •  •  •  ,  0,  (n  even),  or  when  r  =  n,  n  —  2,  •  •  •  ,  1,  (n  odd), 
then 

Hence  substituting  for  log  z,  z”,  and  z~"  in  equation  (2),  and  rearranging 
the  order  of  summation  in  the  double  sums,  it  follows  that 

4-  E  Cne‘"f  -f  E  D,e-‘"f.  (5) 

iX  n-O  n-1 

where 

Co  -  Ao  -  ~  log  c  4-  E  Bn  7».o ,  (6) 

n.l 

and  when  n  ^  1,  then 

Cn  —  —  ^  /3o.«  +  E  ArPr.n  +  E  Brjr.n  ,  (7) 

AT  r_l  r-.li 

ao 

Z>,  =  T,BrK.n.  (8) 

r— » 

In  region  (1)  the  non-zero  component  Ki  of  the  magnetic  vector  potential 
satisfies  the  Poisson  differential  equation 

(9) 

where  J  is  the  uniform  current  density,  such  that  /  =  tcV(c*“  —  c”*“).  If  a 
harmonic  function  (x,  y)  is  introduced  defined  by 

V,  =  —  \ijJa,  (10) 

then  equation  (9)  is  satisfied,  and  if  Qi  ==  ,  then  Qi  is  an  analytic  func¬ 

tion  of  z  in  region  (1),  and 


u>i  =  111  —  \ifiJz2. 


(11) 
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The  magnetic  intensity  at  any  point  has  components  H,  ,  defined  by 
nHx  =  dVIdy,  nHy  =  —dVfdx.  Then  in  region  (1) 

=  (12) 

and  in  region  (2),  where  7  =  0,  and  vh  ^ 

.  (13) 

In  region  (1)  the  magnetic  intensity  must  be  finite,  single-valued  and  con¬ 
tinuous  ever3nvhere.  Since  dz/d^  =  0  at  the  points  z  =  ±2c  corresponding  to 
f  =  0,  T,  respectively,  which  are  the  foci  of  the  ellipse,  then  dOi/dz  is  finite  if 
if  has  dz/di  as  a  factor.  A  convenient  form  for  the  complex  potential  function 
in  region  (1)  is  therefore 

ill  =  Z  +  H, ,  (14) 

where  ,  (n  ^  0),  are  complex  constants.  In  order  for  the  magnetic  intensity 
to  be  single- valued  and  continuous  it  is  necessary  that  d^li/dz  be  continuous 
across  the  line  of  foci  of  the  ellipse.  Near  ix)int8  on  either  side  of  the  line  of 
foci  are  given  by  f  =  f,  and  f  =  2ir  —  f,  hence  on  looping  the  points  2:  =  2c 
or  2  =  —2c  once,  combinations  such  as  c'"*^  -|-  return  to  the  same  value. 
It  is  noticed  that  such  terms  occur  in  the  relation  for  dQi/dz,  hence  it  is  single¬ 
valued  and  continuous  everywhere  in  region  (1),  in  particular  at  all  points 
on  the  line  of  foci  of  the  ellipse,  which  is  the  line  joining  the  branch  points  of 
equation  (4). 

3.  The  Boundary  Conditions.  The  boundary  conditions  to  be  satisfied  on  the 
interface  of  regions  (1)  and  (2)  are 

Vi  =  Vi,  dVx/dn  =  dVildn.  (15) 

These  conditions  ensure  that  the  magnetic  vector  potentials  and  the  tangential 
components  of  the  magnetic  intensities  are  continuous  across  the  elliptic  inter¬ 
face.  ' 

From  equation  (10)  the  first  boundary  condition  can  be  written  as 
h(^)  -  }m-/2(x)2(x)  =  F2({), 
where  x  =  i  then  differentiating  with  respect  to  (, 

^  -  W/(x)Hx)  -  Wz{x)i'{x)  =  .  (16) 

The  second  boundary  condition  can  be  written  as  dVi/drf  =  dVt/dr),  or 
^  -  |iV«'(x)2(x)  +  |t>/2(x)2'(x)  =  • 


(17) 
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But  the  Cauchy-Riemann  conditions  for  analytic  functions  give  d^^i/dti  = 
d^/d^,  and  dVt/dri  =  and  these  relations  in  connection  with  equations 

(16)  and  (17)  lead  to  the  result 

^  -  «•«)  =  ^  ,  (18) 

with  17  =  a.  On  differentiating  the  equation 

Qi  —  ^iijJ  J  2'(f)2(f  —  2ia)  df  =  Wj  +  const.,  (19) 

with  respect  to  f,  and  substituting  v  =  a,  i.e.  f  =  {  +  ta,  it  is  noticed  that 
equation  (18)  can  be  reproduced.  Thus  equation  (19)  is  a  relation  between 
the  complex  potential  functions  in  the  adjacent  regions  (1)  and  (2),  which 
satisfies  identically  the  boundary  conditions  on  the  elliptic  profile  of  the  section 
of  the  interface.  With  the  transformation  of  equation  (4),  it  can  be  shown  that 
equation  (19)  reduces  to 

ic  =  Q,  -  ^  +  e-**^)  +E  +  if,  (20) 

where  if  Vi  =  Vj  when  1;  =  a,  then 

^  ^  +  «■*“)•  (21) 

The  value  of  E  is  not  recorded  here  as  it  is  not  required  in  the  subsequent  analysis’ 

t  4.  The  Determination  of  the'  Coefficients.  If  equations  (5)  and  (14)  are  sub- 
.stituted  into  equation  (20),  then  for  this  relation  to  be  true  for  all  values  of  f, 

Co  =  Ho  +  E  +  iF,  (22) 

and  for  n  ^  1, 

Cn  ^  Hn-  ,  (23) 

Hn-  \inJc'e-'"h., ,  (24) 

where 

1=0  if  n  9^  2, 

int\ 

1=1  if  n  =  2. 

By  eliminating  from  equations  (23)  and  (24),  and  expressing  the  current 
density  J  in  terms  of  the  total  current  I,  then 

C»  =  D, (25) 

4t 

The  coefficient  Bn  from  equation  (3)  is  substituted  into  equations  (7)  and 
(8),  and  the  order  of  summation  is  changed,  yielding  the  results 
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Cn  =  — ^/3o.»+  ^Ar^r.n  +  51  7..»a..ofe“*  +  52  51  b  *,  (26) 

r«l  •■■fi  •Mii^.l  r^n 

ac  «e  <— 1 

Dn  =  X.,,a,.o6~*  +  52  52  K.nar.,-^A,-rb~*.  (27) 

»— »  «— K+l  r— « 

These  expressions  are  substituted  in  the  conditional  relation  of  equation  (25), 
and  on  equating  coefficients  of  b~*  on  each  side  of  the  equation,  then  for  all  9 
it  follows  that 

-  Z  Ar0r,n  =  ~  ,  (n  ^  1),  (28) 

dir  r<-i  4t 

7#.»at.O  +  Z  7r,nar,.-fii.-r  =  X..»a..O  "H  Z  K,nOtr.,-rA,-r.  («  >  71  ^  2) 

r^n  r*n 

=  X,.,a,.o,  (n  =  «  ^  2), 

=  0,  (n  >  «  ^  2). 

Using  the  definitions  of  the  coefficients  $r.» ,  txr.n ,  K.n ,  and  yr,» ,  as  defined 
in  Section  2,  it  can  be  readily  shown  that  only  equation  (28)  gives  values  for 
An ,  the  equation  (29)  consisting  of  identities.  It  can  be  proved  from  equation 
(28)  that  the  coefficients  An  are  all  purely  imaginary,  and  are  zero  when  n  is 
odd.  When  n  is  even,  the  coefficients  are  in  general  non-zero,  the  first  few  co¬ 
efficients  being 

Ai  =  Ai  = 

A%  =  5i/i/cVl2ir,  At  —  7t>i/cV8x. 

Having  determined  the  coefficients  .4 «  it  is  now  possible  to  deduce  the  mag¬ 
netic  field  intensities  both  inside  and  outside  the  conducting  cylinders. 

6.  The  Forces  acting  on  the  Cylinders.  The  force  F  per  unit  length  of  the 
cylinder  is  given  by 

F  =  M  f  {H(H-n)  -  XH*n}  ds, 

where  H  is  the  magnetic  intensity  external  to  the  curve  c,  which  is  drawn  in 
Hie  right  section  of  the  cylinder,  but  external  to  the  cylinder,  in  such  a  way 
that  it  does  not  displace  any  singularities  of  the  external  magnetic  field,  [5], 
[8].  The  unit  outward  drawn  normal  to  the  curve  c  in  its  plane  is  n.  If  H  has 
axial  components  and  n  has  axial  components  n,  »  dylda,  —  —dx/ds, 

then  the  axial  components  X,  Y  of  the  force  F  can  be  deduced  from 

This  integral  gives  the  force  components  acting  on  the  cylinder  enclosing  region 
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(1)  if  is  interpreted  as  defined  by  equation  (2).  On  substituting  from  equation 

(2) ,  the  residues  of  the  integral  are  easily  evaluated  to  give 

Y  +  iX  =  IB,-  —  T,  n(n  +  .  (31) 

M  —i 

If  L  is  the  force  component  in  the  direction  O'O  of  Fig.  1,  and  D  is  the  com¬ 
ponent  along  PQ,  then  L  —  iD  —  (F  -|-  and  it  can  readily  be  shown 

that  D  —  0,  and 


j  _  ftl*  ^  nl Ain  coa  2nd  ^  ir{An)\A\n 

^  2*»-‘(t6)*»+‘  Mt(2n  -  l)!j*2<-6«-+‘ 

^  V'  ’r(2n  -I-  2r)L4to-^»-(-l)*"'^‘  cos  2(n  -  r)e 
M(2n  -  l):(2r  -  i)12*»+*-i6»-+sh.i 


(32) 


To  the  order  of  approximation  which  includes  terms  involving  &“*,  the  resultant 
force  is  given  by  the  expression 


-  (6  cos  2e  -I-  cos  6«)  +  (10-1-  10co8  4tf -I-  coe8«)  + 


(33) 


The  vector  movement  M  of  the  couple  acting  in  an  anticlockwise  sense  on  a 
cylinder  is  given  by 


M  = 


M  [  {(H-n)(rXH) 


^H\t  Xn)]ds, 


where  r  is  the  radius  vector  drawn  from  the  axis  to  a  point  on  the  curve  c  which 
encloses  the  cylinder.  If  r  has  components  x,  y,  then  as  in  the  case  of  the  deter¬ 
mination  of  the  force  the  moment  of  the  couple  is  given  by 


M  =  Re^ 
2m 


(34) 


If  the  cylinder  is  that  enclosing  region  (1),  then 


3/  =  Re  £  n'AnBn,  (35) 

M  »-i 

and  on  substituting  from  equation  (3),  then 


nf  _  sin  2n6 

~  til  2»-‘6*" 

^  ^  T(fi  —  r)(2n  2r  —  l)!ilii»i4ir(~l)"~*^*  sin  2(n  —  r)0 
til  r^+i  M(2n  -  l)!(2r  -  l)!2*-«^*6*«+*' 


(36) 
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To  the  order  of  approximation  which  includes  a  term  involving  b~*,  the  moment 
of  the  couple  is  given  by  the  expression 


tM 

m/* 


~  sin  28  +  sin  48  -  (2  sin  28  +  sin  68) 


7c* 

2566* 


(5  sin  48  +  sin  S8)  + 


(37) 


Since  there  is  symmetry  about  the  line  PQ  of  Fig.  1,  the  force  and  couple 
acting  on  the  cylinder  with  axis  through  0'  are  equal  in  magnitude  but  opposite 
in  direction  to  the  force  and  couple  respectively  acting  on  the  cylinder  with 
axis  through  0. 

It  is  noticed  that  the  magnitudes  of  L  and  M  are  dependent  only  on  the 
length  c  when  the  cylinders  are  inclined  at  a  fixed  angle  28  at  a  fixed  distance 
26  apart.  The  force  and  moment  of  the  couple  are  thus  the  same  for  all  cylinders 
of  the  same  confocal  elliptic  system  under  the  above  conditions.  This  system 
of  conductors  includes  the  case  of  two  inclined  strip  conductors  of  length  4c. 
Table  I  illustrates  the  variation  in  the  function  F  =  rcL/nF  as  0  and  the  ratio 
d  =  6/2c  varies. 


TABLE  I 
The  Variation  of  F 


1 

i  -  1 

U 

2 

2J 

3 

4 

5 

0* 

0.113 

0.079 

0.061 

0.049 

0.041 

0.031 

0.025 

45“ 

0.126 

0.083 

0.063 

0.050 

0.042 

0.031 

0.025 

90“ 

0.149 

0.089 

0.065 

0.051 

0.042 

0.031 

0.025 

The  force  L  between  the  cylinders  is  a  repulsive  force,  decreasing  in  magnitude 
as  the  separation  of  the  cylinders  increases  for  any  given  value  of  6,  and  as  the 
angle  6  decreases  in  the  range  0^0^  90®  for  any  given  value  of  d.  The  de¬ 
crease  is  greater  at  smaller  values  of  d  for  constant  8,  and  at  larger  values  of  6 
for  constant  d.  The  effect  of  a  change  in  the  angle  of  inclination  of  the  cylinders 
is  negligible  when  6  >  8c. 

When  the  cylinders  are  bf  circular  sections  the  force  between  the  cylinders 
is  Lo  =  til*/4irb,  and  the  deviation  from  the  force  on  the  elliptic  cylinders  can 
be  measured  by  L/Lo .  The  variation  of  L/Lo  as  the  ratio  2c/6  varies,  with 
values  of  8  given  by  0°,  45°,  90°,  respectively,  is  illustrated  in  Fig.  2.  For  a 
given  cylinder,  or  all  cylinders  in  the  same  confocal  system,  L  >  Lo  for  0  =  90°, 
and  L  <  Lo  for  0  =  0°,  the  variation  of  L/Lo  being  small  for  0  =  45°.  For  a 
given  value  of  0  the  force  L  — ♦  Lo  as  the  cylinders  separate,  the  difference 
I  L  —  Lo  I  being  greater  at  values  of  0  near  90°  than  at  0  near  zero. 

The  moment  of  the  couple  about  the  center  of  each  cylinder  is  zero  when 
0  =  0°  and  when  0  =  90°,  and  when  0°  <  0  <  90°  the  couple  tends  to  orientate 
the  cylinders  so  that  the  major  axes  of  their  sections  become  parallel.  When 
0  =  45°  the  values  oi  G  —  —icM/nF  as  d  =  6/2c  varies  are  given  by  Table  II. 
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Fio.  2 

TABLE  II 
The  variation  of  0 


1 

1.5 

2 

2J 

3 

4 

5 

G  - 

0.0319 

0.0139 

0.0078 

0.0060 

0.0036 

0.0019 

0.0013 

The  moment  of  the  couple  decreases  as  the  cylinders  separate,  the  rate  of 
decrease  being  greater  at  smaller  values  of  d. 


6.  Further  Considerations,  (i).  If  the  currents  in  the  cylinders  flow  in  the  same 
direction,  the  Une  PQ  of  Fig.  1  intersects  the  lines  of  magnetic  force  orthog¬ 
onally.  Thus  in  region  (2)  it  is  necessary  that  Re  =  const.,  when  z  = 
(xe  —  ib)e~^,  and  at  large  distances  from  the  cylinders  toa  — *  —(inl/ir)  l(^z. 
Such  a  complex  potential  function  is 


U>1 


(z  +  2»6e-")*/ 


The  theory  is  developed  as  before,  the  only  difference  lies  in  a  change  in  sign 
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in  the  coefficients  a..o  and  a„,r ,  and  this  is  equivalent  to  a  change  in  sign  of  B. . 
The  force  and  the  couple  on  the  cylinders  have  the  same  magnitudes  as  before, 
but  their  directions  are  reversed,  so  that  the  force  between  the  cylinders  is  one 
of  attraction,  and  the  couple  tends  to  orientate  the  cylinders  so  that  their  minor 
axes  are  parallel. 

(it).  The  inductance  B  per  unit  length  of  the  cylindrical  section,  [3],  is  de¬ 
duced  from  the  surface  integral 

R  =  Y^jv,dS,  (38) 


where  S  is  the  cross-sectional  area  of  the  elliptic  cylinder  enclosing  region  (1), 
Vi  is  the  imaginary  part  of  Wi  given  by  equations  (11)  and  (14),  and 

dS  =  2c*(cosh  2ij  —  cos  2{)  dij. 


Equation  (38)  can  readily  be  int^rated,  but  as  the  resulting  expression  for  the 
inductance  is  a  lengthy  one  it  will  not  be  recorded  here.  However  the  applica¬ 
tion  of  the  formulae,  [1],  [9], 


I*  dR  _  7*  dR 

2  d(2b)  ’  2  d(2e) 


(39) 


yield  the  results  of  equations  (33)  and  (37).  As  the  inductance  formula  is  of 
interest  in  low  frequency  return  circuits,  a  more  convenient  form  can  be  deduced 
by  integrating  equation  (39),  and  determining  the  constant  of  integration  by 
use  of  equation  (38).  It  will  be  necessary  to  use  the  imaginary  part  of  Ho, 
given  by  equation  (22),  in  this  connection.  The  inductance  R  is  then  given  by  ' 
the  relation 


M»/»(2n  -  l)!(2r  -  i) 


tR  _  _  i.  __  1  ^  trAin  cos  2nd  .  ^  T*(4n  —  1)  L4j» 

—  -  “  4  ogj+  M*/M(2n  -  l)!)*2<»-*6<» 

t*(2u  *+*  2r  —  l)L42rA2„( — l)"”*^*  cos  2(n  —  r)8 

n— 1  r— it+l 

and  to  the  order  of  approximation  which  includes  terms  containing  6“*,  it 
follows  that  ^ 

^  -  J  -  log  I  -  ^  cos  29  +  (3  +  2  C08  4«) 

-  (6  COS  29  -I-  cos  69)  +  (10  +  10  cos  49  +  cos  89)  -f-  •  •  . 


It  is  noticed  that  the  inductance  depends  on  the  lengths  of  the  semi-axes  of 
the  ellipse,  since  it  is  a  function  of  a. 

(in).  For  a  detailed  investigation  of  the  problem  considered  in  this  paper  it  is 
necessary  to  assume  that  the  permeabilities  mi/ms  i  and  mi/m  of  the  two  cylinders 
are  equal  to  each  other,  but  different  from  unity.  The  theory  originated  by  Green, 

[4] ,  can  then  be  applied  directly  to  the  complex  potential  functions  of  equations 

(5)  and  (14),  with  the  boundary  conditions  Vi  =  Vt ,  ni  dVt/dn  «=  ms  dVi/dn, 
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when  ij  =  a.  These  boundary  conditions  when  expressed  in  terms  of  the  com¬ 
plex  potentials  become 

Im  (u>i  —  Wj)  =  0 
Re  iftiWi  —  niWt)  =  /MiM»f/2T. 

If  \  =  im  —  m)/im  +  mj)»  then  equation  (25)  is  replaced  by 

Cn  —  =  Dn  —  x/5„c*"“  —  tmmlin3/2irim  +  m), 


and  the  coefficients  A»  can  again  be  evaluated.  It  is  found  that  those  coefficients 
are  complicated  in  form,  but  nevertheless  the  force  and  couple  on  the  cylinders 
can  be  determined  as  before.  For  example,  to  a  first  order  approximation 


tL  _  1 


and 


c*  r X(c*"  -  e~^il  +  Xc-**"  cos  2$) 

86*  L  1  -  X*«-*« 

{1  -  X(1  -  2e"^)}  cos  2»' 
1  +  Xe-^ 


(40) 


tM  _  c*  X*(e  ^  —  1) 
Sb^  L  1  -  XV-*- 


1  -  X(1  -  2e“^)' 
1  +  Xe-*« 


sin  28, 


(41) 


are  respectively  the  force  and  the  couple  on  the  cylinder  enclosing  r^on  (1). 
The  inductance  can  be  calculated  as  before,  with  new  values  for  the  coefficients 
An ,  but  in  this  case  the  relations  of  equation  (39)  do  not  hold. 

When  the  currents  flow  along  the  cylinders  in  the  same  direction  the  force 
and  couple  differ  from  those  given  by  equations  (40)  and  (41).  In  fact  in  these 
f  equations  the  sign  of  each  term  is  changed,  except  the  sign  of  the  first  term  in 
the  square  brackets. 
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ANALYSIS  OF  A  GENERAL  SYSTEM  FOR  THE  DETECTION 
OF  AMPLITUDE-MODULATED  NOISE* 

By  Emanuel  Parzen  and  Norman  Shiren 

1.  Introduction.  The  problem  of  the  detection  of  signals  having  the  charac¬ 
ter  of  amplitude-modulated  random  noise  is  of  recent  interest  in  communica¬ 
tions  theory.  For  example,  a  paper  by  Deutsch  [1]  treats  the  effect  of  a  linear 
detector  on  such  signals  when  the  modulation  is  periodic. 

In  this  paper,  we  treat  a  general  detection  system  involving  square-law  de¬ 
tectors.  We  shall  compute  various  statistics  of  the  output,  with  and  without 
modulation,  and,  from  these,  compute  a  detection  criterion  which  we  define 
as  a  measure  of  the  detectability  of  the  modulated  noise. 

The  system  is  diagrammed  in  Fig.  1.  The  input  filters  Hi  and  Ht  include  the 
characteristics  of  any  receiving  equipment  which  might  ordinarily  precede 
them.  The  only  assumptions  made  on  the  filters  Ki  and  Kt  are  that  they  do  not 
pass  dc.  The  output  integrator  is  perfect  with  integration  time  T. 

We  take, the  input  u{t)  to  be  the  sum  of  a  stationary  Gaussian  noise  y{t) 
modulated  with  index  m  by  a  modulating  function  g{t),  which  may  be  random 
or  not,  and  a  stationary  Gaussian  noise  z(t)  which  represents  the  background 
noise.  Thus 


w(0  =  l/(0[l  +  (LI) 

We  recall  a  few  definitions  of  mathematical  noise  theory.  A  time  function 
y{t)  is  said  to  be  a  noise,  or  a  random  time  function,  if  y{t)  contains,  in  addition 
to  t,  random  parameters,  so  that  at  each  time  t,  y(t)  does  not  have  a  definite 
value  but  only  an  ensemble  of  possible  values  which  it  assumes  in  accordance 
with  some  given  probability  distribution.  The  ensemble  average,  denoted  by 
(•••),  is  an  average  taken  with  respect  to  these  random  parameters.  The  time- 
ensemble  average,  denoted  by  (•  •  •  )r.i. ,  is  an  average  over  time  of  an  ensemble 
average;  thus 

{y(t))TA,  =  lim  i  /*  (y(t))dt  (1.2) 

•  T-mo  1  Jo 

The  auto-correlation  function  R^ir)  of  noise  is,  in  our  opinion,  best  defined  by 
the  time-ensemble  average 

Rv(r)  =  (yit)y(t  t))ta,  =  lim  ^  f  {y(.t)y{t  +  T))dt  (1.3) 

T-»»  1  Jo 

The  power  spectrum  Gy{w),  which  is  a  measure  of  the  frequency  distribution  of 
the  average  total  power 

Py  =  (j/‘(0>r..  (1.4) 

•  ThiB  work  was  supported  by  the  Office  of  Naval  Research  under  contract  N6-ONR- 
27136.  Reproduction  in  whole  or  in  part  is  permitted  for  any  purpose  of  the  United  States 
tlovernment. 
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A  GENERAL  DETECTION  SYSTEM  FOR  AMPLITUDE  MODULATED  NOISE 


Uj(t)*/hj(a)  u(t-a)da  j*'.2 

Vj(t)*/I«j(f)  uf(t-f)dC  j*l.2 

W  (t)  •  V,lt)  Wj(t) 

«  (T)>  Vw(t)dt 

FIRST  FILTERS  HAVE  IMPULSE  TRANSFER  FUNCTIONS  hj(t), 

FREQUENCY  RESPONSE  FUNCTIONS  hi«t)dl 

SECOND  filters  HAVE  IMPULSE  TRANSFER  FUNCTIONS  kjCt), 

FREQUENCY  RESPONSE  FUNCTIONS  Kj  (•!>  kj(t )  d  t 

AND  DO  NOT  PASS  0.  C.,  K/O)  •  0 

Fio.  1 

is  related  to  /2,(t)  by  the  Fourier  transformation  (Wiener-Khintchine  theorem)* 

Gy(o>)  —  -  f  cos  TtaRtir)  dr  U-5) 

T  Jo 

*  Ryir)  =  /  cos  TuGy(u))  du  (1.6) 

•'o 

A  noise  y(t)  is  said  to  be  sUUionary  if  the  ensemble  average  iy(t)yit  +  r))  de¬ 
pends  only  on  the  time  difference  r,  and  not  on  the  initial  time  t.  For  stationary 
noises,  then,  the  distinction  between  ensemble  averages  and  time-ensemble 
averages  disappears. 

We  make  the  following  assumptions. 

Both  noise  functions  y(t)  and  z(t)  and  the  modulating  function  g{t)  are  taken 
to  have  zero  mean  level,  i.e. 

=  <^(0>  =  <g(t))rA,  =«  0  (1.7) 

It  then  follows  that  all  higher  odd  moments  of  y(t)  and  z(t)  also  vanish. 

We  assume  also  that  third  moments  (in  the  sense  of  time-ensemble  averages) 
of  g(t)  vanish.  This  assumption  is  justified  in  many  communication  applications 
in  which  the  modulating  functions  are  periodic  in  time  and  possess  zero  time 
averages.  It  is  also  justified  for  random  modulating  functions  with  symmetric 
statistics. 

In  addition,  the  functions  y(t),  z(t)  and  g(t)  are  taken  to  be  statistically  inde¬ 
pendent  of  each  other.  Then  the  total  input  power  P,  is  given  by, 

P«  *  <u*(<)>PA.  =  P,(l  +  m*P,)  -H  P.  (1.8) 
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Thus  is  the  ratio  of  the  sideband  power  to  the  carrier  power.  We  shall 
assume  further  that 

m'P,  «  1  (1.9) 

since  this  is  the  interesting  case  in  a  detection  problem. 

If  by  detection  is  meant  the  extraction  of  information  about  the  modulating 
function  (which  would  also  seem  to  be  the  best  means  for  distinguishing  this 
type  of  signal  from  unmodulated  noise),  then,  the  inherent  presence  of  fluctua¬ 
tion  noise  at  the  output  of  the  detector,  due  to  demodulation  of  the  input  noise 
carrier,  makes  this  a  problem  of  the  detection  of  signals  in  the  presence  of  addi¬ 
tive  noise. 

In  order  to  see  this  more  clearly,  and  to  better  understand  the  action  of  the 
general  system  of  Fig.  1,  we  shall  compute  the  output  power  spectrum  of  a 
square-law  detector  when  the  input  is  modulated  noise.  This  calculation  also 
gives  a  simple  illustration  of  the  methods  used  in  treating  the  general  system. 

2.  Power  Spectrum  after  a  Square-Law  Detector.  Let  the  input  of  a  square- 
law  detector  be  given  by  (1.6),  with  z(<)  =  0,  so  that  for  the  present  we  assume 
that  there  is  no  background  noise.  Then,  the  output  v(<)  of  the  squarer  is  given  by 

v{t)  =  u*(0  =  j/*(0ll  +  2  mg{t)  +  mV(0]-  (2.1) 

In  order  to  compute  the  power  spectrum  G,{w)  of  t;(0,  we  first  compute  the 
autocorrelation  P,(t),  and  then  obtain  (?•((■))  by  means  of  the  Wiener-Khintchine 
theorem. 

ff*(T)  =  ip{t)v{t  -I"  T))rii*  =  -j-  t)){1  -f"  fn*[(jy*it))rA9 

(2.2) 

+  (l/*(<  +  r))rx»  +  4(p(f)p(<  -f-  T))rA»]  4*  wl^(l7*(0f/'*(^  4"  T))rii») 

The  terms  in  (2.2)  which  would  involve  m  and  m*  vanish,  since  we  have  as¬ 
sumed  that  the  first-  and  third-order  time-ensemble  averages  of  git)  vanish. 

To  compute  the  foregoing  fourth  order  ensemble  average  of  2/(0,  we  use  the 
formula  given  in  Appendix  A,  which  expresses  the  higher  order  moments  of  a 
Gaussian  random  time  function  in  terms  of  its  autocorrelation  function  Ryir). 
We  have 

4-  r))  =  fl5(0)  +  2fl;(T).  (2.3) 

As  regards  the  fourth  order  time-ensemble  average  of  git),  we  make  the  as¬ 
sumption  (which  is  fulfilled  by  a  large  number  of  random  time  functions)  that 

m*ig\t)g\t  +  t))ta,  «  m*/e,(0)  (2.4) 

We  may  henceforth  ignore  the  term  in  (2.2)  involving  m*. 

The  power  spectrum  G,iu)  is  now  easily  obtained  by  taking  the  Fourier 
integral  of  (2.2).  The  resulting  terms  group  themselves  naturally  into  three 
groups,  where  we  write  and  P,  for  P,(0)  and  P,(0)  respectively. 

The  power  spectrum  G^«(w)  is  the  sum  of: 

dc  terms,  2J(ci))Pj(l  -f  m*P,]*  (2.5) 
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steady  state  or  signal  terms,  4m*PyCr,(w), 
noise  or  fluctuation  terms, 

(1  +  m’Pj*  j  dy.  G,(m)(?v(«  -  m)  +  2m*  f  dv  G.iy)  j  dy  Gy(y)Gy(y  +  w  -  v). 

In  writing  Elq.  (2.5),  we  have  employed  a  convention  which  will  be  employed 
throughout  the  paper.  When  the  limits  of  integration  on  an  integral  are  not  ex¬ 
plicitly  written,  they  are  to  be  taken  to  be  —  «  to  « . 

The  integrated  power  is  then,  dropping  terms  involving  m*P,  by  assumption 
(1.9), 

dc  Pi 

signal  im'PlPg  (2.6) 

noise  2Pj . 

Thus,  as  stated  at  the  end  of  Sec.  1,  at  the  output  of  the  square-law  detector 
the  problem  reduces  to  that  of  detecting  a  signal  of  total  power  4m*PjP,  in  the 
presence  of  an  additive  noise  of  total  power  2Pl . 

This  problem  is  usually  attacked  by  analyzing  the  detector  output  with  a 
band-pass  or  low-pass  Alter  followed  by  squaring  and  averaging  to  determine  the 
mean  square  signal  and  noise. 

It  is  easily  seen  that  this  detection  system,  consisting  of  receiver,  square-law 
detector,  filter,  squarer,  and  finite  time  integrator  is  a  special  case  of  the  system 
of  Fig.  1,  obtained  by  setting  H  =  Hi  =  Ht  and  K  =  Ki  =  Kt .  This  case  is 
treated  in  detail  in  Sec.  4. 

»  3.  The  Detection  Criterion.  Suppose  that  it  is  possible  to  measure  the  output 

W{T)  of  the  system  of  Fig.  1  when  the  input  is  unmodulated  noise.  A  large  num¬ 
ber  of  such  measurements  will  have  an  average  and  a  mean  square  fluctuation 
given  by  the  ensemble  average  (©(T)),  and  the  variance 

<r*»  =  (®*(T)),  -  {(©(T)),}*  (3.1) 

Similarly,  a  large  number  of  measurements  of  the  output  when  the  input  is 
amplitude-modulated  noise  will  have  mean  value  {W{T))mn  and  variance 

=  <©*(r))»,  -  {(®(r)).,)*.  (3.2) 

The  subscript  n  on  a  quantity  is  to  indicate  that  the  quantity  is  to  be  evaluated 
under  the  assumption  that  the  input  to  the  system  is  unmodulated  noise,  while 
the  subscript  mn  will  be  used  to  indicate  that  the  quantity  is  to  be  evaluated  under 
the  assumption  that  the  input  is  amplitude-modulated  noise. 

Under  the  assumption  that  the  observations  are  independent,  the  difference 
A(7’)  of  the  observed  outputs  in  the  two  cases, 

A(7’)  =  U>(TUn  -  ©(T)- ,  (3.3) 

will  have  mean  value  (A(7’))  =  {W(T))„n  —  (©(T)),  and  variance  equal  to 
o'Mn  +  a\  .  Using  the  statistical  theory  of  testing  hypotheses,  if  the  probability 
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distribution  of  A(r)  is  known,  by  testing  the  hypothesis  that  (A(T))  =»  0  one  can 
detect  the  presence  or  the  absence  of  signal.  To  any  preassigned  probability  p  one 
can  find  a  number,  K,  such  that 

I  A(r)  I  ^  KWl,  +  (3.4) 

with  probability  p.  As  the  detection  process,  one  then  adopts  the  following  rule. 
One  decides  that  noise  alone  is  present  if  the  difference  of  the  observed  outputs 
lies  in  the  range  given  by  Eq.  (3.4),  and  that  signal  (in  our  case,  modulated  noise) 
is  present  if  the  difference  of  the  observed  outputs  lies  outside  the  range  given  by 
Eq.  (3.4). 

Motivated  by  the  foregoing  considerations,  we  therefore  adopt  as  our  detec¬ 
tion  criterion,  denoted  by  D{T),  the  following  ratio: 

DiT)  =  (3^) 

It  is  presumed  that  the  larger  D{T)  is  for  a  given  detection  system,  the  better 
will  be  the  system’s  performance,  and  the  more  likely  it  will  be  to  detect  the 
presence  of  signal. 

In  many  cases,  it  can  be  assumed  that  the  fluctuation  term  for  the  case  of  sig¬ 
nal  and  noise  in  the  input  is  roughly  equal  to  the  fluctuation  term  On  for  the  case 
of  noise  alone  in  the  input.  We  then  have  for  the  detection  criterion 

D{T)  =  (fP(T))|>  gj 

V2an 

In  view  of  assumption  (1.9),  one  could  show  that  amn  is  roughly  equal  to  , 
and  we  therefore  use  Eq.  (3.6)  for  the  detection  criterion. 

We  now  turn  our  attention  to  the  problem  of  expressing  D(T)  in  terms  of  the 
statistics  of  the  noise  and  of  the  modulating  function. 

It  is  clear  that 


{W(T))n  =  TMvtit)).  (3.7) 

(0(r))«,  =  T^lJ  (ri(0«^«))-  dt  (3.8) 

Next,  one  may  show  [2]  that 

{w\T)n  =  2  f  driT  -  T)(vi(t)v,(t)vi(t  +  T)v,(t  +  T))n  (3.9) 

Jo 

Therefore 

<rl(®(D]  =«  2  f  dr(T  -  +  T)vt(t  -|-  r)),  -  (j;i(0w*«) I  (3.10) 

Jo 

We  may  then  obtain  the  following  expression  for  the  limit  of  D{T)  as  the  in- 


SYSTEM  FOR  DETECTION  OF  AMPLlTUDE-MODUU\TED  NOISE 


283 


tegration  time  T  becomes  infinite: 


lim  Z)*(D  _ 

- p -  W-IU 

2  /  +  T)pj(f  +  t)>,  -  <Pl(f)l>,(0>*} 

.’o 

if  we  assume,  as  will  turn  out  to  be  the  case,  that  the  integrand  in  the  denomina¬ 
tor  of  the  right  hand  side  of  Eq.  (3.11)  is  absolutely  integrable. 

In  appendices  B  and  C,  we  obtain  expressions  for  the  various  terms  which 
appear  on  the  right  hand  side  of  Eq.  (3.11),  in  terms  of  the  power  spectra 
G,{u),  and  G,(u)),  and  the  filter  transfer  functions  Hi(u),  Ki(u)  and  Kt(u). 

Thus  the  problem  of  expressing  Z)(T)  in  terms  of  the  statistics  of  the  noise  and 
the  modulating  function  has  been  solved  in  principle. 


4.  Application  to  the  Case  of  Gaussian  Filters.  In  this  section,  we  illustrate 
the  foregoing  results  by  applying  them  to  the  case  where  the  noise  spectra  are 
flat,  and  the  spectrum  of  the  modulating  function  and  the  filter  transfer  func¬ 
tions  have  Gaussian  shapes.  While  not  physically  realizable,  Gaussian  shaped 
filters  are  often  good  approximations,  for  mathematical  purposes,  of  actual  filters. 
We  also  consider  only  the  case  where  /fi(w)  =  Wj(«)  =  ^f(w),  and  Ki(w)  = 
Kt(o>)  =  K(u,). 

We  thus  assume  that,  up  to  phase  factors,  the  filter  transfer  functions  H{u)  and 
K(ui)  are  given  by  Gaussian  functions,  as  follows: 


H(„)  =  exp  [-}  ]  +  exp  [-i  {^^J]  W-l) 

K(u)  =  exp  j  (45) 

For  the  power  spectrum  Gg(o))  of  the  modulating  function  g{t),  we  assume  a 
Gaussian  function  centered  at  roughly  the  same  frequency  as  is  K{u): 

®'<">  =  [-  i  (^^‘)  ]}  («> 


There  is  no  difficulty,  however,  in  treating  any  other  form  of  spectrum. 

The  noise  power  spectra  Gy(ui)  and  G,(u)  are  assumed  to  be  flat  and  identically 
equal  to  constants  Gy  and  G,  respectively. 

We  finally  assume  that 


i 

_ _ 

<ri  +  <ri  <r} 


~  1, 


(4.4) 


Physically,  the  meaning  of  condition  (4.4)  is  that  the  K(o>)  filters  and  the  spec¬ 
trum  Gy(bi)  of  the  modulating  function  are  narrow  band  compared  with  the 
H(u)  filter,  and  also  that  the  K(u)  filter  is  low  frequency  compared  with  the  band¬ 
width  of  the  H(u)  filter. 
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Under  these  assumptions,  we  obtain  the  following  approximate  expressions; 


WD)..  -  WD>.  _ 

=  (2<r)'(C.  +  OjVl  <-.  |l  +  (iV2  +  2)  ilj 


(4^) 

(4.6) 


As  a  measure  of  the  ratio  of  the  bandwidth  of  the  spectrum  of  the  modulating 
function  to  the  bandwidth  of  the  power  transfer  functions  |  H(ju)  |*  and  |  K(w)  p, 
define  respectively 


Rh  =  ^V2,  Rk  =  ^V2.  (4.7) 

Oh 

In  view  of  Eqs.  (3.6),  (4.5),  and  (4.6),  we  have  the  following  approximate  ex¬ 
pression  for  the  value  of  the  detection  criterion ; 

T  <T,  4-  (4\/2  +  2)R„  ^  ^ 

(  1  /  G  W  ^  ^ 

{«'<*  +  «')■'+ V5«”  (3  +  ^)} 

In  many  cases,  Rm  may  be  considered  small.  Then  Elq.  (4.8)  may  be  simplified 
by  dropping  terms  involving  Rb  . 

6.  Conclusions.  In  the  foregoing,  we  have  developed  formulae  which  enable 
us  to  study  the  behavior,  and  the  design,  of  the  detection  system  of  Fig.  1.  We 
have  considered  a  detection  criterion  which  may  provide  a  possible  general 
approach  to  the  problem  of  designing  good  (though  not  necessarily  optimum) 
detection  systems  [4]. 

We  have  also  made  two  calculations  which  may  be  of  general  interest.  We  have 
computed  in  Appendices  B  and  C,  the  cross-correlation  {vi(t)vi{t  -j-  t))ta*  of 
the  inputs  Vi{t)  and  vs(0  of  the  multiplier  for  two  kinds  of  original  input  to  the 
system,  stationary  Gaussian  noise  and  amplitude-modulated  noise.  We  have 
also  computed,  in  Appendix  B,  the  autocorrelation  {w{t)tD(t  +  r))  of  the  output 
w{t)  of  the  multiplier  when  the  input  of  the  system  is  stationary  Gaussian  noise. 
From  these  correlation  functions,  the  corresponding  power  spectra  can  be  ob¬ 
tained  by  means  of  the  Wiener-Khintchine  relations.  Some  of  the  results  given 
here  may  also  be  used  to  give  an  alternative  analysis  of  a  new  t3T)e  of  interferom¬ 
eter  which  has  been  considered  by  Brown  and  Twiss  [3]. 

Appendix  A — ^The  Higher  Moments  of  Gaussian  Noise.  Let  yit)  be  a  station¬ 
ary  random  time  function  whose  probability  distribution  is  Gaussian  and  whose 
mean  value  (|/(0)  is  zero  for  all  t.  Then  all  odd  order  moments  of  y{t)  vanish, 
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and  the  even  order  moments  may  be  expressed  in  terms  of  the  second  order  mo¬ 
ments  by  the  following  formula.  Let  n  be  an  even  integer,  and  let  ,  •  ■  *  ,  ^  be 
points  of  time,  some  of  which  may  coincide.  Then  (see  [5],  [6]) 

(yiti)  •  •  •  yiu))  =  (A.i) 

where  the  sum  is  taken  over  all  possible  ways  of  dividing  the  n  points  into  n/2 
combinations  of  pairs.  The  number  of  terms  in  the  summation  is  equal  to  1  *3  ■  ■  ■ 
(n  -  3)(n  -  1). 

^\8  a  special  case  of  Eq.  (A.I)  we  compute  the  fourth  product  moment  of  the 
squares  of  4  Gaussian  random  variables  Ui ,  Ua ,  th  ,  and  U4 .  We  have 

<(u!  -  (ti?»(i4  -  (t4»(ul  -  (ul))(t4  -  <u5))) 

=  4(MiMa>*(M|«4>*  +  4(ttiM,>*(UiM4>*  -f  4(14iU4>*<W*1*»)* 

(A.2) 

-I-  16(WiUs>(MiM4>(UiM|>(w*T14>  +  16(tliUj>(MiM»>(MsM4>(M*W4> 

-f  16(MtMi>(MiW4>(ti*M»)(«»U4> 

Appendix  B — ^The  Second  and  Fourth  Moments  of  Filtered  Squared  Gaus¬ 
sian  Noise.  Let  ui(t)  and  Ua(t)  be  stationary  Gaussian  random  functions,  with 
auto-  and  cross-correlation  functions 

^ii(r)  =  (wi(0ri(^  +  r))  =  /  cos  wTGn(w)  dw, 

Jo 

Itn(r)  =  (ut(t)ut(i  -I-  t))  =  /  coa  urrOttiu)  dw, 

.'0 

Rit(r)  =  (ui(t)ut(i  -{-  t))  =  (u2(t)uj(t  -f  t)>  =  [  coeurOuiu)  du. 

Let  for  i  =  1,2,  w,(0  represent  the  output  of  a  filter  whose  input  is  the  square 
of  Ui(t),  so  that 


Vi(t)  =  J  dakiia)tii(t  —  a) 
where  the  filter  frequency  transfer  functions 

Ki(u)  —  j  dakiia)e*“" 

pass  no  D.C.,  so  that  iiL<(0)  =  0.  Therefore  (i><(0)  =  0. 

Then,  for  «  and  j  equal  to  1  or  2, 

+  t)>  =  i  y*  dciKii(a)K*iw)e*!’‘  J  dij£lij(n)Oii(u  —  n) 
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From  Eq.  (A.2),  it  may  be  inferred  that  the  fourth  moment  is  given  by 
<»l(<)Pl(<K(<  +  T)Vt(t  +  t)> 

=  {Vl{t)Vtit)){Vi(t  +  T)Vt(t  +  t))  +  {viiOviit  +  T)){v,{t)vi(t  +  t)) 

+  +  ‘r)){Vi(t)vi(t  +  t)) 

4-  /  dwe*'-  f  d\Gn(o>  -  X)G«(X)  |  f  -  m)/C,(«  -  ^)Kt(^) 

4*  J  J  dXGitiu)  —  X)Gr*(X)  J dfuGui^  —  fii)Ki(o3  —  mi)^j  (mi) 

j  dfttGnOs.  —  fii)K*(nt)Ki{u  —  fit) 

4-  /  ///  dkdfitdf^Ktiw  - 

Ga{\  —  Mi)f'ri(X  ~  4"  X  —  Ml  ~  M*)(?a(X) 

We  next  obtain  its  integral. 

f  dT{{vi(t)vt(t)vi(t  4-  T)vt(t  4-  r)>  -  (»i(0i>»(0>*l 

=  2  /  ^  1  Ai(X)K*(X)  1*  J  dfiiGi\(tii)Gii(tti  -\-  \)  j  dfttGnifuDGttifit  4"  X) 
4"  2  ^  dX  I  Ki(\)Kt(\)  1*  I J  dtjGiiifi)Git(ti  4"  X)  j* 

4-  2t  y*  dXGn(X)Gn(X)  dfiKi(fi)Kt(ti)G\i(ti  4”  X)j 
4-  2t  I  dX  1  Gi,(X)  I*  I  f  dMti)Kt(fi)Git(fi  4-  X)  * 

+  2r  j  d\K*(\)Kt(\)  jj  dfii  dfuKiiX  4"  Mi  4-  A**)ff*(X  4“  mi  +  M*) 

Gii(Mi)Ga(M»)Git(Mi  +  X)Gu(m*  "b  X) 

Appendix  C — ^The  Crosscorrelation  of  Squared  Filtered  Amplitude<Modu* 
lated  Gaussian  Noise  in  the  Presence  of  Background  Noise.  We  compute,  in 
this  appendix,  the  crosscorrelation  +  T)),„]rii*  of  the  outputs  of  the 

filters  Ki  and  Kt  of  the  system  of  Fig.  1,  when  the  input  of  the  system  is  given  by 
Eq.  (1.6)  as  the  sum  of  an  amplitude-modulated  Gaussian  noise  plus  a  background 
noise.  By  a  direct  calculation,  it  may  be  verified  that,  up  to  terms  involving 
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////  dcti  dui  d0i  dfii  Ai(ai)Ai(ai)/j5(/3i)A*03j) 

“  fft)  Ry+,{T  -1-  ai  —  /3i)/2,+,(t  at  —  $t) 

+  Ry+Mir  a\  —  fii)Ry+,(T  +  aj  —  ^0} 

-f  m*{/?y(ai  —  at)Ry(^i  —  /3j)  +  Ryir  -j-  ai  —  0i)Ry{T  +  a*  —  |8j) 

Ryir  ai  —  di)RyiT  +  aj  ~  /3i)j 
j  Ryiai  —  oj)  -|-  Rei0i  —  ft)  +  Rg(T  -|-  ai  —  ft)  -f-  /2,(t  -f  ai  —  ft) 

-|-  Ryir  -|-  «i  —  ft)  +  Rgif  +  aj  ~  ft)) 

-1-  m*{i2,(ai  —  aj)Ry(0i  —  ft)A«(/9i  —  ft) 

+  Rt(^i  ~  0i)Ryio‘i  ~  oti)Rgioii  —  at) 

+  R,{t  -H  ai  —  ft)fty(T  -f  aj  —  ^)Rg{T  -f-  aj  —  ft) 

+  Rtir  +  0(2  —  fii)Ry{T  -H  Ol  —  Pl)Rg(T  4-  «!  —  ft) 

-|-  R,(t  -f  ai  —  ft)i?y(T  +  0(2  —  Pl)Rg{T  -|-  a2  —  ft) 

+  R,{t  -f-  0(2  —  ft)i2y(T  4-  «!  —  h)RgiT  4"  0(1  —  ft)}] 

where  we  define  Ry+iir)  =  Ryir)  +  Rtir)  and  (7y+i(w)  =  (»»(«)  4-  G,(«). 

By  writing  these  correlation  functions  in  terms  of  their  corresponding  power 
spectra,  it  follows  that 

[<i»i(<)i>2(<  4-  T))«Jr-i.  =  i  /  d\e*^^Ki(\)Kt(\)  j  dfiGy+,i(i)Gy+gi\  —  m) 

'  //i(m)//?(m)^i(X  -  -  m) 

+  im’  I  dXe""K'i(X)K,*(X)G'y(X)  f  d^iOy{^i)HUni)Hi(m  +  X) 

I  dMi(?yU)/f?(M*)^*U  -  X) 

-h  W  I  dXc”"Ki(X)Kj(X)  I  dvGgiv)  j  d^Gy(n)Gyi\  -  n) 

-  p)Hti\  +v-  fi) 

+  4m*  f  dXe""Ki(X)K?(X)  J  dvGg(v)  j  dnGyii^  -  p)Gy(ji  -  X) 
Hi{n)Hiin  —  \){H*in)Hi(fi  —  X)  4*  Ht(tt  —  v)Hiin  —  v  —  X)} 

4-  W  /  dXc"'Ki(X)A'2*(X)  j  dvGgiv)  j  d^yi^  -  k)G.(m  -  X) 

-  X)/f,(M  -  X) 
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Appendix  D — ^The  Product  and  Integral  of  Gaussian  Functions.  It  is  often 
computationally  convenient  to  assume  Gaussian  shapes  for  filter  transfer  func¬ 
tions  and  signal  and  noise  spectra,  in  view  of  the  following  two  formulas  for  the 
product  and  integral  of  Gaussian  functions: 


where 


and 


_  Qigi  -h  Otv,  1  _ 


<r?  -f  o 


t  i 

<r\  -I-  <r| 


L [-4  (‘^)  ]  “P  [-  4  (‘^)  ] 
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ON  THE  RATIO  OF  CONSECUTIVE  EIGENVALUES' 
By  L.  E.  Payne,  G.  P6lya  and  H.  F.  Weinberger 


Introduction.  1.  We  consider  a  domain  D  in  the  x,  2/-plane,  its  boundary  C, 
and  three  classical  eigenvalue  problems,  concerned  >vith  the  membrane,  the 
clamped  plate  and  the  buckling  of  a  plate,  respectively: 


(1) 

Am  -|-  Xm  =  0 

in 

D, 

u  = 

0 

on 

c. 

(2) 

AAm  —  fiu  =  0 

in 

D, 

M  = 

du/dn  =  0 

on 

c. 

(3) 

AAu  -|-  vAu  =  0 

in 

D, 

M  = 

dufdn  =  0 

on 

C. 

As  usual,  A  denotes  the  Laplace  operator  and  n  the  normal  to  C.  We  use  the 
notation 


m  ,  fit,  Hz,  •“ 


Vl,  Vi,  Vz, 


for  the  successive  eigenvalues  in  problems  (1),  (2),  and  (3),  respectively;  Xn  ^ 
Xn+i ,  fin  ^  Mw+1 1  Vn  ^  I'lt+i  for  n  ^  1. 

We  shall  prove  that,  independently  of  n  and  of  the  shape  of  D, 


(4)  X,+i  g  3X„  , 

(5)  Mn+l  ^  9fin  . 
^In  fact,  we  shall  prove  a  little  more,  namely 


(4') 


Xn+l 


^  X«  4-  +  Xa  +  •  •  •  +  X») 

“  n 


(50 


Hn+l  ^  Mn  + 


8(mi  +  fit  +  •  •  •  +  fin) 

n 


The  proofs  for  (4')  and  (5')  start  out  along  the  same  line  and  diverge  only  slightly 
from  the  point  of  separation  onwards.  Unfortunately,  the  method  that  works 
equally  well  for  the  eigenvalue  problems  (1)  and  (2)  runs  into  additional  compli¬ 
cations  when  it  is  applied  to  (3).  We  prove  here  only  that 

(6)  Vi  <  3i'i 

and  leave  aside  the  higher  eigenvalues  .  We  shall  also  sketch  a  proof  for 

(7)  X,  -1-  X,  ^  6X1 . 


‘  This  paper  was  prepared  partly  under  the  sponsorship  of  the  Office  of  Naval  Research, 
and  partly  under  the  sponsorship  of  the  United  States  Air  Force  Office  of  Scientific  Re¬ 
search,  Air  Research  and  Development  Command.  The  results  were  briefly  announced  in 
the  Comptet  Rendua,  Paris,  Vol.  241,  1966,  pp.  917-919. 
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We  have  proved  relations  analogous  to  (7)  also  for  the  problems  (2)  and  (3), 
but  the  constants  obtained  seem  to  be  less  good  and  so  we  leave  them  aside  too. 

For  the  circular  membrane  Xi/Xi  =  2.539  approximately;  perhaps  inequality 
(4)  remains  generally  true  if  we  substitute  in  it  this  value  for  the  bound  3  that 
we  have  succeeded  in  proving.  At  any  rate,  there  are  some  indications  in  favor 
of  this  conjecture. 

2.  This  paper  consists  of  five  parts.  Part  I  applies  equally  to  the  case  of  the 
membrane  and  that  of  the  clamped  plate  and  prepares  the  ground  for  the  proof 
of  (4')  and  (5').  Parts  II,  III,  and  IV  prove  (4'),  (5').  (6),  respectively.  Part 

V’’  contains  additional  remarks. 

•Vs  double  integrals  extended  over  the  domain  D  occur  rather  frequently, 
we  shall  use  throughout  the  paper  the  abbreviation  jf  for  the  full  symln)! 

fj  /(-c.  y)  dx  dy. 

If  the  limits  of  a  summation  are  not  indicated,  the  subscript  ranges  from  1 
to  n.  If  just  one  subscript  appears  under  the  sign  ^  ,  the  summation  is  ex¬ 
tended  to  that  subscript.  For  example,  ^  u*  must  be  understood  as  an  abbre¬ 
viation  of  the  full  symbol  w*  • 

The  letters  x  and  y  used  as  subscripts  denote  partial  derivatives  in  the  usual 
way;  we  use  t,  j,  or  k  as  subscripts  for  summation,  never  x  or  y.  For  example, 
Hu  stands  for  dUi/dx. 

I.  Membrane  and  Plate.  3.  We  regard  as  known  the  first  n  eigenfunctions  ^ 

Ui,Ut,  •••  Un  , 

and  consider  such  properties  which  belong  equally  to  problems  (1)  and  (2).  The 
principal  properties  of  this  kind  are 


(1.1) 

Ui  =  0 

on  C, 

r 

when  i 

=  3 

(1.2) 

/  UiU,  =  { 

when  i 

J  [o 

^  3 

For  reasons  which  will  be  apparent  later,  it  is  desirable  to  choose  the  direction 
of  the  coordinate  axes  so  that 

(1.3)  E/w?.  = 

In  fact,  this  choice  is  possible.  Assume  that  in  a  certain  position  of  the  coordi¬ 
nate  axes,  the  left  hand  side  of  (1.3)  is  greater  than  the  right  hand  side.  A  rota¬ 
tion  of  the  coordinate  system  about  the  origin  through  90°  interchanges  the 
axes  and  reverses  the  inequality.  Therefore,  there  is  an  intermediate  position 
in  which  (1.3)  holds.  (The  admissibility  of  (1.3)  could  be  also  proved  without 
appeal  to  continuity,  by  the  explicit  formulas  of  coordinate  transformation.) 
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4.  To  obtain  information  about  the  next  eigenvalue,  we  shall  need  an  appro¬ 
priate  “trial-function.”  In  fact,  we  shall  use  n  trial-functions 

•Pi,  •Pi,  •Pn- 

Any  one  of  these  trial-functions,  say  ipi ,  must  satisfy  two  conditions: 

(1.4)  =  0  on  C, 

(1.5)  j  ViUj  =  0 
for  t,  j  =  1,  2,  •  •  •  n.  We  choose 

(1.6)  ifii  =  xui  —  2* 

where  a,*  are  suitable  constants.  By  virtue  of  (1.1),  the  condition  (1.4)  is  satis¬ 
fied.  By  virtue  of  (1.2),  the  condition  (1.5)  is  equivalent  to 

(1.7)  0,7  *  f  xUiUj  =  0,,  . 


Therefore,  we  define  a<y  by  (1.7)  and  have  (1.5).  Observe  that  from  (1.5)  and 
(1.6)  it  follows  that 

(1.8)  j  ~  f  ' 

6.  We  shall  need  later  the  sum 


(1.9)  — 2  J  /  2m.  +  2  2  ]C  a.*  j 

we  used  (1.6).  We  integrate  by  parts,  using  (1.1).  On  the  one  hand 


J  UixUk  =  —  j  Uk.'Ui', 


from  this  “antisymmetry”  and  from  the  symmetry  of  oa ,  see  (1.7),  it  follows 
that  the  double  sum  on  the  right  hand  side  of  (1.9)  vanishes.  On  the  other  hand 


—  j  x2m,  ti,,  =  j  u'i  =  1; 


we  used  (1.2).  Applying  both  remarks  to  (1.9),  we  obtain 

(1.10)  -2  23  /  *  »*• 

We  derive  hence,  by  applying  Schwarz’s  inequality  and  (1.3),  that 

(1.11)  n*  ^  4  ^  J  ¥>i  ^  t4«  =  2  23  23  j  w<»  +  wj*  . 

n.  Membrane.  6.  We  regard  as  known  the  first  n  eigenfunctions 


Ui,Ut,  •••  tin 
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and  the  corresponding  eigenvalues 

j  ^2  >  ■  ■  ■  Xu 

of  problem  (1).  We  add  a  propertj’^  specific  to  this  problem  to  the  properties 
considered  in  Part  I : 

(2.1)  AUi  +  X.Uj  =  0  in  D. 

From  this,  (1.1),  and  (1.2)  it  follows  that 

(2.2)  J  Uit  -h  «<»  =  X, . 


The  next  eigenvalue  X„.|.i  is  characterized  by  the  inequality 

/ 

(23)  X.+.  ^ - - - 

valid  for  any  function  <pi  satisfying  (1.4)  and  (1.5).  Such  a  function  is  (1.6)  for 
which  we  find,  using  (2.1),  that 

—  =  \iXUi  -  2m<,  -  23*  o.*^*w*  • 

We  derive  hence,  using  (1.8)  and  (1.5),  that 


and  so  (2.3)  yield.s 


X*+i  ^  X,- 


2 


j  Uit<pi 

'W 


2  j  Uixipi 


Hence  we  obtain,  using  (1.10),  (1.11),  and  (2.2)  in  succession 


X 


»+! 


2  £./  few  ^  n  ^  2  S  /  ^  2Z)>. 

z/*: 


which  is  the  desired  (4'). 


m.  Plate.  7.  We  regard  now  as  known  the  first  n  eigenfunctions  ui ,  ,  *  *  *  u* 

and  the  corresponding  eigenvalues  >  “  *  Mn  of  problem  (2).  We  add  two 
properties  specific  to  this  problem  to  the  properties  considered  in  Part  I : 

(3.1)  AAm<  —  =  0  in  D, 

(3.2)  *  0  on  C. 

Oft 
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From  (1.1),  (1.2),  (3.1),  and  (3.2)  it  follows  that 
(3.3)  f  (Au.)*  =  M. . 

The  next  eigenvalue  nn+i  is  characterized  by  the  inequality 

J 


(3.4) 


MiH-1  S 


\  alid  for  any  function  satisfying  (1.4),  (1.5),  and 
(3.5) 


^  =  0  on  C. 
dn 


Such  a  function  is  (1.6)  ((3.5)  is  satisfied  by  virtue  of  (1.1)  and  (3.2))  for  which 
we  find,  using  (3.1), 

AAipi  =  niXUi  +  4AUix  —  22*  <*•*/**«* . 

We  derive  hence,  using  (1.8)  and  (1.5),  that 


j  (piAA^i  =  Hi  J  +  4  J  ipiAttix 


and  so  (3.4)  yields 


4-J  ifiiAui,  4  j  ipiAui, 

Hn+\  ^  Mt  +  - : -  ^  Mn  + 


j<p\ 


f 


<Pi 


Hence  we  obtain 


4  22  / 

(3.6)  Hn+l  —  Mn  ^  - - -  . 

8.  We  consider  the  numerator  of  the  right  hand  side  of  (3.6).  It  is  analogous 
to  the  sum  (1.9)  and  we  can  treat  it  similarj'.  By  (1.6) 


(3.7)  2  /  ViAtii.  =  21  2  J  xUiAuix  -  2  22.  21*  j  u^Aui,  . 

We  integrate  by  parts,  using  (1.1)  and  (3.2).  On  the  one  hand 

j  UkAttix  =  j  *=  “/  UkxAUi  =  —  /  UiAttk,  ; 


from  this  “antisymmetry”  and  the  symmetry  of  a,*,  see  (1.7),  it  follows  that 


294  L.  E.  PAYNE,  O.  p6lYA  AND  H.  F.  WEINBERGER 

the  double  sum  on  the  right  hand  side  of  (3.7)  vanishes.  On  the  other  hand, 

2  j  xuiAui,  =  -2  J  (xu,,  -f  Ui)ui„  +  xuiyUi^ 

—  ~  ^  x(2Uts  Utc«  "4"  SUty  U«y»)  ~  ^  j  ^ 

=  S  j  lAt  J  u*y  ; 

we  used  that  =  u<y  =  0  along  C,  which  is  implied  by  (1.1)  and  (3.2).  Apply¬ 
ing  both  remarks  to  (3.7),  and  using  (1.3)  in  the  sequel,  we  obtain 

2  53  y*  WAW,-,  =  3  ^  y*  iAm  ^  j  ti*y  =  2  ^  y*  rJ»  +  wjy  . 

Using  this  and  (1.1),  we  can  rewrite  (3.6)  and  apply  afterwards,  in  succession, 
(1.11),  Schwarz’s  inequality,  (1.2),  and  (3.3): 

f  /  ® 

M«+l  ””  Mn  ^  -  “  —  -  ~  - 

Zf*'  Z/o!  2Zfp,Zf^.  +  ^, 

-  n*  ^  n*  n 

which  is  the  desired  (5'). 

IV.  Buckling.  9.  We  assume  as  known  the  first  eigenvalue  vi  and  the  corre¬ 
sponding  eigenfunction  u  of  problem  (3)  so  that 

(4.1)  AAm  +  i>iAw  =  0  in  D,  w  =  ^  =  0  on  C. 

dti 

We  introduce  the  usual  abbreviations 

(4.2)  /  fpQp  +  /yj7y  «  D[f,  g],  D[f,f]  =  D[/]. 

It  follows  from  (4.1)  that 

(43)  j  uAAu  =  j  (Ati)*  —  D[ua]  +  D[uy]  =  i'iD[u]. 

It  is  well  known  that 


(4.4) 
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provided  that  the  trial  function  ^  satisfies  two  conditions: 

(4.5)  ^  ^  =  0  on  C, 

dfl 

(4.6)  D[u,  v>l  =  0. 

10.  Cover  the  domain  D  with  matter  of  surface  density  t4  +  suppose 

that  the  center  of  gravity  of  this  mass  distribution  lies  at  the  origin : 

(4.7)  J  x(iil  +  vDdxdy  j  y(t4  +  mJ)  dxdy  =  0. 

Now,  we  choose  as  trial  function 

(4.8)  =»  XU. 

Thanks  to  (4.1),  the  condition  (4.5)  is  satisfied  by  this  choice.  On  the  other  hand 

(4.9)  j  uut  =  0, 
see  the  boundary  condition  in  (4.1),  and 

D[u,<p]  »  J  U,{xUa  +  w)  +  =  0 

by  (4.8),  (4.9),  and  (4.7).  Thus  condition  (4.6)  is  also  satisfied:  (4.8)  is  an  ad¬ 
missible  trial  function. 

0  11.  We  have  to  compute  the  right  hand  side  of  (4.4)  using  (4.8).  Since,  by 

(4.1), 

(4.10)  j  x2uux  +  M*  =»  0 
we  obtain  for  the  denominator 

(4.11)  by]  =  j  (xM,  -b  u)*  +  (a:ti»)*  »  f  x*(t4  +  t4). 

We  examine  the  numerator; 


(4.12) 

Now 


—  vi 


j  x*«Att 


j  x*uAu 


*=  J  (x*«,  +  2xu)Um  +  X*Uy  Uy 

=  D[p]  —  j  ; 


(4.13) 
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(4.14) 


(4.1),  (4.10),  and  (4.11).  On  the  other  hand,  in  view  of  (4.5),  (4.1),  and  (4  8) 

2  j  ifiAut  =  —2D[tfi,  «,)  »  —2  j  (xti,  +  u)ugx  +  xuyUgy 

*  -  j  x(2m,u„  +  2ti„ti^)  -  2  J  Mu„  =  3  J  t4  +  J  wj. 
12.  From  (4.4),  (4.12),  (4.13),  and  (4.14) 

4  j  ^Au,  s(  j  ipAw,^ 


(4.15) 


Fj  <  Fl  + 


DW] 


Vi  + 


D[ifi]  j  ^  f  ’4^ 


Now,  by  the  Schwarz  inequality. 


(4.16) 


(/^Au,) 


{Dy,u,\y  ^  DW\D[u,\. 


The  combination  of  (4.15)  and  (4.16)  yields 

8Z)[u.] 

(4.17) 


Fj  <  Fl  + 


Yet,  in  view  of  (4.7),  we  could  have  chosen  in  Section  10  yu  as  trial  function 
instead  of  xu  and  so  we  also  have 


(4.18) 


Fl  <  Fi  + 


SDM 


j  ti  +  Z  j  vi 


Combining  (4.17)  with  (4.18)  and  using  (4.3),  we  obtain 

8(/)[ii.l  +  DM 


rj  <  Fi  + 


4i)[u] 


which  is  the  desired  (6). 

V.  Remarks.  IS.  In  proving  (7),  we  emphasize  only  the  main  steps  and  leave 
out  a  few  intermediate  steps  (which  all  occurred  essentially  in  the  foregoing, 
even  under  more  complicated  circumstances). 

We  assume  as  known  the  first  eigenvalue  Xi  and  the  corresponding  eigenfunc¬ 
tion  u  of  problem  (1)  (m  =  Mi  in  the  notation  of  Parts  I  and  II).  Therefore, 

(5.1)  Am  -|-  XiW  *:  0  in  D,  m  =  0  on  C,  j  u  =  I 


from  which  properties  it  follows  that 

(5.2)  /mJ  +  u;  =  X.. 
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Cover  the  domain  D  with  matter  of  surface  density  u*  and  choose  the  coordi¬ 
nate  system  so  that  the  center  of  gravity  of  this  mass  distribution  coincides  with 
the  origin  and  the  principal  axes  of  inertia  coincide  with  the  coordinate  axes: 

(5.3)  j  XU*  =*  j  yu*  =  j  xyvC  =  0. 

We  wish  to  use  a  theorem  of  Poincar^’  (which  we  did  not  need  in  the  forgoing) 
and  so  we  have  to  consider  a  trial-function  that  depends  linearly  on  three  param¬ 
eters  Ji,  and 

(5.4)  V  -  i  aux  4-  t/  buy  -f-  fw; 
the  positive  constants  a  and  b  are  so  determined  that 

(5.5)  o*  J  ~  j  ^  • 

We  find  without  difficulty  that 

(5.6)  j  ^  f  +  +  f*, 

(5.7)  —  j  =  (Xi  -f  o*)f*  -f  (Xi  -f  6*)ij*  -|-  Xi  f*. 

By  Poincare’s  theorem,  the  first  three  eigenvalues  of  the  membrane  are  not 
greater  than  the  corresponding  characteristic  roots  of  the  pair  (5.6),  (5.7)  of 
quadratic  forms,  and  so 

(5.8)  X,  -I-  X,  -H  X,  ^  3X,  -f-  a*  -1-  b\ 

*  Now  (cf.  4.10) 

1  =  (^j  u’J  -  X2UU.J  s  4  /  u’x’/  xi 
(we  have  used  Schwarz’s  inequality)  and  so,  by  (5.5),  we  have 

o*  ^  4  J  t4  . 

Similarly, 

h'Sijxi 

and  so,  by  (5.2), 

•{"  h*  ^  ^  j  + 

which,  with  (5.8),  yields  the  desired  (7). 

*  cf.  G.  P6Iya  and  M.  Sehiffer,  /oumof  d' Analyte  MatKematique,  Vol.  3, 1953,  pp.  245-345 
especially  pp.  275-279. 
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14.  Since  Xi  ^  Xt  ^  Xj ,  it  follows  from  (7)  that 
(5.9)  X,  ^  3Xi ,  X,  ^  5X, . 

The  first  of  these  inequalities  is  contained  in  (4)  which,  however,  would  yield 
only  Xj  g  9Xi  instead  of  the  sharper  second  inequality  under  (5,9).  Even  (4') 
yields  only  X|  7Xi . 

We  have  also  proved  results  analogous  to  (5.9)  for  the  first  three  eigenvalues 
of  the  clamped  plate  and  the  buckling  problem  (problems  (2)  and  (3),  respec¬ 
tively),  yet  instead  of  the  6  arising  in  (7)  we  found  greater  and,  probably,  less 
sharp  numerical  constants.  Let  us  emphasize  a  consequence:  also  Pi/i^  has  a 
numerical  bound  independent  of  the  shape  of  the  domain  D. 

16.  The  method  that,  in  Parts  I,  II  and  III,  works  satisfactorily  for  problems 
(1)  and  (2),  hits  a  snag  when  applied  to  problem  (3).  The  difficulty  arises  with 
the  analogue  of  the  matrix  an,  see  (1.6),  (1.7).  This  matrix,  with  elements 
/  xUiUj ,  is  symmetric,  whereas  our  choice  (1.6)  of  a  trial  function  leads  in  prob¬ 
lem  (3)  to  the  matrix  \ivith  elements  D[u, ,  xuj],  which  is  not  s}rmmetric. 

16.  There  are  indications  that,  of  all  membranes,  the  circular  membrane 
attains  the  maximum  value  of  the  ratio  (Xt  -f  Xi)/Xi .  There  are  also  indications 
that,  if  we  let  vary  both  n  and  the  shape  of  the  membrane,  X.+iAo  attains  its 
maximum,  approximately  2.539,  when  n  =  1  and  the  membrane  is  circular. 
We  list  some  of  the  indications. 

(a)  In  siuwejring  those  few  cases  in  which  the  eigenvalue  problem  of  the  mem¬ 
brane  has  been  completely  solved  (circular  sectors,  rectangles,  three  particular 
triangles)  we  found  no  numerical  values  contradicting  the  conjectures  stated. 
Vet  there  is  subtler  evidence  too:  if  a  figure  A  is  “closer”  to  the  circle  than 
another  figure  B,  figure  A  turns  out  to  have  a  higher  value  both  for  Xt/Xi  and 
for  (X»  +  Xi)/Xi  than  B. 

We  regard  here  the  equilateral  triangle  closer  to  the  circle  than  any  other 
triangle,  the  square  closer  than  any  other  quadrilateral,  and  so  on. 

(b)  The  first  variation  of  X*  -f  Xj ,  computed  for  the  circle  from  the  gradients 
of  the  corresponding  eigenfunctions,  turns  out  to  be  proportional  to  the  first 
variation  of  Xi  analogously  computed.  Such  indication,  however,  is  not  too  strong: 
it  would  equally  suggest  tluvt  X«/Xi  is  either  a  minimum  or  a  maximum  for  the 
circle,  yet,  in  fact,  neither*  is  the  case. 

(c)  Professor  Szegd  to  whom  we  communicated  our  conjecture  concerning 
(Xj  -f  Xs)/Xi  found  it  in  agreement  with  his  results  concerning  nearly  circular 
membranes.* 

(d)  For  a  given  shape,  X„+i/X,  need  not  steadily  decrease  as  n  increases:  it  is 
enough  to  refer  here  to  the  example  of  the  circle.  Yet  X«+i/X,  seems  to  decrease 
“on  the  whole”  in  some  yet  unclarified  sense  and  so  it  is  not  unreasonable  to 
expect  that  the  maximum  of  this  ratio  is  attained  for  n  =  1. 

Univcbsitt  of  Maryland  and  Stanford  Univrrsitt 
(Keneive<l  December  13,  1955) 

*  Journal  of  Rational  Mechanics  and  Analysis,  Vol.  3,  1964,  pp.  343-356. 


THE  TRUNCATION  ERROR  IN  A  SEMI-DISCRETE  ANALOG  OF  THE 

HEAT  EQUATION* 

Bt  Norman  E.  Friedmann 

1.  Introduction.  One  of  the  most  widely  used  methods  for  obtaining  numerical 
solutions  of  heat  problems,  when  simple  forms  of  solution  are  unavailable,  con¬ 
sists  of  replacing  the  differential  operator  by  a  difference  analog.  Questions  of 
stability,  and  convergence  associated  with  solutions  of  both  explicit  and  implicit 
analogs  have  been  extensively  considered  in  many  papers,  (l)-(8). 

It  is  known  that  upon  passing  from  the  discrete  to  continuous  in  time  in  the 
simple  4  point  explicit  approximation,  that  the  resulting  difference-differential 
(semi-discrete)  analc^  is  stable  for  all  spatial  lattice  dimensions,  (9).  This 
characteristic  has  made  possible  the  application  of  semi-discrete  analog  to  the 
solution  of  a  general  class  of  heat  problems  by  means  of  continuous  computers, 
(10)-(12). 

In  this  paper  we  consider  the  problem  of  obtaining  an  estimate  of  the  difference 
between  an  exact  solution  of  the  heat  equation  in  a  finite  solid  and  an  exact 
solution  of  a  semi-discrete  analog  replacing  the  same  problem.  This  difference  is 
associated  with  the  question  of  convergence  of  the  difference  solution  to  the 
differential  solution,  and  is  sometimes  inappropriately  called  “lumping  error”. 
The  usage  presumably  stems  from  the  lumped  circuit  versus  distributed  elec¬ 
trical  circuit  concept  of  the  heat  problem  (Sec  12).  In  keeping  with  the  termi- 
nolc^  currently  used  when  referring  to  discrete  analogs,  we  shall  describe  the  dif¬ 
ference  as  the  truncalum  error.  • 

In  obtaining  expressions  for  the  error,  a  number  of  options  exist:  An  exact 
evaluation  or  estimate  of  local  error,  which  is  a  function  of  both  time  and  position, 
or  an  exact  evaluation  or  estimate  of  global  error  which  is  a  function  of  time 
alone.  Depending  on  the  particular  application  in  mind,  one  or  more  of  these 
approaches  may  be  preferred  over  the  remainder. 

In  their  studies  Klein,  Touloukian  and  Eaton  (13)  obtained  exact  local  error 
expressions  for  the  problem  under  study  here: 

/u..  “  0/a)tit ;  m(0,  t)  =  F,  nil,  1)  =  n(x,  0)  »  0 

where  F  is  a  constant.  Their  results  were  expressed  in  terms  of  a  Fourier  number 
at  the  mid-points  of  each  mesh  interval.  An  extension  of  their  analysis  to  include 
the  treatment  of  time  varying  boundary  conditions  is  not  discussed,  however,  a 
superposition  principle  and  a  mean  value  theorem  could  be  applied  to  obviate 
this  shortcoming.  In  addition,  bounds  on  the  error  at  small  Fourier  numbers  arc 
not  established.  They  remark,  in  this  respect  that  “The  high  positive  departures 
during  the  early  part  of  the  transient  may  in  some  cases  be  of  little  concern,  as 
errors  of  hundreds  of  percent  may  actually  be  equivalent  to  only  a  small  per¬ 
centage  of  the  applied  potential  (temperature)”. 

*  The  author  is  greatly  indebted  to  Dr.  Myron  Tribus  of  the  University  of  California, 
Los  Angeles,  for  his  numerous  suggestions  and  criticism  during  the  writing  of  this  paper. 
Thanks  are  also  due  to  Ed  DeLand  who  critically  examined  the  manuscript. 
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Lawson  and  McGuire  (14)  treat  a  problem,  comparable  to  that  undertaken 
by  Klein,  et  al  (23),  for  the  semi-infinite  solid.  They  use  methods  similar  to  those 
found  in  (13)  and  consider  only  exact  evaluation  of  local  error. 

Using  methods  similar  to  those  found  in  (13)  and  (14),  Clarke  (15),  gives  exact 
equations  for  local  error  for  the  heat  equation  under  the  following  boundary  and 
initial  conditions: 

M.(0,  0  =  0,  M.(f,  0  =  m(*,  0)  =  0. 

His  analysis  is  confined  to  the  plane  x  =  0  although  this  is  not  an  inherent  limi¬ 
tation  of  the  method  used. 

Paschkis  and  Heisler  (16),  in  a  study  of  a  general  class  of  errors  arising  in  the 
use  of  continuous  computers,  have  departed  from  the  procedure  employed  by 
many  of  the  writers.  Taking  a  predetermined  mesh  size  (number)  as  a  control 
they  have  experimentally  compared  results  for  other  larger  mesh  sizes.  Utilizing 
this  approach  they  study  the  problem  examined  by  Klein,  et  al. 

Finally  in  reference  (10)  an  entirely  different  concept  of  the  error  problem  is 
introduced.  The  problem 

Hm,  -  (l/a)M«  ;  0)  =  mo  ,  m(0»  0  *  m(^»  0  “  0 

is  considered.  The  percentage  deviation  in  the  eigenvalues  for  each  mode  of  the 
separated  equation  is  then  evaluated  in  terms  of  mesh  size  using  the  exact 
eigenvalue  equation  for  comparison.  The  method  permits  only  the  estimate  of 
error  in  time,  not  spatial  position.  A  separate  analysis  for  the  latter  would  be 
necessary. 

Thus,  in  all  results  obtained  to  date,  attention  has  been  focussed  on  an  exact 
determination  of  local  error.  From  the  point  of  view  of  analog  computation,  it  is 
more  desirable  to  be  able  to  make  advance  predictions  of  the  maximum  error, 
global  error,  than  it  is  to  know  the  exact  local  error.  While  exact  global  error 
expressions  are  desirable,  our  results  are  a  compromise  in  that  an  upper  bound 
on  global  error  is  obtained.  Having  performed  computations  on  the  basis  of  these 
error  bounds,  then  one  may  wish  to  make  an  exact  evaluation  of  local  error  if  this 
is  possible. 

This  upper  bound  on  global  error  is  expressed  in  terms  of  such  easily  determined 
qxiantities  as  mesh  size  and  Fourier  number.  The  results  apply  to  a  finite  solid 
with  prescribed  (constant)  boundary  and  initial  temperatures,  and  may  supply 
an  insight  into  anticipated  error  under  other  boundary  conditions  for  other  geo¬ 
metrical  configurations. 

2.  The  Problem.  Let  the  solution  domain  D  be  bounded  by  0  <  x  ^  f,  and 
open  in  time,  f  >  0.  The  prescribed  continuous  boundary  function  is  assumed  to 
take  on  the  value  F  at  x  »  0  and  vanish  at  x  «  1.  We  denote  the  Laplacian 
operator  by  V*  and  define  by 

Vjw  *=  A“*(w(i  +  0  +  V}(x  —  h,t)  —  2u>(x,  01 

and  by 

vl%c  =  dhvfdx!*. 
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For  any  value  of  mesh  spacing  h  such  that  N  »  IhT^  is  an  integer,  we  denote  by 
>i«(0  the  fimction,  defined  at  all  netpoints  (nh,  t)  in  D,  where  n  is  an  integer,  and 
including  the  boundaries  for  which 


(2.1) 

a  at 
and 

(2.2)  M  =  F,  Mt)  “  0 

while  initially 


(2.3)  M»(0)  =  0. 

The  function  which  satisfies  the  problem  consisting  of  Eq.  (2.1)-(2.3)  is 

(2.4) 

where  Ckik,  y)  is  the  Fourier  interpolation  coefiicient  given  by 


0  <  z  ^  1 


(2.5) 
and 

(2.6) 


Ck0e,y)  =  2akr‘ 


■•ft') 


git 


,y)  =  F  £  exp  -  [ofcVr*  it  -  r)]  dr. 


The  result  (2.4)  follows  from  classical  methods  and  can  be  easily  verified  by 
substitution  into  Eq.  (2.1)  and  using  the  sum, 


1  ^  sin  in/N)kr  _  , 
N  t&nkr/2N  “ 

As  mentioned  in  (17),  the  solution  of 


-(»)■ 


0  <  n  ^  AT. 


(2.7) 


which  satisfies  the  boundary  conditions 

(2.8)  m(0,  0  =  F,  m(1.  0  =  0 

and  the  initial  condition 


(2.9)  nix,  0)  -  0 
is 

(2.10)  n(x,  0  =  £  Ckik,0)git,0)  sin  •  0  <  i  ^  1. 

At  a  netpoint  (nh,  t)  the  exact  solution  (2.4)  of  (2.1)  differs  from  the  exact 
solution  (2.10)  of  (2.7)  by  the  truncation  error  |  m  | .  Constructing  this 
difference  for  the  present  case  we  write  using  (2.4)  and  (2.10) 
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(2.11)  I  /i  —  M*  I  ^  El  -{■  Et  E% 

where 

(2.12)  El  [k,  I?)  -  yiik,  0)  |  v(l,  0) 

8.13) 

(2.14)  ^  —  I  12  yk(k,  0)  sin  v(t,  0)  I  0  <  x  g  I 

T  I  *-l+JV  \  I  /  \ 

(2.15)  ykik,  y)  =  coty  r(t,  y)  =  exp  -  /3*  »*fc* 
and  /3*  =  at/f  is  a  Fourier  number. 

Expressions  (2.12)  and  (2.13)  have  been  obtained  as  a  consequence  of  the  in¬ 
equalities  I  ®  I  ^  22  I  a  I  >  the  equation  |  a6 1  =  j  a  | •  1 6|,  and  following  ap¬ 
plication  of  a  mean  value  theorem.  The  decomposition  of  (2.11)  into  the  forms 
shown  is  somewhat  arbitrary.  The  present  selection  was  largely  dictated  by  the 
facility  ^ith  which  the  resultant  error  components  could  be  bounded.  Con¬ 
ceptually,  other  arrangements  of  terms  could  lead  to  lower  bounds  on  truncation 
error  than  those  presented  here. 

3.  Preliminary  Results.  In  this  section  we  shall  prove  .some  lemmas  necessary 
for  the  comparison  of  n  and  . 

Lemma  3.1.  If  ytik,  y)  is  given  by  equation  (2.15),  then 

(3.1)  7*(fc,  0)  -  7*  {k,  ^  kN-\ 

Proof:  Applying  Eq.  (2.15)  we  write 

(3.2)  yk{k,  0)  -  7t(A-,  j/)  =  i  (1  -  y  cot  y).  0  <  y  <  r/2,y  = 

To  equation  (3.2)  we  apply  the  inequalities 

(3.3)  0  ^  (1  -  y  cot  y)y"*  g  1 

to  obtain 

7.a-,o)  -  s  wv- 

and  the  lemma  is  proved. 

Lemma  3.2.  If  v{t,  y)  is  defined  as  in  Eq.  (2.15)  and  >  0,  then 

(3.4)  I  r  (f,  I')  -  v(t,  0)  g  8/3*fc‘Ar‘  exp  -  4/3*fc*. 

Proof;  In  order  to  estimate  the  difference  v(l,  kv/2N)  —  v(t,  0)  with  the 
aid  of  the  theorem  of  the  mean  we  have  to  estimate  the  right  hand  member  of 
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the  equation 
(35)  J((,v) 


,  -  (“IK)] «p  -  fl-A- (“!»)■ . 


«  ^  kr  ^ 
~2N- 


We  observe  that  m~*  sin  m  is  a  non-increasing  function  of  ^  for  a  >  0  and  write 
Jordan’s  inequality 


(3.6) 


0  Sy  ^  x/2. 


In  addition  we  write  as  a  consequence  of  (3.6) 

(3.7)  (^)  0  g  j/  ^  t/2. 


The  second  inequality  follows  from  the  relation  tan  m  ^  sin  m  and  (3.6).  There¬ 
fore 


(3.8)  0  S  g  «,  y)  -  2^rVy-'  (^)[^  -  cos  !,]  exp  -  *V  (“I*!)’  . 

The  right  side  of  (3.8)  assumes,  in  the  interval  for  y,  its  maximum  value  at  the 
upper  limit,  consequently 


(3.9)  0  g  1^^  (<,  y)  g  -  ^k'  exp  -  4/S*fc*. 

dy  X 

t  Applying  (3.9)  to  (3.8)  and  liring  a  mean  value  theorem  the  lemma  follows. 
Lemma  3.3.  If  yk{k,  y)  is  given  by  Eq.  (2.15)  and  1  g  A;  g  AT  then 

Proof:  We  estimate  the  coefficient  ytik,  kx/2N)  by  writing  the  inequality 

(3.11)  iT*(l  -  y  cot  y)y-*  ^1  0  g  y  g  t/2 

where  the  equality  holds  at  the  upper  limit  of  the  interval.  The  inequality  follows 
by  noting  that  the  left  side  takes  on  its  minimum  value  at  y  =  x/2. 
Furthermore,  from  equations  (2.15)  there  obtains 


(3.10) 


(3.12)  \yk(k,0)\  =  1/k. 

Application  of  (3.11)  and  (3.12)  to  (3.2)  leads  to  the  inequality 

(3.13)  |,.(,,^^)|S^1_|) 

from  which  there  follows  the  lemma  by  virtue  of  application  of 


(3.14) 


1  g  A-  g  AT. 


tOI  H 
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Finally  we  present  the  following  three  lemmas  related  to  bounds  and  a  mean 
value  property  of  sums. 

Lemma  3.4.  If  a  is  non-negative,  then  the  probability  exponential  sum  can  be 
bounded  above  by 

(3.15)  S  k  exp  —  ak^  ^  —  (-s/iro  erf  M  \/a  +  (1  —  exp  —  oM*)]. 


Proof:  We  consider  the  identity 

M  t-M+l 

53  k  exp  —  ak^  =  f  v  exp  —  ov*  dv 
k-l  J\ 

M  ^k+1 

^  /  [k  exp  —  ok*  —  V  exp  —  od*)  dii 

k~i  Jk 

k<v<k  +  l;v—  I  <  k  <  V 


Now  note  that  the  second  integrand  on  the  right  of  Eq.  (3.16)  can  be  bounded 
above  by 


(3.17)  k  exp  —  ak^  —  V  exp  —  ov*  ^  exp  —  a(»  —  1)*  —  v  exp  —  co)^ 
consequently  Eq.  (3.16)  can  be  written  as 


^  k  exp  —  ofc* 


(3.18) 


/M+i  ^y+i 

V  exp  —  av*  dv  +  J  t)(exp  —  o(v  —  1)*  —  exp  —  ai>*l  dv 


and  the  lemma  is  proved. 

Lemma  3.5.  If  G{k)  is  stepwise  continuous  and  non-negative  in  0  ^  x  ^  iV  and 
if  the  sign  of  G'(x),  where  G(k)  is  the  bounded  interpolating  function  on  6(x), 
changes  from  positive  to  negative  P  times  in  0  ^  x  ^  iST,  then  the  sum  of  func¬ 
tions  G(k)  is  expressed  in  terms  of  its  Riemann  integral  as 

N  .W+l  J* 

(3.19)  E  Gik)  g  G(x)  dx  -h  E  G(X,)  0  ^  Xp  ^  N 

k-l  ^  Jd  p-l 

where  X,  is  the  value  of  x  at  the  location  of  the  sign  change  in  G'(x). 

Proof:  The  lemma  can  be  demonstrated  by  consideration  of  the  area  bounded 
by  G(x). 

Lemma  3.6.  If  G(x)  and  H(x)  are  continuous  functions  for  0  ^  x  ^  M,  and 
ff(x)  is  non-negative,  then 

(3.20)  I  Z^-i  G(k)H(k)  H\  Ek-i  G(k)  1 


where  H  is  the  max  of  ff  in  1  ^  k  ^  M. 

Proof:  Lemma  3.6  is  a  special  case  of  Holder’s  inequality,  considered  in 
Hardy’s  Inequalities j  p.  25. 
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4.  The  Truncation  Error.  Our  preceding  results  can  now  be  collected  into  a 
truncation  error  theorem. 

Theorem  4.1.  The  solution  of  the  semi-discrete  problem  (2.1)  in  the  open 
rectangle  0  <  x  ^  I,  t  >  0,  subject  to  boundary  and  initial  conditions  (2.2) 
and  (2.3)  differs  in  absolute  value  from  the  differential  solution  to  the  same 
problem  (2.10)  by  the  truncation  error 


^  I  M  —  M*  I  ^  (^^^  ^  erf  t.4  -1-  (1  —  exp  —  ir*il*)  J 

(4.1)  l)+2|]exp-4B’  +  i((l  +a4’)  -  vT+4A-l 

■  “  ix*  “  vrrix}] 

•  exp  -  [(1  -1-  2il*)  --  VThPXX)  -h  rexp  -  ^1  +  ^ 


where  A  =  0N,  B  =  /3Af,  M  =  N  1. 

Proof:  Consider  first  the  definition  (2.12)  of  Ei .  By  lemma  3.1  and  definition 
(2.15)  this  reduces  to 

(4.2)  — i:^,exp-/3*irV. 

.  T  k-l  iV* 

Upon  applying  lemma  3.4  we  have 

^  +  (1  -  exp  -  tX*)  j . 

Now  refer  to  the  definition  of  Et ,  Eq.  (2.13).  Applying  lemmas  3.2,  3.3  to  it 
we  have 

(4.4)  4g3^|;fc*^l_^^exp-4^*fc*. 


Finally  we  apply  lemma  3.5  to  bound  Eq.  (4.4)  above  by 
^  i’.  £  (l  -  i)  erf  2B  +  1 1  exp  -  4B* 

(4.5)  -1-4^^^-  l)  exp  -  4B* -f  i  1(1  -I- 2A*)  -  y/l  +  4A*] 

•  [^1  -  {(1+  2A*)  -  y/l  +  4AM  ^,]®^  -  1(1  +  2^*)  ”  Vl  +  4A«J 
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since  of  the  locations  of  sign  change  of  G'(x) 


+  2A*)  -  VlTT*  < 


^  V(1  +  2^*)  +  VTT'A*  > 


To  bound  Et  above  we  have  by  virtue  of  (2.14)  and  (2.15) 


^2  £  7  sin  exp  —  |8*t*A:* 

F  kSTtiflc  \  I  / 


0  <  X  ^  1. 


To  this  result  we  apply  lemma  3.6.  There  results 

The  right  side  of  (4.8)  can  be  further  reduced  to 

T|!  £  2  r  -  r"  ^  +  *><  dt  exp  -  r’A’  (l  +  iY 
F  2  Jo  2sm^t  \  N/ 

hence 

(4.9)  I?  ^  exp  -  t*24*  (l  +  Ij 

as  a  consequence  of  the  result  found  in  Courant  (18). 

Expression  (4.9)  is  a  greater  upper  bound  than  would  be  used  in  the  evalua¬ 
tion  of  local  error.  In  fact,  examination  of  (4.8)  reveals  that  Et  vanishes  at  the 
right  boundary  of  the  interval  (0,  /). 

Adding  the  three  inequalities  (4.3),  (4.5),  (4.9)  we  complete  the  proof  of  the 
theorem. 

The  convergence  of  the  result  (4.1)  for  large  N  may  be  demonstrated  by  putting 
N  —  l/h  and  passing  to  the  limit  as  A  — +  0.  The  convergence  of  lowest  order  is 
thereby  seen  to  be  Oil/N).  This  corresponds  to  the  asymptotic  value  of  the 
truncation  error  for  large  A ,  namely 

'  1  I  1  <  8 

It  can  be  noted  that  lemma  3.5  can  be  applied  to  (4.2)  instead  of  lemma  3.4. 
The  resultant  bound  is  slightly  lower  than  Eq.  (4.3)  at  the  expense  of  intro¬ 
ducing  two  expressions  for  Ei  in  the  intervals  for  A  considered.  In  a  similar 
fashion  the  approach  offered  by  Eq.  (3.16)  leading  to  lemma  3.4,  when  applied 
to  Eq.  (4.4)  yields  a  greater  bound  for  Et  than  that  available  through  lemma 
3.6. 

Passing  to  the  limit  as  /9  — »  0  we  find  for  the  truncation  error 


-«l  £^(l+x  +1) 


f 
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This  is  slightly  larger  than  the  maximum  value  obtained  directly  from  (4.2), 

U-»l  Sj(l+»+i) 

hw*  2\  ^  NJ 

Numerical  results  jicrtaining  to  Theorem  4.1  are  presented  in  figure  1.  The 
relative  minimum,  in  the  results,  for  each  value  of  N,  is  also  found  in  the  results 
of  Klein,  et  al.  Since  the  maximum  value  of  |  m  —  m*  |  is  unity,  the  data  have  been 
restricted  accordingly.  The  fact  that,  for  large  N,  nk  does  not  converge  to  n 
is  a  consequence  of  our  method  of  estimating  global  error.  A  comparison  between 
(2.4)  and  (2.10)  shows  that  limiv..«/ik  »  ft. 

6.  Heat  Truncation  Error.  The  preceding  results  can  be  utilized  to  obtain  an 
error  bound  on  heat  flux  q  =  kft, ,  instead  of  temperature,  m,  iu  a  problem  with 
modified  boundary  conditions.  To  this  end  we  refer  again  to  the  heat  equation 
(2.7),  and  state  a. 

Theorem  6.1.  For  the  problem  (2.1)-(2.3)  the  truncation  error  in  g  =  kfit 
namely  |  9  —  9*  |,  associated  with  the  solution  of  V*  X  9  =  (\/a){dq/dt)  and  its 
semi-discrete  analog,  subject  to  the  boundary  and  initial  conditions 

(5.1)  tt{x,  0)  =  q{x,  0)  =  0,  9(0,  t)  =  F,  q{l,  0  =  0 

is  given  by  relation  (4.1)  witli  ft  replaced  by  q. 

Proof:  The  proof  follows  by  differentiating  (2.7)  with  respect  to  x,  introducing 
9  =  kfix,  and  replacing  ftx  by  q. 


(4.4)  and  (4.7), 

(4.11) 

by  applying  the  sum 

(4.12) 


Fia.  1 
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NOTE  ON  THE  SENSITIVITY  OF  LEAST  SQUARES  SOLUTIONS 
By  Mark  Lotkin 

In  solving  problems  related  to  the  adjustment  of  observational  data  by  least 
squares  methods,  there  frequently  arises  the  question  of  the  effect  of  observa¬ 
tional  errors  upon  the  solution.  The  answer  can  be  supplied  readily  for  the 
general  case: 

Let 


Cx  =  /  (1) 

represent  the  set  of  conditional  equations,  vrith  C  denoting  a  matrix  of  r  rows  and 
n  (r  ^  n)  columns.  The  associated  set  of  normal  equations  is  then 

Nxc  =-  fir,  (2) 

with  N  =  C^C,  g  =  C^f,  and  the  superscript  T  denoting  transposition. 

Let  us  assume  now  that  C  and  b  are  subjected  to  certain  changes,  leading  to  a 
new  set  of  observational  equations 

Cx  =  /.  (3) 

Of  interest,  then,  is  the  difference  Ac  =  i*  —  Xc .  Clearly, 

Ac  =  (Ag  —  ANxe),  (4) 

with 


^  =  9  —  ff,  AV  -  —  N. 

We  shall  restrict  ourselves  here  to  the  consideration  of  a  particular  case,  namely 
the  replacement  of  only  one  conditional  equation  by  another,  linearly  inde¬ 
pendent  one.  Let  us  first  partition  C,  f,  respectively,  as 


where  A  is  an  (r  —  1)  X  (n  —  1)  matrix,  b,  h  are  columns  of  r  —  1  elements,  C  is 
a  row  of  n  —  1  elements,  and  a,  (ft  are  scalars.  Similarly, 


Writing 


AN  =  C^C-  C^C  =  (?*■  AC  -I-  (A'OC, 


it  is  seen  that 
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Further, 


C^Af  +  A*’C/ 


Consequently, 

The  main  problem  lies  in  the  calculation  of  In  certain  cases  this  compu¬ 
tation  may  be  reduced  greatly.  This  is  the  case,  for  example,  if  2  =  c.  Then, 
clearly,  N  and  N'  may  be  partitioned  as: 


N 


AT 


Thus,  if 


then  the  parts  r,  «,  R  of  may  be  obtained  by  the  well  known  algorithm 


Y  =  p-»^,  e  =  ji-  fY,  T  =  i/e, «  =  -Ft,  ft  =  -f  YiV^r).  (6) 


Knowing  this  algorithm  requires  (n  —  1)  (3n  -f  2)/2  multiplications  for  the 
construction  of  while  it  takes  considerably  more  multiplications  if  one  were  » 
to  perform  the  total  inversion.  ^ 

The  further  assumption  that  also  a  =  a  leads  to  the  simple  relationship 


(7) 


It  permits  the  determination  of  the  effect  upon  the  solution  x  of  an  error  in 
a  conditional  equation. 

It  is  of  interest  to  calculate  also  the  change  in  the  residual  vector  r  =  Cxc  —  /. 
Clearly, 

f^f  =  icJV£,  -  2iU  + 

Putting  f e  =  Xe  -f-  Ax,  with  Ax  given  by  (7),  and  using  the  abbreviation  = 
(c,  a),  there  results  for  the  change  in  length  of  r  the  expression 

Ar*  a  f^f  -  rV  =  (M’'Ar‘  (uA^  _  2^)  +  (^  -|-  0)]a^  (8) 


Let  us  illustrate  above  conclusions  by  a  simple  example.  Suppose,  then, 
measurements/ taken  at  abscissas  “a”  result  in  the  following  table; 
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O  / 

19  .80 

20  .92 

21  1.00 

It  is  desired  to  fit  a  straight  line 

aria  +  *»  -  / 

to  the  given  points.  Here 


'19 

l" 

r  .80“ 

c  = 

20 

1 

/  =  .92 

-21 

1_ 

Li.oo 

Further, 


“1202  6 

0" 

jv-‘  -1 

■  3  -60“| 

60 

3j* 

6 

.-60  I202J 

-  j_r  ^  1 

**  “  600L-656j* 

Thus 


r  =  Cx,—  f 


(16/6)  10~". 


Suppose,  now,  that  the  measurement  of  ^  /i  =  1.00  was  too  low  by  1  %,  so 
that^  =  1.01,  =  0.01.  By  (7),  then. 


The  change  of  1  %  in/i  thus  causes  a  change  of  5%  and  9%  in  the  components 
of  X,. 

Making  use  of  (8)  to  compute  the  change  in  we  obtain 

Ar*=  -(7/6)  lO""  ; 
f^f  =  (3/2)  10“". 


Thus  the  change  of  1  %  in  one  of  the  observations  reduces  the  square  of  the 
length  of  the  residual  vector  by  about  44  %. 
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A  VECTOR  METHOD  FOR  SOLVING  LINEAR  EQUATIONS 
AND  INVERTING  MATRICES 

By  J.  P.  Roth*  and  D.  S.  Scorrt 

Introduction.  In  a  recent  article  E.  W.  Purcell  (1)  presented  a  vector  method 
for  finding  solutions  oi  simultaneous  linear  equations;  the  method  he  described 
does  not  alwa3rs  work,  however,  since  division  by  zero  may  occur.  In  this  paper 
we  remedy  this  defect,  add  a  simplification  and  extend  the  method  to  matrix 
inversion.  Also  we  present  a  simple  scheme  for  solving  equations  with  paper  and 
pencil  or  desk  computer,  having  the  advantage  over  Cramer’s  method,  for  in¬ 
stance,  that  one’s  work  may  be  checked  at  each  stage  oi  the  computation. 
Some  advantages  and  disadvantages  oi  the  method  oi  matrix  inversion  are  dis¬ 
cussed:  An  important  advantage  from  the  standpoint  of  digital  machine  qal- 
culation  is  that  it  permits  rescaling  at  each  stage  which  makes  the  method  less 
sensitive  to  round  off  errors  than  several  other  methods;  a  disadvantage  is  its 
relative  slowness,  requiring  roughly  fin*  operations  to  invert  an  n  X  n  matrix. 
In  another  paper  we  shall  show  how  this  can  be  obtained. 

1.  Vector  interpretation  of  Mlving  systems  of  equations.  Consider  a  system  of 
equations 

<*11*1  +  •  '  *  ’l~  OlnXn  +  6i  =  0 


fUIl  +  •  •  •  +  +  bn 


This  system  defines  the  set  of  n  row  vectors  in  (n  +  1)  dimensional  Euclidean 
space 


*  (o«l  t  I  *  ’  "  »  I  bi) 


1,  •  •  •  ,  n  (2) 


The  system  (1)  may  then  be  interpreted  as  a  statement  that  the  vector  (xi , 
•  •  •  ,  x» ,  1)  is  orthogonal  to  each  of  the  Ei .  The  problem  of  solving  (1)  may  then 
be  stated  as  that  of  finding  such  a  vector  which  is  orthogonal  to  each  of  the  row 
vectors  E. ;  more  generally  the  problem  is  to  find  a  basis  for  vectors  of  this  t3rpe 
which  are  orthogonal  to  all  the  Ei . 

We  shall  present  a  method  for  constructing  such  a  basis,  the  method  depend¬ 
ing  upon  the  following  lemma. 

2.  Lemma.  Let  X  be  a  subspaoe  of  a  vector  space  F,  tii ,  •  •  •  ,  u»  a  basis  for 
X  and  E  a  vector  in  V  which  is  not  orthogonal  to  Ui ,  E’Ut  ^0.  Then  the  vectors 

Vi  —  Ui{ut‘E)  —  tts(ufX) 

Vi  =  iii{ufE)  —  u*(mi*E) 


P«-l  *  Ui(Un,-E)  -  U^{Un,’E) 

*  Now  at  The  Institute  for  Advanced  Study,  Princeton,  New  Jersey 
t  Now  at  Princeton  University,  Princeton,  New  Jersey 
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are  (1)  orthogonal  to  E,  (2)  linearly  independent,  and  (3)  form  a  basis  for  the 
subspace  F  of  X  which  is  orthogonal  to  E. 

Proof:  By  direction  computation  E-Vf  =  (E-Ui)(uj+i'E)  —  (E-Uj+i)(ui-E)  = 
0,j  «=  1,  •••  ,  m  —  1.  Let 

Vm  =  Ui  . 

Let  us  write  out  the  linear  transformation  defined  in  the  above  equations  as  a 
matrix  equation 


t  \ 

t>I 

Ut'E, 

-Ui-E, 

0, 

•• 

0, 

0^ 

f  \ 

Wl 

tH 

ut-E, 

0, 

-Ui-E, 

0,.. 

•  0, 

0 

w* 

Vm~l 

Ilm-E, 

0, 

0, 

•  0, 

—  Ux'E 

[  1. 

0, 

0, 

•  0, 

0 

Urn 

<  / 

It  can  be  seen  immediately  that  the  transformation  matrix  is  nonsingular,  for 
expanding  the  determinant  by  the  last  row  we  obtain  db(tii  *£)”*,  and  UvE  \b 
not  zero  by  hypothesis.  Hence  the  inverse  transformation  exists  so  that  Ui ,  •  •  •  , 
u.  can  be  expressed  as  linear  combination  of  the  vectors  Vi ,  *  **  ,  .  Thus 

vi ,  ■  •  •  ,  Vm  constitute  a  basis  for  X.  It  easily  follows  that  Vi ,  *  •  •  ,  Vm-i  form  a 
basis  for  the  subspace  F  of  X  orthogonal  to  E,  and  F  is  (m  —  1)  dimensional, 
q.e.d. 

3.  Construction  of  the  solution  by  the  vector  method.  Referring  to  equations 
*  (1)  and  (2),  we  start  with  the  following  basis  of  unit  vectors  for  Euclidean  (n  +  1) 

t  space:  ci  -  (1,  0,  0,  •  ,  0),  ei  =  (0, 1,  0,  •  •  •  ,  0),  •  •  •  ,  en+i  =  (0,  0,  •  •  •  ,  1). 

We  form  the  inner  products  eiEi ,  etEi ,  *  ”  ,  On+iEi  and  assume  without  loss  of 
generality  that  eiE\  ^  0.  Then  by  the  above  lemma  the  following  set 

S<  “  “  {fiiE\)*i+\  t  t  *  1,  •  •  •  ,  n 

(A  n  vectors  are  orthogonal  to  Ei  and  in  fact  form  a  basis  for  the  n-dimensional 
subspace  orthogonal  to  Ei .  Now  we  form  the  inner  products  fiEt ,  ftEt ,  ‘  , 

fJEt .  If  all  of  these  are  zero  then  Ei  and  Et  are  linearly  dependent,  the  fs  auto¬ 
matically  satisfy  Et  and  we  may  pass  on  directly  to  .  If  one  of  these  products 
is  not  zero,  say  fiEt ,  then  the  n  —  1  vectors 

Oi  “  ~  i  “  1*  •••»»»  —  1 

are  orthogonal  to  Et  and,  being  linear  combinations  of  the  ,  are  also  orthogonal 
to  Et  and  form  a  basis  for  the  orthogonal  complement  of  the  subspace  spanned 
by  El  and  Et . 

Proceeding  inductively,  we  suppose  that 

is  a  basis  for  the  subspace  in  X"'*''  Euclidean  (n  -f  1)  space  orthogonal  to  the 
subspace  spanned  by 


El ,  •  •  •  ,  Ek 


\  ^  k  <  n. 
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We  proceed  to  Ek+i ;  if  QiEk+i  =  0  for  all  Qi  then  we  already  have  a  basis  orthog¬ 
onal  to  the  subspace  generated  by  ,  •  •  •  ,  Ek+i .  If,  however,  say  gi-Ek+i  ^  0 
then 


hr  =  (gr+rEk+i)gi  -  (gr  Ek+i)gr+i ,  •  •  •  ,  r  =  1,  •  •  • 
forms  a  basis  orthogonal  to  the  subspace  spanned  by  Ei , 


,n  —  k 


Xi 

+ 

2Xi 

+ 

2x4 

+ 

Xi 

+ 

0  = 

0 

3x, 

+ 

2Xi 

+ 

Xj 

+ 

2x4 

+ 

3X3 

+ 

0  = 

0 

Xi 

+ 

+ 

5x3 

+ 

Xi 

+ 

Xt 

+ 

2  = 

0 

Xi 

- 

Xi 

+ 

Xt 

+ 

1  = 

0 

2xi 

2x, 

+ 

Xt 

+ 

Xi 

+ 

3xi 

— 

1  = 

0 

Eh+i .  Thus, 

proceeding  inductively  we  obtain  a  basis  for  the  subspace  orthogonal  to  all  the 
Ei ,  or  we  exhaust  the  n-dimensional  subspace  before  we  exhaust  the  Ei ,  in 
which  case  there  is  no  solution.  Thus  either  we  obtain  a  basis  for  all  solutions 
of  the  equations  (1)  or  else  no  solution  exists.  We  will  now  consider  a  numerical 
example. 

4.  A  scheme  for  systematizing  the  solution  of  linear  equations.  We  shall 
now  outline  a  “rote”  method  for  solving  equations,  which  can  easily  be  carried 
out  with  paper  and  pencil  with  or  without  a  desk  computer  for  not  too  large 
systems  of  equations.  We  shall  work  out  an  example  for  5  equations  in  5  un¬ 
knowns.  Consider  then  the  system 


(3) 


Table  I  will  be  almost  self-explanatory: 

1.  First  write  down  the  row  vectors  Ei ,  •  •  •  ,  E%  defined  by  (3),  underneath 
these,  the  unit  vectors  ei ,  •  •  •  ,  e« ; 

2.  Then  in  a  single  column  just  to  the  right  of  each  e  vector  separated  from 
it  by  bold  lines  we  i-ecord  the  products  of  Ei  with  each  c  vector. 

3.  We  encircle  any  one  of  these  numbers  which  is  not  zero;  in  this  example  we 
choose  ei'Ei,  and  change  its  sign. 

4.  We  then  compute  a  new  vector /i  by  multiplying  ei  by  the  number  (cfEi) 
opposite  Si  and  adding  this  vector  to  the  vector  et  multiplied  by  the  (new) 
number  opposite  ei , 

(1,0,0,0,0)1- 
(0,1, 0,0,0)  *^2 

We  use  this  “criss-cross”  method  to  compute  the  remaining  /’s  which  are 
recorded  directlj'  below  the  c’s  (cf.  adjacent  formulas  for  the  f’a). 

6.  We  form  the  products  of  Ej  with  the  /’s  and  record  these  in  the  column 
just  adjacent  to  the  /’s. 

6.  We  encircle  one  of  these  which  is  nonzero  (in  this  example  we  choose 
ffEi)  and  change  its  sign. 
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TABLE  I 

Scheme  for  Solving  a  System  of  Five  Equations  in  Five  Unknowns 


El 

1 

2 

0 

2 

1 

0 

Et 

3 

2 

1 

2 

3 

0 

Et 

1 

3 

5 

1 

1 

2 

E4 

1 

0 

0 

-1 

1 

1 

Et 

2 

2 

1 

1 

3 

-1 

«i 

1 

0 

0 

0 

0 

0 

i  ®" 

0 

1 

0 

0 

0 

0 

2 

(“CfEi) 

0 

0 

1 

0 

0 

0 

1  ® 

(™ei-Ei) 

<4 

0 

0 

0 

1 

0 

0 

2 

("e4’Ei) 

et 

0 

0 

0 

0 

1 

0 

1 

(^et’Ei) 

«« 

0 

0 

0 

0 

0 

1 

0 

(-e.-E.) 

/. 

2 

-1 

0 

0 

0 

0 

4 

(-/.•E.) 

/. 

“  ei(«fEi) 

—  et(ei*E|) 

/. 

0 

0 

-1 

0 

0 

0 

-@+ 

(-fvEt) 

/. 

™  *i(*»'Ei) 

—  Ci(ei*Ei) 

/. 

2 

0 

0 

-1 

0 

0 

4 

(-/••E,) 

/. 

■■  ei{et'Ei) 

—  «4(«1’Ei) 

/* 

1 

0 

0 

0 

-1 

0 

0 

(-/«-E,) 

/4 

Ci(ci‘Ei} 

—  ei(ei'Ei) 

/. 

0 

0 

0 

0 

0 

-1 

0 

(-/.-E.) 

/» 

“  ei(e»’Ei) 

—  e«(ei‘Ei) 

Qi 

2 

-1 

-4 

0 

0 

0 

-21 

(»^i*Ei) 

™  ftifi’Et) 

-  /i(/fE,) 

9t 

2 

0 

-4 

-1 

0 

0 

-19 

(— ji-Ei) 

01 

-  /t(/fE,) 

-  /.(/t-E.) 

9t 

1 

0 

0 

0 

-1 

0 

0 

{^9t‘Et) 

01 

-  /t(/4-E,) 

-  ft(fvEt) 

9i 

0 

0 

0 

0 

0 

-1 

-(*)+ 

(  — J4-E|) 

0« 

-  /t(/.-E.) 

-  AC/fE.) 

At 

4 

-2 

-8 

0 

0 

21 

+®- 

(~hrEt) 

hi 

-  04(0I*E,) 

-  0i(04-E|) 

kt 

4 

0 

-8 

-2 

0 

19 

25 

{^ht’Et) 

ht 

-  04(0fE,) 

—  9i(04‘Ei) 

ht 

2 

0 

0 

0 

-2 

0 

0 

(^ht'Et) 

ht 

“  9*(.9t’Et) 

—  0i(04'Et) 

0 

-2 

0 

2 

0 

2 

-®^ 

(-»i-E,) 

»i 

-  Ai(AfE4) 

-  *,(*,. E4) (1/25) 

-2 

0 

0 

0 

2 

0 

2 

(“I’fEi) 

it 

“  hi{ht'Et) 

-  A, (A, •E4)  (1/25) 

j 

-4 

-2 

0 

2 

4 

ii 

“  ii(ii’E|) 

-  iidt-Et)  (1/2) 

Answer:  Xi  "  —4/2  —  —2 
*,  -  -2/2  -  -1 
z,  -  0/2  -  0 

X4  -  2/2  -  1 

z,  -  4/2  -  2 

(We  divided  t'l  ,  it  by  26  and  ji  by  2  merely  to  reduce  the  size  of  the  numbers.) 


7.  We  then  use  the  criss-cross  method  to  form  the  gi’s  (cf.  adjacent  formulas). 

8.  And  so  on  until  we  arrive  at  j. 

9.  Finally,  we  divide  j  by  its  last  component,  which  will  always  be  nonzero 
if  there  is  a  solution  to  the  original  system  of  equations,  to  give  the  solution 


6.  Solving  matrix  equations.  We  shall  indicate  by  means  of  an  example  how 
the  method  is  extended  to  inverting  matrices.  Consider  the  matrix  equation 
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^Oll 

Ou 

Ou\ 

i/^ 

ti 

Oil 

On 

1 

On 

i 

r 

V 

iOll 

an 

an! 

w 

(4) 


Ck>D8idering  just  the  first  column  of  each  side  of  the  equation,  we  have  the  equa¬ 
tions 


aux  -H  any  4-  Oii2  -  1  =  0  (5) 

OnX  +  any  +  OnZ  -  0  =  0  (6) 

omx  4-  any  4-  omZ  -  0  =  0  (7) 

which,  considering  x,y,zas  unknowns,  we  see  to  be  a  special  case  ot  equation  (1). 
We  could  therefore  solve  this  equation  by  the  method  outlined  in  article  1, 
but  it  may  be  done  even  more  simply  by  taking  advantage  of  the  zeros  appearing 
in  the  first  column  of  the  identity  matrix  of  equation  (4) ;  we  interpret  equations 
(6)  and  (7)  as  stating  that  the  3-vector  (x,  y,  z)  is  orthogonal  to  the  row  vectors 
Et  =  (Oii ,  On  ,  On)  and  Et  =  (ou  ,  an  ,  ou).  Then  consider  unit  vectors  pi  = 
(I,  0,  0),  cj  =  (0,  1,  0),  e»  =  (0,  0,  1).  We  now  form  ei'Et ,  et-Et ,  CfEi .  At 

least  one  of  these  products  will  be  non-zero  imless  Ei  —  (0,  0,  0),  which  case 

we  rule  out.  Suppose  then  that  evEi  ^  0.  We  form 

/i  =“  ~  (fii’E^et 

ft  —  (fii’Ei)ei  —  (ei’Ei)et. 

Then  fi-Et  =  ft'Et  =  0.  Next  we  form  frEt  and  ft'Et.  Again  not  both  of 
these  will  be  zero  and  g  —  (JxE^ft  —  {JiEt)fi  is  orthogonal  to  Et  (and,  of  course,* 
El).  Again,  g  will  not  be  orthogonal  to  J?i  =  (an ,  ou ,  Ou)  when  the  matrix « 
(o<y)  is  nonsingular.  Then  §  =  (x,  y,  z)  =  \{Ei  g)g  will  be  a  column  vector 
such  that  §’Ei  «  1,  ^’Et  =  0  =  ff-Ei .  This  procedure  then  gives  us  the  first 
column  of  our  inverse.  A  similar  technique  can  be  used  to  get  the  second  and 
third  columns.  Our  work  is  shortened  by  the  fact,  however,  that  in  finding  the 
second  column  for  the  inverse  we  find  a  vector  orthogonal  to  Ei  and  Ei ,  but  in 
our  computations  for  the  first  column  we  already  foimd  a  basis fi,ft,  equations 
(8),  orth(^onal  to  Et  and  thus  a  vector  orthogonal  to  Et  and  Ei  can  be  written 
down  at  once,  h  =  fiiEift)  —  ftiEifi).  Then  if  h  has  the  components  (ht  ,ht,  fh), 
then  the  second  column  of  our  inverse  will  be  (u,  v,  w)  =  (ht/Ei'h,  ht/Efh, 
hi/Efh).  One  obtains  the  third  column  of  the  inverse  in  the  same  manner  as 
the  first. 

The  procedure  for  inverting  higher  order  matrices  is  essentially  the  same; 
the  shortcut  discussed  above,  namely  of  using  information  from  previously 
solved  columns  to  reduce  work  at  a  later  stage,  becomes  much  more  prominent 
however. 


6.  An  evaluation  of  the  metiiod. 

For  detailed  information  on  and  comparisons  of  various  other  methods  for 
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inverting  matrices  we  refer  the  reader  to  references  2,  3  and  4.  We  list  here 
what  we  consider  to  be  the  important  advantages  and  disadvantages  ci  the 
vector  method  as  compared  with  other  methods. 

(1)  The  vector  method  requires  no  special  properties  of  the  matrix  (such  as 
having  the  elements  on  the  main  diagonal  large  in  comparison  with  the  off- 
diagonal  elements;  the  Grout  method,  for  instance,  has  this  requirement).  (2) 
Perhaps,  from  the  standpoint  of  its  adaptability  to  machine  operation,  its  chief 
merit  is  that  it  allows  for  frequent  rescaling  throughout  the  computation.  We 
have  encountered  examples,  in  radiation  analysis,  of  matrices  where  both  the 
Grout  and  Gauss-Seidel  methods  failed  on  a  CPC,  the  first  because  of  scaling 
difficulties  and  the  second  because  of  extreme  slowness  of  convergence.  The 
vector  method,  however,  was  successful.  (3)  No  division  occurs  except  at  the 
end.  (4)  It  affords  a  convenient  method  for  solving  equations  by  hand.  (5)  For 
solving  equations  it  requires  lees  storage  than  the  Crout  method. 

An  important  disadvantage  is  that  it  is  slow  in  comparison  with  many  other 
methods.  It  requires  roughly  fin*  multiplications  to  invert  an  n  X  n  matrix, 
whereas  other  direct  methods  are  of  the  order  of  n*.  In  a  subsequent  paper  we 
shall  show  how  this  can  be  obtained. 
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A  NOTE  ON  SALZER’S  METHOD  FOR  SUMMING  CERTAIN 
SLOWLY  CONVERGENT  SERIES 

By  P.  Wynn 

In  a  recent  paper*  Salzer  has  proposed  a  method  of  transforming  certain  slowly 
convergent  series.  He  regards  the  partial  sums  ,  where 

Sn  = 

as  functions  of  the  variable  1/n,  and  from  the  values  of  Sr  for  r  =  n,  n  —  1, 
•  •  •  n  —  m  +  1,  obtains  the  value  of  Sr  when  l/r  =  0  by  extrapolation,  using 
I.Agrange’s  interpolation  formula.  He  tabulates  the  required  Lagrangian  inter¬ 
polation  coefficients  for  m  =  4,  7  and  1 1 ;  n  =  5,  10,  15  and  20.  Where  the  terms 
of  the  original  series  alternate  in  sign,  the  terms  with  odd  and  even  suffices  are 
grouped  separately,  and  the  two  series  thus  formed  are  transformed  as  before. 
The  method  is  clearly  based  on  the  approximation  of  the  partial  sums  Sr ,  for 
r  ranging  from  some  n  to  «> ,  by  a  polynomial  in  1  /r,  and  were  this  approxima¬ 
tion  to  be  exact,  as  for  example  with  the  series  E»-*  l/w(n  —  1),  the  method 
would  succeed  completely. 

An  alternative  formulation  of  the  method  is  now  proposed  whereby  the  trans¬ 
formation  is  applied  directly  to  the  terms  of  the  series,  and  some  indication  of 
the  error  in  the  final  result  is  provided.  We  apply  the  transformation  to  the 
partial  sums  S^ ,  (S,+i ,  »S„+j ,  •  •  •  and  obtain  as  an  m***  order  approximation  to 
the  sum 

(1)  s  = 

where 

(x  -  l/n)(x  -  l/(n-f  D)  •  •  •  (x  -  l/(n  -ft  -  1)) 

^ _ •  (x  -  l/(n  -f  t  -f  D)  •  •  ■  (x  —  l/(n  -f  m  —  1)) 

(l/(n  +  i)  -  l/n)(l/(n  -f  t)  -  l/(n  -f  1))  •  •  •  (l/(n  +  t)  -  l/(n  -ft  -  1)) 
•(1/n  +  t)  l/(n  +  t  -f  1))  •  •  •  (l/(n  -ft)  -  l/(n  -f  m  -  1)) 

As  Ijagrange’s  interpolation  formula  and  Newton’s  interpolation  formula 
using  divided  differences  are  completely  equivalent,*  we  may  write  (1)  as 

S  s  S^  -f  (-1/n)  +  (-l/n)(-l/(n  +  1)) 

~  Sn  \  _ 1 _  4-  . . . 

l/(n  +  1)  -  1/n/  l/(n  -f  2)  -  1/n 

_  tj  1  /■-.  I  1  i-.  ,  1  (w  -f  2) 

-.S.+  (»+!>«.„+ 

•  {(n  +  l)(n  -f  2)ti,H-J  -  w(n  -f  l)iwij  -f  •  •  • 
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/  S^i  — 

Vl/(n  -f  2)  -  l/(n  -f  1) 
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(2)  s  S,  + 


(n~l)! 

.tS  (n  +  «)!(«  +  1)! 


Vo 


(3)  S  Sn 


+  2 


where 


(4)  Vo  =  (n  -f  r)(n  +  r  +  1)m»+,+i  r  =  0,  1  •  •  •  ,  w  -  2 

and 

(5)  Vr'*^'  =  (n  +  r)(n  +  r  +  «  +  2)(t>;+i  -  vj)  «  =  0,  1  •  •  •  m  -  2, 

It  is  here  germane  to  point  out  that  the  transformation  (2)  may  be  prolonged 
at  will  by  computing  further  terms  in  the  sequences  (4)  and  (5),  and  that  we  are 
in  no  way  restricted  by  the  necessity  of  using  a  predetermined  number  of  points 
as  in  a  formula  of  the  form  (1). 

The  remainder  term  in  (1)  and  (2)  is 


B...  -  (-I)*-"'  l/n,  I/»  +  1,  •  •  •  1/n  +  m) 

where /(O,  l/n,  l/n  +  1  •  •  •  l/n  +  m)  is  the  (m  I)***  order  divided  difference 
of  Sn  regarded  as  a  function  of  l/n,  for  the  m  +  1  arguments  0,  l/n,  l/n  +  1, 
■  •  •  l/n  +  m.  We  cannot  of  course,  obtain  this  quantity  directly  since  we  do 
not  know  the  value  of  <S»  when  l/n  =  0,  but  some  indication  of  the  magnitude 
of  Rn.m  is  provided  by  the  quantity  Rn.m ,  where 

Rn.m  =  (-1)"'^*  7— X - +  m  H-  1,  l/n,  l/n  +  1,  •  •  •  l/n  +  m) 

(n  -r  m  —  1 1 ! 

<«_i  being  the  next  term  in  the  continuation  of  (2). 

As  an  example  of  the  use  of  the  transformation  (2)  we  may  consider  the  series 
1/v*  when  n  =»  4,  for  which  St  “  1.423  611.  Table  I  shows  successive 
terms  t, ,  partial  sums  and  remainders  Rt,,  in  (2). 


TABLE  I 


s 

1. 

5; 

A.. 

0 

+0.2 

1.623  611 

+0.021  323 

1 

+0.02 

1.643  611 

+0.001  323 

2 

+0.001  296 

1.644  907 

+0.000  027 

3 

+0.000  031  ! 

1.644  93S 

-0.000  004 

4 

-0.000  003  ! 

1.644  933 

-0.000  001 

For  series  whose  terms  alternate  in  sign,  we  group  the  terms  in  pairs,  and, 
if  the  terms  of  the  series  so  derived  form  a  monotonic  sequence,  proceed  as 
before.  For  example,  the  series  for  log,  2,  viz  {  —  lY/r  may  be  transformed 
as  ^*-1  1/2^(2A:  —  1).  Table  II  shows  the  derived  sequences  vj  for  n  =  4, 
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apocryphal  figures  having  been  successively  deleted.  Table  III  shows  the  quan¬ 
tities  S^, ,  Ri,, ,  and  t, ,  for  this  example 

TABLE  II 


•  1 

Tabu  of  v,  for  the  tenet  ,  «  -  4, 


f 

t 

t 

1  * 

2 

5 

4 

S 

0 

-1-0.22222  22222 

-1-0.12121  212 

+0.03263  41 

-0.14919 

-0.36 

+1.0 

1 

0.22727  27273 

0.12237  762 

0.02797  19 

0.1592 

-0.33 

2 

0.23076  92308 

0.12307  692 

0.02443  4 

-0.1657 

3 

0.23333  33333 

0.12352  941 

+0.02167  2 

4 

0.23529  41177 

+0.12383  901 

1 

5 

-1-0.23684  21053 

1 

'  ! 

! 

1 

TABLE  III 


t 

t. 

i 

Ra., 

0 

+0.05555  556 

{  0.69007  937 

+0.00306  782 

1 

+0.00303  030 

0.69310  967 

+0.00003  751 

2 

+0.00004  533 

0.69315  499 

-0.00000  781 

3 

-0.00000  740 

1  0.69314  759 

-0.00000  041 

4 

-0.00000  045 

!  0.69314  714 

+0.00000  004 

5 

+0.00000  002 

i  0.69314  716 

+0.00000  002 

Both  Tables  I  and  III  show  that  the  magnitudes  of  the  successive  remainders 
are  in  fact  indicated  by  the  succeeding  terms  in  the  transformed  series  (2). 
Table  II  is  included  to  indicate  the  maimer  in  which  working  figures  are  lost  in 
the  transformation,  and  to  point  out  the  need  for  the  retention  of  extra  working 
figures. 

This  note  is  published  with  the  permission  of  the  Director  of  the  National 
Physical  Laboratory. 
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A  NOTE  ON  THE  SOLUTION  OF  A  NON-LINEAR  TRANSONIC 
FLOW  EQUATION 

Bt  John  T.  Robacker  and  Albert  D.  Wheelon 


Transition  of  the  flow  round  a  body  with  axial  symmetry  from  subsonic 
to  supersonic  velocities  is  of  considerable  importance  in  aerodynamics.  The 
slender  body  velocity  potential  ^  in  cyUndrical  coordinates  satisfies  a  non¬ 
linear  partial  differential  equation.* 


(.-30§ 


“az  az*  ’ 


(A) 


where  z  is  the  downstream  coordinate  and  r  the  radial  distance.  As  usual,  M 
denotes  the  free  stream  Mach  number  and  a  is  a  (small)  non-linear  coupling 
constant.  The  non-linear  portion  of  (A)  is  usually  neglected.  At  sonic  speeds, 
however,  the  first  term  vanishes  (i.e.,  ilf  =  1)  and  the  linearized  equation 
predicts  infinite  pressure  coefficients  on  the  body.  The  role  of  the  non-linear 
term  then  is  to  supply  a  satisfactory  transition  from  subsonic  to  supersonic 
conditions. 

This  note  describes  a  technique  for  systematically  generating  particular 
solutions  of  the  transonic  equation ; 


Let  us  equate  both  sides  of  this  equation  to  an  arbitrary  combination  of  un¬ 
known  functions  (tf  r  alone  and  z  alone.  We  shall  call  this  function  the  “sepa¬ 
rator.”  Each  of  the  resulting  inhomogeneous  differential  equations  may  then 
be  integrated  partially  with  respect  to  its  characteristic  variable.  The  constants 
of  integration,  in  each  case,  are  functions  of  the  other  variable.  Direct  com¬ 
parison  of  the  two  results  then  serves  to  identify  the  unknown  functions. 

The  technique  is  best  illustrated  by  an  example.  Let  the  separator  be  a  func¬ 
tion  of  z  alone:  S  =  F(z). 


Integration  on  r  yields 

^(r,  z)  =  \r'F{z)  -H  G(z)  In  (r)  -1-  H(z), 

where  G{z)  and  H{z)  are  the  anticipated  integration  functions.  The  square  of  the 
first  partial  derivative  of  ^(r,  z)  with  respect  to  z  may  be  calculated  from  this 
expression  and  equated  to  the  first  (z)  integral  of  the  right-hand  side  of  Eq.  (C). 


*  R.  Sauer,  “General  Characteriatics  of  the  Flow  Through  Noislea  at  Near-Critical 
Speeda,”  NACA  TM-1147. 
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(^)  “‘W +  ;/«*’* 

-  Ar'lF'fe))’  +  IG'Wl’  In’  (r)  +  [H'W)’ 

+  ir*  In  {r)F{z)G\z)  +  \r^F'{z)H\z)  +  m\zW{z)  In  (r) 
Since  r  and  z  are  not  mixed  in  the  first  result,  we  infer  that  F{z)  =  i)  =  con¬ 
stant.  The  terms  I^F(z)  dz  and  [H'{z)f  are  the  only  functions  depending  on  z 
alone,  so  that 


In  order  that  the  last  term  above  not  be  a  function  of  both  z  and  r,  we  must 
choose  G'{z)  =  0.  When  these  identifications  are  all  combined,  one  obtains, 

0(r,  z)  =  L  ,,  -b  X  ln(r)  +  ^  ^  zj  .  (D) 

One  may  also  verify  the  following  particular  solutions  of  (B).  The  separate^ 
used  in  each  example  is  indicated. 


5  =  /(r): 

^(r,  z)  =  ln(r)  ^  +  -d  +  ^  (c  +  «)* 

+  ^f^f  dr  r[\  +  ri  ln(r)l* 

S  -  fir)  +  Fiz): 

^(r,  z)  ■*!«•*  +  ln(r)[.4  +  riz]  +  B  ^  z* 

+  ^^/+,V^r*0n(r)-l] 


(E) 


(F) 


S  =  0: 

^(r,  z)  =  (riz  +  B)  In  (r)  -f  Xz  +  A.  (G) 

All  of  these  solutions  (and  their  derivatives)  exhibit  divergent  properties  far 
from  the  body,  so  that  one  may  not  yet  discuss  the  physical  problem  character¬ 
ized  by  Eq.  (A).  An  avenue  of  approach  has  been  opened,  however,  which 
should  serve  this  and  similar  problems. 

Tbb  Ramo-Woolbidoe  Cobp. 

Los  Anoblbs  45,  Calipobnia 


(Rsceived  August  12,  1955) 


ELASTIC  WAVES  IN  ANISOTROPIC  MEDIA 
By  J.  L.  Synge* 

Introduction.  Against  the  background  of  21-constant  elastic  theory,  isotropy 
presents  a  highly  d^nerate  case,  and  the  study  of  waves  in  isotropic  media 
throws  little  light  on  the  algebraic  structure  of  the  theory  of  waves  in  anisotropic 
media.  In  this  paper,  some  known  results  are  set  down  in  tensor  notation,  for 
the  sake  of  convenience  and  compactness,  and  some  new  general  results  developed 
for  waves  in  a  layer  of  anisotropic  material.  In  the  limit  in  which  the  layer  be¬ 
comes  a  half-space,  we  have  a  generalization  of  Rayleigh  waves,  and  it  is  foimd 
that  in  general  (for  a  given  frequency)  the  surface  waves  either  do  not  exist  at 
all,  or  are  propagated  in  certain  discrete  directions  with  certain  speeds.  The 
paper  ends  with  some  calculations  for  a  medium  possessing  transverse  isotropy; 
in  particular  it  is  shown  that  the  slowness  surface  (or,  equivalently,  the  wave 
surface)  possesses  a  spheroidal  sheet. 

1.  General  equations.  Small  latin  sufbes  take  the  values  1,  2,  3  with  sum¬ 
mation  understood  for  a  repeated  suffix.  Let  x,  be  rectangular  cartesians.  Let 
u,  be  the  displacement;  then  the  strain  tensor  is 

"b  (Ll) 

where  the  comma  denotes  partial  differentiation  (u,.,  =>  dujdx,).  The  stress 
tensor  is  connected  with  the  strain  tensor  by  the  generalized  Hooke’s  law: 

Efq  “  ^Pfr»  Cr*  .  (1-2) 

The  elastic  coefficients  satisfy  the  symmetry  conditions 

^  “  ^Pt  t  (1.3) 

SO  that  only  21  of  them  are  independent.  The  strain  energy  function  is 

W  “  Cpq  Bn  ,  (1.4) 

and  the  sole  condition  imposed  on  the  c’s  is  the  condition  that  W  shall  be  positive- 
definite.  Thus  we  write 

w  =  hCpr.fp^fr.  ^  0  (p.d.),  (1.5) 

where /«•  is  any  real  symmetric  tensor;  this  means  that  W  0  implies /«,■•  0. 

We  shall  consider  only  homogeneous  media,  so  that  the  c’s  are  constants. 
Since  we  are  concerned  with  vibrations,  the  c’s  have  their  adiabatic  values  rather 
than  their  isothermal  values. 

*  On  leave  of  absence  January  to  April,  1956,  at  the  National  Bureau  of  Standards, 
where  this  research  was  supported  by  the  United  States  Air  Force,  through  the  OfiBce  of 
Scientific  Research  of  the  R^arch  and  Development  Command. 
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The  equations  of  motion  are 

=  +  (1.6) 

where  p  is  the  density  (assumed  constant)  and  X,  is  body  force  per  unit  volume. 

Putting  Xp  B  0,  and  substituting  from  (1.1)  and  (1 .2),  we  obtain  the  following 
equations: 

f*  .  (1.7) 

These  three  partial  differential  equations  of  the  second  order  have  to  be  solved 
subject  to  appropriate  boimdary  conditions.  If  the  stress  T,  is  given  across  a 
surface  with  unit  normal  n, ,  the  boundary  condition  is 

Ep,n,«Tp.  (1.8) 

2.  Plane  waves.  We  are  concerned  with  plane  elastic  waves,  that  is,  with  solu¬ 
tions  <rf  (1.7)  of  the  form 

Up  =  Ap  exp  [iw(j/,x,  —  0]f  (2.1) 

where  Ap,  <a,  y,  are  seven  constants,  in  general  complex,  the  physical  displace¬ 
ment  being  the  real  part  of  (2.1).  However,  we  shall  consider  only  disturbances 
which  are  periodic  in  t,  and  so  w  is  restricted  to  real  values.  We  take  a  >  0  with¬ 
out  loss  of  generality. 

On  substituting  (2.1)  in  (1.7),  we  see  that  y,  must  satisfy  the  characteristic 
equation 

n(l/)  =  0  (2.2) 

where 

n  =  det  Mpr ,  (2.3) 

Mpr  =  pdpr  -  Cp^.  y,y,;  (2.4) 

and  when  y,  has  been  so  chosen,  the  amplitude  vector  Ap  must  satisfy 

MprAr  =  0.  (2.5) 

In  the  general  case,  the  matrix  Mpr  is  of  rank  2,  and  so  (2.5)  determines  the 
ratios  of  Ar .  If  is  a  normalized  solution  of  (2.5)  (the  particular  normalization 
is  of  no  importance),  the  general  solution  of  (2.5)  is  of  the  form 

Ar  =  fBr  (2.6) 

where  /  is  arbitrary. 

We  can  describe  the  whole  class  of  plane  waves  as  follows: 

(i)  Choose  yi,  yt,  real  or  complex. 

(ii)  Solve  the  sextic  (2.2)  for  yt ,  choosing  any  one  of  the  six  solutions. 

(iii)  Determine  Br ,  the  normalized  solution  of 

MprBr  «  0. 

(iv)  Choose  /  arbitrarily,  and  obtain  Ar  from  (2.6). 


(2.7) 
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Thus  any  plane  wave  system  of  the  type  (2.1)  depends  on  the  choice  of  three 
arbitrary  numbers,  yi ,  yt,  /,  which  may  be  real  or  complex. 

The  above  procedure  differs  somewhat  from  the  usual  approach  to  plane 
waves  in  which  the  y’a  are  taken  to  be  real,  and  their  ratios  are  assigned.  Under 
such  circumstances,  (2.1)  shows  us  plane  waves  propagated  with  speed 


1 


(2.8) 


in  a  direction  with  direction  cosines  n.  such  that 


For  this  reason,  we  call  y,  the  aloumesa  vector,  following  Hamilton.  The  char¬ 
acteristic  equation  (2.2)  may  now  be  written 

det  I  n,n,  |  =  0.  (2.10) 

It  follows  from  (1.5)  that 

(p.d.)  (2.11) 

(for  n,  fixed  and  Xp  arbitrary),  and  hence,  by  a  well  known  result,  the  three 
roots  V*  of  (2.10)  are  real  and  positive,  so  that  there  are  three  speeds  of  propaga¬ 
tion  in  any  assigned  direction  (say  v',  v",  v"')*. 

The  equation 

0(2/)  =  0  (2.12) 

defines  a  sextic  surface  in  a  epace  in  which  the  y’s  are  taken  as  rectangular 
cartesians.  If  the  i/’s  are  complex,  this  is  a  complex  surface.  If  the  y'a  are  real, 
as  in  (2.9),  (2.12)  gives  us  the  aloumeaa  surface',  it  is  such  that  each  half-line 
drawn  from  the  origin  cuts  the  surface  at  three  points,  at  distances  \/i/,  \/if, 
\/v'"  from  the  origin. 

The  waive  surface  is  the  envelope  of  plane  waves  at  time  t=  \,  the  waves  having 
passed  through  the  origin  at  time  t  »  0.  It  is  the  polar  reciprocal  of  the  slowness 
surface.  If  Yr  are  current  coordinates  on  the  wave  surface,  its  equation  is  given 
in  parametric  form  by 

two  of  the  y’a  being  parameters. 

The  velocity  surface  is  found  by  measuring  off  distances  v',  v*,  v"',  along  each 
half-line  drawn  from  the  origin.  It  is  therefore  the  inverse  of  the  slowness  surface. 

Of  these  three  surfaces,  the  slowness  surface  is  the  most  fundamental  mathe¬ 
matically,  and  it  seems  desirable  to  use  Hamilton’s  descriptive  name  for  it  instead 
of  the  more  usual  “reciprocal  wave  surface.” 

*  Cf.  A.  E.  H.  Love,  Mathematical  Theory  of  Elasticity  (Cambridge  Univ.  Press,  1927; 
Dover  Publications,  New  York,  1944),  p.  298. 
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3.  The  problem  of  die  excited  layer.  Consider  a  layer  of  anisotropic  material 
occupying  the  region 

-h  <xt  <  0.  (3.1) 

The  surface  Xt  =  0  is  free,  and  consequently  we  have  on  it  the  condition 

=  0  for  X|  =  0.  (3.2) 

The  other  surface  x*  =  —his  excited  by  application  of  stress  waves 

El,  =  C,  exp[i«(j/ixi  ytXi  -  <)],  (3.3) 

where  C, ,  u,  yi ,  yi  sxe  assigned  constants;  C,  may  be  complex,  but  u>,  yi ,  j/j 
are  real.* 

We  proceed  to  solve  the  equations  of  motion  (1.7),  with  the  above  boundary 
conditions. 

This  is  done  in  the  following  steps: 

(i)  Solve  the  equation 

Qiy)  =  0  •  (3.4) 

for  2/:  ;  as  in  (2.2),  this  is  a  sextic  equation  for  yt  with  real  coefficients,  and  we 
write 

y!"  (AT  =  1,2,  ■■■,6)  (3.5) 

for  the  roots,  which  we  assume  to  be  distinct.  For  notational  reasons  we  define 

yi*’  =  y. ,  yi*’  -=  y*  (at  =  i,  2,  •  •  • ,  6).  (3.6) , 
Then  the  displacement  * 

u,  =  Zt-i  exp  -  t)]  (3.7) 

satisfies  the  equations  of  motion  (1.7),  provided  the  six  amplitude  vectors 
satisfy  t 

3f -  0,  (AT  -  1,  2,  • . .  ,  6)  (3.8) 

where 

‘  ^  -  c^y^/^yi’^.  (3.9) 

Let  be  normalized  solutions  of  (3.8)  [cf.  (2.7)];  they  are  determined  by 
yi ,  y*  •  Then,  by  (3.7),  we  have  the  following  solutions  of  (1.7),  being  six 
arbitrary  numbers: 

u,  =  exp  [i«(pir’xir  -  0).  (3.10) 

The  corresponding  stress  is 

*  We  might  say  that  the  surface  xt  —h  is  stroked. 

t  Note  that  the  summation  convention  does  pot  operate  for  N,  but  only  for  small  latin 
suffixes. 
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exp  [i»{y^:Px^  -  <)).  (3.11) 

The  boundary  conditions  at  the  free  surface,  as  in  (3.2),  require 

=  (3.12) 

and  the  boundary  conditions  at  the  excited  face,  as  in  (3.3),  require 

exp  (-«o%r)  =  -tC./w.  (3.13) 

Solving  the  six  equations  (3.12),  (3.13)  for  the  six  quantities 

(3.14) 

and  substituting  in  (3.10),  we  have  the  solution  of  the  problem  of  the  excited 
layer.  The  solution  contains  the  following  parameters 

yt ,  l/j ,  h,  C, ,  (3.15) 

of  which  the  first  four  are  real. 


4.  Resonance.  Free  vibrations. 

Let  us  write  (3.12),  (3.13)  in  the  form 

=  Lm,  (M  =  1,  2,  . .  •  .  6)  (4.1) 

where 


and 


Aim  =  Cnn  Or  yt  , 

v  _  -  d(*0  ,,(A0 

Ajm  —  C**r.  Or  yt  , 

Ajm  —  Cjai.  Or  y,  , 

Ko,  =  C„„  y]r  exp  (-i«/iyi^'),  (4.2) 

K%m  *  Car.  Br"^  y\"^  exp  {—iuhyt^^), 

K,s  =  Car.  B\’^^  y\"^  exp  {-u^hyi^), 

(Ar=  1,2,  ...,6) 

Z/i  =  Z/j  =  Lj  =  0,  itjiLi  =  C\ ,  icdZ/t  —  Ct ,  uaLt  =  (7j .  (4.3) 


Let 


A(yi » l/» »  «>  *)  =  det  KaM  ,  (4.4) 

a  6  X  6  determinant  which  is  a  fimction  of  the  four  arguments  shown. 

If  we  hold  C«  fixed  and  change  i/i ,  yt  *  (•>>  h  so  that  A  tends  to  zero,  then  the 
displacement  (3.10)  tends  to  infinity,  and  resonance  occurs.  Thus  the  condition 
for  resonance  is 


Mvi ,  yt ,  W,  h)  »=  0. 


(4.5) 
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This  is  a  complex  equation,  equivalent  to  two  real  equations,  say, 

Ai(yi  ,yt,u,h)  =  0,  Ai(j/i  ,y,,w,h)  =  0.  (4.6) 

These  are  two  surfaces  in  a  4-space  in  which  yi ,  yt ,  u,  h  are  coordinates,  and 
these  surfaces  may  intersect  or  they  may  not. 

If  we  fix  ti».  A,  then  (4.6)  are  two  curves  in  the  plane  of  yi ,  yt .  The  vector 
(yi  I  Vi)  is  the  slowness  vector  of  the  surface  waves.  If  the  two  curves  in  question 
do  not  intersect,  resonance  is  impossible;  if  they  intersect,  the  intersections  will 
in  general  form  a  discrete  set  of  points,  indicating  a  discrete  set  of 
resonant  slownesses. 

Free  vibrations  are  of  course  closely  connected  with  resonance.  Let  us  remove 
the  excitation  by  putting  C,  0.  Then  we  have  in  (4.1)  a  set  of  six  homogeneous 
equations,  which  are  consistent  if,  and  (Hily  if,  the  determinantal  equation  (4.5) 
is  satisfied.  If  a  and  h  are  assigned,  there  are  (apart  from  cases  of  d^eneracy) 
either  (i)  no  possible  free  vibrations,  or  (ii)  a  discrete  set  of  free  vibrations,  each 
with  a  certain  surface  slowness  vector  {yi ,  yt). 

If  we  put  yi  =  yt  =  0,  then  the  six  roots  yi^  are  real  and  of  the  form 

yi"^  =  ±a',  ±a\  ±a'^'.  (4.7) 

The  quantities  satisfjdng  (3.8)  are  then  real,  and  it  is  easy  to  see  that  the 
determinant  A  of  (4.4)  is  a  pure  imaginary.  In  this  case  we  have  one  condition 
(and  not  two)  for  resonance  or  free  vibration. 

6.  Rayleigh  waves.  Let  us  now  consider  Rayleigh  waves  in  an  anistropic  half¬ 
space  X|  <  0  by  proceeding  to  the  limit  A  -+  <»  in  the  preceding  theory.  / 

But  before  doing  this,  we  must  consider  an  algebraic  question  concerning  the  ^ 
slowness  equation 

0(!/)  =  0,  (5.1) 

which  we  now  regard  as  a  sextic  equation  for  yt ,  real  values  being  assigned  to 
yi,yt> 

If  we  put  Vi  =  yi  =  0,  then  (5.1)  gives  six  real  values  to  yt ,  of  the  form 

y,  =  ±a',  ±a^  (5.2) 

where  a',  a",  a'"  are  the  reciprocals  of  the  three  speeds  of  propagation  in  the 
direction  of  the  Zi-axis. 

In  a  plane  P  in  which  yi ,  yt  are  rectangular  Cartesians,  draw  a  half-line  L 
out  from  the  origin,  and  lead  a  point  (yi ,  yt)  along  this  half-line.  The  roots  of 
(5.1)  must  change  continuously,  and  therefore  for  some  segment  OA  of  L  the 
six  values  of  yt  are  real  (but  not  necessarily  symmetrically  distributed  as  in  (5.2)). 

From  the  positive  definite  condition  (1.5)  it  follows  that  (5.1)  represents  a 
bounded  surface,  and  hence  if  we  go  to  infinity  on  L  we  shall  ultimately  find  that 
all  six  values  of  yt  are  complex;  since  the  coefficients  in  (5.1)  are  real,  such  com¬ 
plex  roots  occur  in  conjugate  pairs  (a  db  ifi). 

If  we  reverse  the  signs  of  yi ,  yt ,  we  reverse  the  signs  of  roots  yt .  Hence  we 
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can  prepare  a  diagram  as  Fig.  1,  which  shows  the  plane  of  yi ,  yj  divided  into 
four  regions.  C'B^A'  OABC  is  a  t}rpical  straight  line  through  the  origin.  For 
iVi  >  Vi)  segment  A' A,  there  are  six  real  roots  yt ;  in  B'A'  and  in  BA  there 
are  four;  in  C'B'  and  in  BC  there  are  two.  Further  out,  there  are  none.  As  the 
typical  line  swings  around,  the  segments  trace  out  regions  as  shown.  Note  that 

CB'  =  BC,  B'A'  =  AB,  A’O  =  OA.  (5.3) 

Consider  now  a  displacement  of  the  form 

=  .4pexp  [i«(y,x.  -  01-  (5.4) 

If  yi  =  a  +  i/S,  this  reads 

u,  =  A,  exp  (-w/3x,)  exp  [tw(yix,  +  y*xj  +  oxi  —  <)]  (6.5) 

If  we  demand  that  this  tends  to  zero  as  Xt  — »  —  « ,  we  must  have  /S  negative. 
This  means  that,  in  the  problem  of  surface  waves,  real  roots  of  (5.1)  are  of  no 
use  to  us,  and,  of  the  complex  roots,  we  can  use  only  those  with  negative  imagi¬ 
nary  parts.  Therefore  we  must  confine  our  attention  to  values  of  yi ,  yt  outside 
the  outer  oval  in  Fig.  1.  For  any  such  choice  of  real  yi ,  yt ,  we  have  six  values 
of  yt  of  the  form 

y,  =  a'  ±  o"  ±  a'"  ±  (5.6) 

Let  y  "\N  =  1,  2,  3)  be  the  three  of  these  with  negative  imaginary  parts. 
Let  Bi'^(N  =  1,  2,  3)  be  corresponding  normalized  solutions  of  (3.8).  Let 
=  1,  2,  3)  be  any  three  numbers.  Then  the  disturbance 

u,  »  exp  -  01  (5.7) 

satisfies  the  equations  of  motion  and  vanishes  exponentially  at  x*  —  oo  . 

This  disturbance  will  make  Xi  »  0  a  free  surface  provided/^  satisfy 
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The  condition  that  these  homogeneous  equations  be  consistent  is 

0(yi ,  yi ,  «)  “  0  (6.9) 

where 

Kn 

D  «  Ku  Kn  Kn  ,  (5.10) 

Kt,  Kn  Kn 

with 

K,^  -  (N  =  1,  2,  3).  (5.11) 

The  equation  (5.9)  is  in  general  complex,  yielding  two  real  equations 

A(l/i ,!/»,«)  =  0,  Dtivi  ,!/*,«)  “0.  (5.12) 

Let  u  be  assigned.  Then  the  two  ciirves  (5.12)  in  the  plane  of  yi ,  yt  either  (i) 
do  not  intersect,  or  (ii)  intersect  in  a  finite  number  of  points,  if  we  leave  degener¬ 
ate  cases  out  of  account. 

The  disturbance  (5.7),  which  dies  out  exponentially  as  we  travel  downward  in 
the  medium,  is  the  generalization  of  Rayleigh  waves  to  the  general  anisotropic 
case.  We  ccmclude  that,  for  given  circular  frequency  u,  such  waves  either  (i) 
do  not  exist,  or  (ii)  travel  only  in  certain  directions  in  the  free  surface,  with 
certain  corresponding  speeds.  The  familiar  Rayleigh  waves  are  degenerate, 
the  locus  of  possible  points  (yi ,  yt)  being  a  circle,  and  not  a  number  of  isolated 
points. 

A  further  difference  between  the  ordinary  Rayleigh  wave.s  and  those  con¬ 
sidered  above  is  that  the  latter  exhibit  a  sinusoidal  variation  with  depth.  This 
is  due  to  the  fact  that  in  (5.6),  a',  a!',  a"'  are  in  general  different  from  zero,* 
whereas  in  the  ordinary  Rayleigh  waves  yt  is  a  pure  imaginary,  giving  a  purely 
exponential  decay  with  depth.  One  may  say  that  the  ordinary  Rayleigh  waves 
are  propagated  parallel  to  the  free  surface,  with  amphtudes  decreasing  expo- 
nentiaUy  with  depth,  whereas  the  directions  of  propagation  of  the  generalized 
Rayleigh  waves  are  inclined  to  the  free  surface. 


6.  Transverse  isotropy.  Here  follow  some  remarks  about  media  possessing 
transverse  isotropy.  For 'such  a  medium,  all  directions  orthogonal  to  some 
unit  vector  Jr  are  elastically  equivalent,  and  we  have 

Cfq/n  —  +  m(M  qt  "f"  r«f»  d"  f) 

(6.1) 

+  fiiSprJqJ,  +  iqrJfJq  +  ipqJ  qJr  +  fJr)  +  yJpJqJfJq 

where  X,  a,  /9>  y  nre  elastic  constants.  We  get  an  isotropic  medium  on  putting 
a  *  /9  »=  7  =  0. 

Let  us  investigate  Uie  slowness  surface, 

ll(l/)  “  “  0,  Mfr  “  P^pr  ~~  Cp^,yqy, .  (6.2) 


*  See  $6  for  the  case  of  transverse  isotropy. 
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Equivalently  we  may  investigate  the  speeds  v  for  propagation  in  a  direction 
n, .  This  may  be  done  rather  neatly  as  follows. 

Let  Xp  be  any  unit  vector.  Write 

Q(X,  n)  =  Cp^,Xjfi^rn, .  (6.3) 

Then  those  vectors  X,  which  give  Q  a  stationary  value,  for  assigned  n, ,  satisfy 

Cpfni^pXrni  “  ^Xp  (6.4) 

where  ^  is  a  scalar  factor,  which  is  in  fact  the  stationary  value  of  Q.  But,  in  view 
of  (2.9),  the  equation  (2.5)  for  the  amplitude  vector  is 

Cpgr,npArn,  =  pv'Ap.  (6.5) 

We  conclude  that  the  stationary  values  of  QiX,  n)  are  pv'*,  pv^*,  pt>'"*  where 
v\  v'”  are  the  three  speeds  of  propagation  for  the  direction  n, ,  and  further 
that  the  vector  Xp  giving  Q{X,  n)  a  stationary  value  is  in  the  direction  of  the 
corresponding  amplitude  vector. 

In  the  case  of  transverse  isotropy  we  have 

Q(X,  n)  -  M  +  PiJnf  +  (X  +  M)(Xn)’  +  [/3  +  y{Jn)\XJ)^ 

(6.6) 

+  2(a  +  P){Jn){XJ){Xn), 

where  {UV)  =  UrVr ,  the  scalar  product.  One  stationary  value  is  given  by  taking 
Xp  orthogonal  to  Jp  and  to  n,  ;  hence  we  get  the  speed  given  by 

pi;'*  =  M  +  /9(Jn)*.  (6.7) 

Thus  one  sheet  of  the  slowness  surface  Q  =  0  is  a  spheroid,  its  equation  in  polar 
coordinates  being 

•  pr*  +  jSr*  cos*  8  =  p,  (6.8) 

where  r*  »  y*  +  +  y\  and  8  is  the  angle  between  n,  and  the  fixed  vector  Jp . 

The  rest  of  the  slowness  surface  is  a  quartic  surface.  To  investigate  it,  we 
put 

*  Xp  =  AJp  +  Bnp,  (6.9) 

where 

A*  +  ^  +  2AB(Jn)  =  1,  (6.10) 

since  X,  is  a  unit  vector.  We  have 

(Xn)  «=  AiJn)  +  B,  (XJ)  =  A  +  B{Jn),  (6.11) 

and  substitution  in  (6.6)  gives 

Q(X,  n)  =  M  +  PiJn)'  +  KA'  +  2LAB  +  3fB*,  (6.12) 

where 

X  =“  (X  +  p)(Jn)*  +  [/3  +  7(t/n)*)  +  2(a  +  P)iJn)*, 

L  =  (X  +  pKJn)  +  \^  +  yiJn^KJn)  +  (a  +  P)(Jn)[l  +  (Jn)*],  (6.13) 

=  (X  +  p)  +  [jS  +  7(*^w)*](«^w)*  +  2(o  +  I3)(jn)*. 
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To  give  QiX,  n)  a  stationary  value,  we  require 

KA  LB  ^  tf^lA  +  B(Jn)],  LA  +  MB  =  ^[A(Jn)  +  B],  (6.14) 
where  ^  is  a  Lagrange  multiplier;  actually 

^  =  pv*  -  M  -  0(Jn)*.  (6.15) 

Thus  the  two  other  speeds  of  propagation  are  given  by 
^  -  K  yj^iJn)  -  L| 

yjfiJn)  —  L  ^  —  M 


=  0, 


(6.16) 


sin*  0  -  ^(X  +  M  -  2L  cos  6)  +  KM  -  L*  ^  0,  (6.17) 


where 


cos  (?  =  (Jn).  (6.18) 

In  polar  coordinates,  the  equation  of  the  quartic  sheet  of  the  slowness  surface 
has  the  equation  (6.17),  with 

^  ^  -  M  -  /3  cos*  0.  (6.19) 


The  displacement  vector  .4,  is  perpendicular  to  the  meridian  plane  in  the  case  of 
the  spheroidal  sheet  (6.8).  In  the  case  of  the  quartic  sheet,  it  is  given  by  (6.9), 
after  we  substitute  the  appropriate  values  of  A,  B,  given  by  (6.14). 

If  we  degenerate  to  the  case  of  isotropy  by  putting  o  =  =  7  =  0,  the  sphe¬ 

roidal  sheet  (6.8)  becomes  the  sphere 


r 


(6.20) 


corresponding  to  an  S-wave.  We  have 

/C  =  (X  p)  cos*  ff,  £/  =*  (X  -f-  p)  cos  0,  M  =  \  fi, 
KM  —  L*  =  0,  /C  -f  Af  —  2L  cos  ^  =  (X  -f  m)  sin*  0, 
so  that  (6.17)  gives 


(6.21) 


r=  0  or  X  -|-  M, 


and  the  quartic  sheet  (6.19)  becomes  the  two  spheres 


r  == 


P 

X  +  2m’ 


(6.22) 


(6.23) 


corresponding  respectively  to  an  S-wave  and  to  a  P-wave. 

The  case  of  a  slight  variation  from  isotropy  can  be  investigated  easily,  second- 
order  terms  in  a,  7  being  neglected.  Naturally,  the  slowness  surface  has  two 
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sheets  (one  spheroidal)  which  are  close  to  a  sphere  of  radius  y/p/n,  and  the  third 
sheet  close  to  a  smaller  sphere  of  radius  \/p/(X  +  2m)* 

It  is  easy  to  verify,  in  the  case  of  the  spheroidal  sheet  (6.8),  the  statement  of 
§5  that  the  generalized  Rayleigh  waves  have  a  sinusoidal  variation  along  the 
downward  vertical.  This  is  the  same  thing  as  saying  that  yt  has  a  non-vanishing 
real  part.  We  know  that 

Q(i/)  =  [p  -  iiy,y,  -  P(J»y»)*]F(y)  (6.24) 

where  F(y)  is  a  quartic  factor.  Thus  two  of  the  six  values  of  yt ,  corresponding 
to  assigned  real  values  of  ,  are  given  by  solving  the  quadratic  equation 

(m  +  PJ\)y\  +  2fiytJtiJiyi  -|-  «/j|/i) 

+  m(2/i  +  y\)  +  fiiJiyi  +  Jiy*)*  —  p  =  0. 

The  roots  are 

y*  ~  '  JL  aT*  +  •fty^  ±  tfi}, 

M  +  pJt 

where 

R*  =  (p  +  /9«fi)[p(yi  +  y\)  ~  p1  +  p0(Jiyi  +  Jtyi)*- 
In  order  that  Rayleigh  waves  may  exist,  it  is  necessary  that  be  positive.  Then 
the  real  part  of  yt  is 

Re  y,  =  - 

This  vanishes  only  under  one  of  the  following  three  conditions: 

(i)  j8  =  0  (as  is  the  case  in  isotropy) ; 

(ii)  Jt  =  0  (axis  of  symmetry  parallel  to  the  free  surface); 

(iii)  Jtyi  +  Jiyt  =  0. 

This  last  condition  is  satisfied  when  the  axis  of  S3niunetry  is  perpendicular  to  the 
free  surface,  or,  more  generally,  when  the  surface  slowness  vector  (yiy»)  is  per¬ 
pendicular  to  the  projection,  of  the  axis  of  s}rmmetry  on  the  free  surface. 

In  recent  papers,  Musgrave  [2]  has  discussed  body  waves  in  a  medium  with 
transverse  isotropy  (which  is  the  same  as  hexagonal  83niimetry,  as  far  as  elastic 
properties  are  concerned).  He  follows  the  method  described  by  Kelvin  in  his 
Baltimore  Lectures,  and  the  calculations  look  very  different  from  those  of  the 
present  paper.  Musgrave  appears  to  have  overlooked  the  interesting  factorization 
(6.24)  corresponding  to  a  spheroidal  sheet  of  the  slowness  surface.  But  it  is  not 
hard  to  get  this  result  out  of  his  work,  for  his  characteristic  cubic  factorizes  as 
follows: 

H*  -  lF[n'h  -I-  ( 1  -n’)(a  +  ic)) 

-I-  —  n*){(l  —  n*)ioc  +  n*[h(a  +  Jc)  —  d*]} 

-  n*(l  -  n*)*ic(aA  -  d*)  =  {H  -  §c(l  -  n*)} 

{H*  -  H[n'h  +  (1  -  n*)o]  4-  n*(l  -  n')(ah  -  d*)}. 

The  vanishing  of  the  first  factor  gives  the  spheroidal  sheet. 


(6.25) 

(6.26) 
(6.27) 


(6.29) 
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To  connect  the  above  work  more  closely  with  Musgrave’s,  we  may  consider 
the  intersections  of  the  slowness  surface  with  the  axis  of  S3rmmetry  Jr ,  or, 
equivalently,  the  speeds  of  propagation  in  the  direction  nr  ^  J, .  In  this  case, 
we  put  (Jn)  *  1,  {Xn)  =  {XJ)  in  (6.6),  and  obtain 

Q{Xf  n)  =  /i'f/S+(X  +  A‘  +  2a  +  3/S  +  y){XJ)*.  (6.30) 

The  stationary  values  are  given  by  (XJ)  >=  0,  (XJ)  =  1,  and  hence  we  get,  for 
the  three  velocities 

(6.31) 

=  X  +  2M  +  2a  +  4^  +  7i 

where  v'  comes  from  the  spheroidal  sheet,  and  v*,  v'"  from  the  quartic  sheet. 
In  fact,  the  spheroidal  sheet  touches  the  quartic  sheet  on  the  axis  of  symmetry, 
as  is  shown  in  Musgrave’s  diagrams,  in  which  Ti  is  the  spheroidal  sheet  in  his 
Figs,  lb  and  2b.  The  polar  reciprocal  of  this  spheroidal  sheet  appears  as  Ti  in 
his  Figs.  Ic  and  2c. 

Stoneley  [1]  has  discussed  Rayleigh  waves  in  the  case  of  transverse  isotropy 
with  the  axis  of  symmetry  perpendicular  to  the  free  surface,  and  also  surface 
waves  in  a  cubic  crystal  [3J.  Conical  refraction  in  a  cubic  crystal  has  been  treated 
by  de  Klerk  and  Musgrave  [4]. 

Added  in  proof:  Since  the  above  paper  was  written,  I  have  investigated  the 
directions  of  the  flow  of  energy  for  plane  waves  in  a  layer  of  anisotropic  elastic 
material;  see  Proc.  Roy.  Irish  Acad.  A  58, 13-21  (1956). 
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DEFORMATION  ENERGY  AND  THE  STRESS-STRAIN  RELATIONS 
FOR  ISOTROPIC  MATERIALS 

By  T.  Y.  Thomas 

1.  Introduction.  The  rate  at  which  work  is  done  on  a  moving  volume  F(0  of 
a  material  medium,  subject  to  the  usual  laws  of  d3mamic8,  by  the  stresses  acting 
over  its  surface  is  given  by 

(1.1)  ^  =  i  f  I  dV+  f  dV, 

at  Jr(i)  Z  Jr(t) 

where  ffat  and  are  the  components  of  the  symmetric  stress  tensor  a  and  the 
rate  of  strain  tensor  <  respectively,  the  components  of  velocity  and  p  the  density 
of  the  material.  Equation  (1.1)  and  following  equations  are  referred  to  rectangular 
Cartesian  coordinates  used  as  Eulerian  variables.  The  first  term  in  the  right 
member  of  (1.1)  is  the  rate  of  change  of  the  kinetic  energy  and  the  second  term 
represents  the  rate  of  change  of  the  deformation  energy  of  the  moving  volume 
F(0.  Denoting  this  latter  energy  per  imit  mass  by  E  we  can  write* 

(1.2)  pEdV  [  p^dV  =  f  dV, 

at  Jrii)  Jv(t)  at  Jf(o 

and  from  this  equation  it  follows  that 

U.d)  p-^  =  <rapfafi, 

since  the  volume  V  can  be  selected  arbitrarily  at  any  initial  time. 

Under  what  conditions  will  (he  energy  E  be  a  scalar  invariant  of  the  tensors  <r  and 
t  and  the  density  p  of  an  isotropic  medium?  This  question  is  investigated  in  the 
following  paper*.  The  answer  depends  on  the  specific  character  of  the  stress- 
strain  relations  which  we  shall  here  assume  to  have  the  general  form 

(1.4) 

where  the  /’s  are  the  components  of  a  tensor  invariant  under  proper  orthogonal 
transformations  relating  moving  rectangular  coordinate  systems  x  and  the 
quantities  Da^fDt  are  the  components  of  the  absolute  time  derivative*  of  the  stress 
tensor.  In  addition  there  are  the  general  dynamical  relations 

*  An  expository  treatment  of  the  basic  assumptions  and  the  mathematical  analysis 
underlying  the  derivation  of  the  equations  (1.1)  and  (1.2)  has  been  given  by  T.  Y.  Thomas, 
The  futuUtmenkU  hydrodynamical  equationa  and  shock  conditions  for  gases,  Math.  Mag.,  22, 
1949,  pp.  169-189. 

*  Prepared  for  the  Applied  Mathematics  Branch,  Mechanics  Division,  Naval  Research 
Laboratory,  Washington,  D.  C. 

*  T.  Y.  Thomas,  On  the  stnuture  of  the  stress-strain  relations,  Proc.  Nat.  Acad.  Sci.,  41, 
1955,  pp.  716-720;  and  Kinematically  preferred  coordinate  systems,  ibid.,  41, 1955,  pp.  762-770. 
See  also,  C.  Truesdell,  The  simplest  rate  theory  of  pure  elasticity.  Comm.  Pure  and  Appl. 
Math.,  8.  1955,  pp.  128-132. 


335 


336 


T.  T.  THOMAS 


(1^)  ^  +  -0;  = 

of  which  the  first  will  also  enter  into  the  discussion  of  the  problem.  These  latter 
relations  involve  the  ordinary  or  total  derivative  with  respect  to  the  time  t 
which  we  distinguish  from  the  absolute  time  derivative  in  (1.4).  The  comma 
in  (1.5)  and  following  relations  stands  for  partial  differentiation  since  rectangular 
coordinates  are  employed  exclusively. 

We  shall  restrict  the  functions  to  be  polyncunials  in  the  components  <r«9  and 
with  coefficients  depending  on  the  density  p.  To  avoid  excessive  mathematical 
details  we  shall  furthermore  impose  the  condition  that  the  polynomials  are 
linear  in  the  ea$  &nd  at  most  quadratic  in  the  <Tafi .  The  precise  tensorial  form 
assumed  for  these  functions  /  is  given  by  the  equation  (6.1)  in  §6.  The  resulting 
equations  (1.4)  have  been  called  preferred  for  purpose  of  reference*.  It  may  be 
noted  however  that  in  spite  of  the  restrictions  underl3dng  the  preferred  system 
(1.4)  such  systems  are  sufficiently  general  to  include  the  Prandtl-Reuss  equations* 
for  the  treatment  of  plastic  flow,  which  may  arise  for  large  stresses,  as  well  as 
to  permit  an  approximation,  for  small  stresses,  to  the  results  of  the  classical 
elasticity  theory.  It  would  appear  in  fact  that  the  preferred  i^stems  are  not  too 
general  for  the  requirement  of  application  but  are  nevertheless  of  sufficient 
generality  to  provide  an  acceptable  description  of  the  dynamical  behavior  of 
certain  important  material  bodies. 

In  §2  we  have  derived  a  modification  of  the  differential  equation  (1.3)  for  the 
energy  function  E  and  in  §6  we  have  given  the  set  of  differential  equations  into 
which  this  latter  equation  decomposes  for  the  case  of  the  preferred  s}rstem  of 
stress-strain  relations.  As  indicated  in  §6  there  appears  to  be  a  natural  class  of 
solutions  of  the  differential  equations  for  the  determination  of  the  deformation 
energy  E,  based  on  the  structure  of  these  equations,  when  the  energy  E  does 
not  depend  on  the  density  p  of  the  medium.  Special  preferred  stress-strain  rela¬ 
tions  and  the  associated  energy  functions  E  of  this  t3rpe  have  been  constructed 
in  §§8  to  11.  One  of  these  functions  is  observed  to  be  identical  with  the  well 
known  expression  for  the  deformation  energy  in  the  classical  elasticity  theory 
and  another  to  approximate  the  classical  expression  for  small  stress. 

In  §13  the  case  is  treated  for  which  the  deformation  energy  E  depends  on  the 
density  p  and  the  corresponding  results  are  obtained. 

2.  General  differential  equation  for  ffie  energy  function.  If  the  deformation 
energy  E  can  be  expressed  as  a  (differentiable)  scalar  invariant  of  the  tensors  <r  and 
c  and  the  density  p  we  can  write 

dE  DE  dE  dp  ,  dE  Eoat  ,  Dta$ 

dT  “  ^  ^  'W 

*  The  preferred  system  would  be  a  special  case  of  the  hypo-elastic  system  of  grade  two 
as  defined  by  Truesdeil  except  for  the  fact  that  the  /.,#  are  not  assumed  to  be  homogeneous 
in  the  components  *m$.  See,  C.  Truesdeil,  Hypo-ela»ticity,  J.  Rational  Mech.  Anal.,  4,  1955, 
pp.  83-133. 

*  See,  for  example,  W.  Prager  and  P.  G.  Hodge,  The  Theory  of  Perfectly  Plaatic  Solids, 
New  York,  John  Wiley  A  Sons,  1951,  p.  29. 
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on  account  of  the  equality  of  the  total  and  absolute  time  derivatives  of  a  scalar. 
Hence  from  (1.4)  and  (1.5)  the  equation  (1.3)  becomes 


(2.1) 


BE  ,  ,  BE  ,  BE  Dtafi 


1 

P 


Now  the  equation  (2.1)  must  be  satisfied  identically  in  the  quantities  p,  , 
tat  >  &nd  their  partial  derivatives  considered  as  independent  variables  in  order 
for  the  invariant  E  to  exist  in  the  proiier  sense*.  But  from  the  definition  of  the 
absolute  time  derivative  we  have 


Dtat 

~W 


Btat 

Bt 


"t"  ^at,y^y  ”1*  “b 


where  the  ^’s  are  the  components  of  the  (non-tensor)  curl  of  the  velocity.* 
Hence  we  immediately  see  that  the  partial  derivatives  BE f  tat  in  (2.1)  must 
vanish  identically.  In  other  words,  the  invariant  E  can  depend  at  most  on  the  stress 
tensor  <r  and  the  density  p. 

Let  us  now  put 


(2.2) 


6  —  Oaa  5  {  —  e  ate  at  !  f  ^ate  ay^fy  « 


Then  it  is  well  known  that  the  scalar  invariant  E{p,  a)  can  be  expressed  as  a 
function  of  the  quantities  p,  0,  and  f.  But  by  differentiation  of  the  relations 
(2.2)  we  have 


(2.3) 


B0 

Beat 


—  Bat  > 


-Qrr  ■ 

—  f 

0(^00 


JL 

Beat 


—  SOai  eit 


when  no  regard  is  paid  to  the  symmetric  character  of  the  components  Sat  in  the 
above  expressions  (2.2)  preceding  the  process  of  differentiation.  Hence  we  can 
write. 


BE 

BSat 


BE  -BE  ,  -  BE 

^Bat  +  2  —  aat  +  Z-^eaie^. 


Substituting  this  expression  for  the  derivatives  of  E  into  (2.1)  this  relation 
can  be  given  the  following  form 


BE  BE  ,-  f  BE  .BE  1 

—  P««a  T - r  Jaa-^  -r  ^atjat  +  Oeateaylty  ^  =  -  eat  fat  ■ 

Bp  B9  of  p 

We  shall  later  find  it  convenient  to  employ  the  “trace”  notation  on  the  basis 
of  which  we  may,  for  example,  write 

0  =  tr  d;  {  =  trd*;  f  =  tr  d*. 


Using  this  notation  the  above  differential  equation  for  E  becomes 

(2.4)  _  p  tr  e  -f  tr  f  ^  -f  2  tr  df  ^  +  3  tr  d*f  -  Ur  d*. 

Op  B0  0{  Of  p 

*  Without  this  requirement  the  difTerentisl  equation  (2.1)  would  admit,  in  general,  only 
a  solution  E  dependent  on  the  coordinates  x  and  the  time  I  and  this  would  be  inconsistent 
with  the  strict  condition  that  £  is  a  scalar  invariant  as  postulated. 
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It  will  be  shown  in  the  following  sections  that  the  differential  equation  (2.4) 
must  decompose  into  a  set  of  differential  equations  involving  only  the  function 
E  and  the  independent  variables  p,  6,  and  I*.  A  scalar  invariant  E(j>,  a)  will 
therefore  represent  the  deformation  energy  of  the  material  medium  governed 
by  (1.4)  and  (1.5)  if,  and  only  if,  it  satisfies  this  set  of  differential  equations. 


3.  Stress-strain  matrix.  The  matrix  /  whose  elements  are  the  symmetric 
components  fap  wil  be  called  the  stress-strain  matrix.  We  assmne  the  quantities 
faf  to  be  polynomials  in  the  components  Vas  snd  tap  of  the  stress  and  rate  of  strain 
tensors.  Then  according  to  Rivlin^  the  matrix  f  must  be  expressible  in  the  form 

f  “  (Zol  *1“  Old  4"  Ojd*  4"  Oi*  4"  U4(<te  4"  *4)  4"  u»(4*8  4"  *4*) 

(3.1) 

4*  4-  U7(«***  4-  **<>)  4"  ae(4*«*  4-  *V), 


where  I  denotes  the  unit  matrix  and  the  symbols  d  and  e  denote  the  stress  and 
rate  of  strain  matrices;  moreover,  the  coefficients  Oo ,  ■  *  *  ,  Oe  are  polynomials 
in  the  following  quantities 


(3.2) 


tr  e; 
tr  <7t; 


tr  d*; 
tr  d*e; 


tr  e*;  tr  d*;  tr  e*, 
tr  de*;  tr  d*e*. 


Obviously  the  coefficients  of  the  polynomials  oo ,  *  ■  *  ,  Og  will  be  functions  of 
p  since  we  have  assumed  the  matrix  f  to  depend  on  the  density  of  the  ma¬ 
terial  (§1). 

We  now  make  the  fundamental  assumption  that  the  relation  (3.1)  is  linear  in  the 
quantities  fap .  Then  (3.1)  becomes 

(3.3)  f  “=  Ool  "h  Old  -|-  Ojd*  4“  fli*  4“  04(de  4“  *d)  4“  Qi(d* t  4" 
and  the  coefficients  oo ,  Oi  and  Ot  are  given  by  equations  of  the  form 

(00  =  po  4-  9o  tr  e  4-  To  tr  de  4-  «o  tr  d*e, 

Oi  *=  Pi  -f  gi  tr  e  4-  Ti  tr  de  4-  «i  tr  d*e, 

Oj  =  p*  4-  9i  tr  e  4-  r»  tr  de  4-  «*  tr  d*e, 

where  the  quantities  p,  q,  r,  s  and  also  the  Oi ,  Og ,  o*  are  pol}momials  in  tr  d, 
tr  d*,  tr  d*  with  coefficients  which  are  functions  of  the  density  p. 

Now  from  (3.3)  we  havfe  • 

(3.5)  tr  f  =  3ao  4-  Oi  tr  d  4-  oj  tr  d*  4-  Oi  tr  e  4-  204  tr  de  4-  2a»  tr  d*e, 

(3.6)  tr  df  =  Oo  tr  <r  -f  Oi  tr  d*  4-  Oj  tr  d*  4"  o*  tr  de  4-  2o4  tr  d*e  -f  2oi  tr  d*e, 

(3.7)  tr  d*f  =*  Oo  tr  d*  4-  Oi  tr  d*  4-  o*  tr  d^  4-  o*  tr  d*e  4-  2o4  tr  d*e  -f  2o*  tr  dV. 

But  the  quantities  tr  d\  tr  d*e,  and  tr  d*e  which  occur  in  (3.6)  and  (3.7)  can  be 
expressed  by  means  of  certain  auxiliary  formulae  in  terms  of  the  quantities  of  the 
set  (3.2).  These  formulae  will  be  derived  in  the  following  section. 


^  R.  8.  Rivlin,  Further  remarks  on  the  stress-deformation  relations  for  isotropic  materials, 
J.  Rational  Mech.  Anal.,  4,  1955,  pp.  681-702. 
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4.  Auziliaiy  formulae.  From  the  Hamilton-Cayley  theorem  we  have  the  fol¬ 
lowing  matrix  relation 

(4.1)  d*  -  (tr  6)^  +  M6  -  Nl  =  0, 
where, 

M  =  J[(tr  d)*  —  tr  d*];  iV  =  J  tr  d*  —  J  tr  d  tr  d*  -|-  i  (tr  d)*. 

Multiplying  (4.1)  by  the  matrix  d  and  taking  the  trace  of  the  resulting  expression 
we  obtain  an  equation  which  can  be  written  in  the  form 

(4.2)  tr  d*  =  ^  tr  d  tr  d*  —  (tr  d)*  tr  d*  -|-  §  (tr  d*)*  -f  ^  (tr  d)*. 

Similarly  if  we  multiply  (4.1)  by  the  matrices  e  and  de  and  then  take  the  trace 
of  each  of  the  matrix  expressions  so  obtained,  we  find 

(4.3)  tr  d*e  =  tr  d  tr  d*e  —  M  tr  de  -1-  AT  tr  e, 

(4.4)  tr  4*t  —  tr  d  tr  d*t  —  Af  tr  d*e  -|-  iST  tr  de, 

in  which  the  quantity  tr  d*e  in  the  right  member  of  the  second  equation  can  be 
eliminated  by  the  first  of  these  equations. 

Let  us  now  eliminate  the  quantities  tr  d*,  tr  d*e,  and  tr  6*t  from  the  right  mem¬ 
bers  of  (3.6)  and  (3.7)  by  the  substitutions  (4.2),  (4.3),  and  (4.4).  Let  us  then 
substitute  the  above  expressions  for  tr  f,  tr  df,  and  tr  d^f  into  the  equation  (2.4). 
Making  use  of  (3.4)  the  equation  thus  obtained  can  be  written  in  the  following 
form 

(4.5)  P  tr  e  -|-  Q  tr  de  -|-  tr  d*e  -|-  S  =  0, 

in  which  the  quantities  P,  Q,  R,  and  S  are  linear  expressions  in  the  derivatives 
of  E  with  respect  to  p,  d,  and  and  it  is  seen  moreover  that  the  coefficients 
of  these  expressions  depend  on  the  density  p  and  the  stress  tensor  o-.  The  explicit 
equations  for  P,  Q,  R,  and  are 


(4.6)  P-  -p^+(a.-f  3(?o  +  9.fl-f  + 

(4.7)  Q  -  -  -  +  (2a4  +  3ro  +  r,0-br,{)^  +  /3^-l-p|^, 

p  o9  Of  of 

(4.8)  P-  (2at  +  380  +  8^0  +  82()  ^  +  C^, 

(4.9)  5  -  (3po  +  +  +  + 

with, 

(4.10)  a  =  (If  -  20^  ■+■  i0^)at  -h  2(go0  +  gif  +  g,f), 

(4.11)  /3  =  2(aj  —  06®*  -}-  Ot^  -j~  ro0  -j-  fif  -f-  r*f). 
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(4.12)  y  “  2(204  2a*tf  -|-  SoB  +  +  «if), 

(4.13)  S  =  2(poe  +  pi(  -h  Pit), 
and, 

(4.14)  ^  =  (2f  -  3B(  +  fl*)a4  +  (20r  -  +  B*)at  +  3(?of  +  gif)  +  Gg, . 

(4.15)  B  —  3({  —  t^)<h  +  2(f  —  ^)a»  +  3(ro{  +  rif)  +  Gr* , 

(4.16)  C  =  3aj  +  6o4^  +  3(f  +  ^)a»  +  3(so{  -f'  «if)  +  G«* , 

(4.17)  Z)  =  3(po{  +  Pif)  +  Gp, , 
where  we  have  used  the  abbreviation 

G  ^  ^B*  -SB‘i  +  4ef  +  ii*. 

We  recall  that  the  quantities  p,  g,  r,  «  and  the  Oa ,  04  ,  a«  in  these  equations  are 
polynomials  in  B,  and  f  with  coefficients  which  are  constants  or  depend  at 
most  on  the  density  p. 

6.  A  lemma  on  independent  scalars.  Assign  values  to  the  components  of  the 
stress  tensor  a  such  that  its  principal  values  0-4  are  distinct.  Put  Xi  =  <„•  (not 
summed)  and  consider  the  following  three  identities 

+  Xi  +  X|  =  tr  t, 

(TiXi  fftXt  4“  <f»Xt  —  tr  de, 

<TiXi  -{•  cTiXi  -|-  ~  tr  d^e, 

in  which  X’s  are  components  of  the  tensor  t,  as  indicated,  relative  to  the  origin 
of  a  canonical  coordinate  system  for  the  tensor  a  i.e.,  a  rectangular  system  whose 
axes  coincide  with  the  principal  directions  of  this  tensor  at  an  arbitrary  point  P. 
Regarding  these  as  equations  for  the  determination  of  the  quantities  Xi  the  de¬ 
terminant  A  of  the  coefficients  in  the  equations  is 

1  1  1 

A  =  <r,  at  at  =  (ffi  —  fft)(<ri  —  ai)(a»  —  <r,). 

1  1  .  t 

<ri  at  at 

Hence  A  ^  0  since  the  ai  are  distinct  by  assumption  and  the  above  equations 
therefore  have  a  solution  Xi  for  arbitrarily  assigned  values  of  the  right  members 
of  these  equations.  In  other  words,  if  the  components  a  of  are  chosen  so  that  their 
principal  values  ai  are  distinct  the  components  tas  can  be  selected  in  such  a  way  that 
the  quantities  tr  c,  tr  dc,  and  tr  d^c  assume  arbitrarily  assigned  values  at  any  point  P. 

It  follows  from  the  above  result  and  the  fact  that  the  relation  (4.5)  is  satisfied 
identically  (see  §1)  that  this  relation  must  decompose  into  the  following  four 
equations 

(5.1) 
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provided  the  principal  values  of  the  stress  tensor  are  distinct.  However,  it  is 
clear  that  the  validity  of  the  equations  (5.1)  is  independent  of  the  condition  on 
the  principal  values  since  these  equations  must  likewise  be  satisfied  identically 
in  the  density  p  and  the  components  of  the  stress  tensor. 

It  has  now  been  shown  that  a  scalar  E(p,  or)  will  represent  the  deformation  energy 
of  a  material  medium  having  a  stress-strain  matrix  f  of  the  type  specified  by  the 
equation  (3.3)  if,  and  only  if,  it  satisfies  the  set  of  differential  equations  (5.1). 


6.  Preferred  systems.  Let  us  now  assume  that  the  quantities  Oi ,  a^,  and 
Ot  in  (3.3)  vanish  so  that  the  stress-strain  matrix  f  becomes 


(6.1)  f  =  dol  -}-  Old  -}-  Ojc. 

Under  this  condition  the  difTerential  equations  (5.1)  reduce  to 


(6.2) 

(6.3) 

(6.4) 

(6.5) 
where, 

(6.6) 
and, 
(6.7) 


rt  I  /  I  o  I  1  I  A  n 

0  =  --  +  (3r,  +  r,«)  ^  +  B  ^  -  0, 

p  OP  o^  of 

B  -  (3«,  +  «.»)  -^  +  7  —  +  C—  =  0. 

o  /o  ,  ,  ,dE  ,  j.dE  - 

5  =  (3po  +  Pi0)  +  5-^  +  Z)  -^  =  0, 


=  2(^0^  +  9i{); 
y  =  2(«o®  +  «i{); 


jS  =  2(ai  -f-  rod  fiO, 
fi  =  2ipod  +  pij). 


|i4  =  3(go{  H-  gif);  B  —  3(ro{  +  nf), 

(C  =  3(ai  -|-  *0^  +  «if);  D  =  3(po(  -j-  pif). 


Let  us  moreover  assume  that  the  stress-strain  matrix  f  is  quadratic  in  the  stress 
components  <r«p  .  Then  the  matrix  f,  given  by  (6.1),  will  be  said  to  be  preferred 
and  the  associated  system  of  stress-strain  relations  (1.4)  will  be  called  a  preferred 
system  (see  §1). 

For  a  preferred  matrix  f  the  quantity  Si  =  0  and  we  shall  have 

100  =  po  +  go  tr  e  -b  ro  tr  de  -|-  «o  tr  d*e, 

Oi  =  Pi  +  gi  tr  e  -b  ri  tr  de, 

where  the  coefficients  p,  g,  r,  and  s  may  be  considered  to  be  given  by  equations 
of  the  form* 

*  Whether  or  not  we  introduce  the  factor  p  in  these  equations  is  immaterial  since  the 
double  subscript  quantities  can  themselves  be  functions  of  p.  However,  in  order  that  we 
may  later  take  these  latter  quantities  to  be  constants  independent  of  p  it  is  convenient  to 
write  the  equations  in  the  form  (6.9).  A  similar  remark  applies  to  the  equation  (6.10). 
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PPo  =  Pbo  +  Pm®  +  +  poif, 

P9c  =  ^00  +  9oi®  +  ?(a^  +  9oi{, 

pTo  *=  foo  +  roitf;  p«o  “=  «oo;  pTi  =  fio  I 

PPi  =  Pio  +  pii«;  P91  “  gio  +  qii0. 

The  quantities  with  double  subscripts  in  these  equations  must  either  be  constants 
or  depend  on  the  density  p.  Combining  (6.8)  and  (6.9)  we  obtain  the  complete 
form  of  the  expressions  for  the  coefficients  oo  and  Oi  in  (6.1).  For  the  determina¬ 
tion  of  the  coefficient  ot  of  the  preferred  matrix  f  we  have  correspondingly 

(6.10)  pUj  =  00  +  aid  +  0*0*  +  03^, 

in  which  the  o’s  are  at  most  functions  of  p. 


7.  Some  special  solutions.  Consider  the  possibility  of  a  solution  E  of  the  system 
(6.2),  •  •  •  ,  (6.5)  of  the  form 

(7.1)  ^  =  0({  +  k^), 


where  A;  is  a  constant.  Since  such  a  function  E  is  independent  of  p  and  ^  the 
terms  involving  the  derivatives  dEfdp  and  dE/d^  can  be  omitted  from  the  above 
system  (6.2),  •  •  •  ,  (6.5).  Hence  these  equations  become 


(7.2) 


(7.3) 


(7.4) 


(7.5) 


[oo  +  3^00  +  (oti  +  3^1  +  9io)fl  +  (aj  +  39oj  “I"  9ii)®*  +  (<*a  +  SQbi)^] 

ou 

+  2[q(iK)tf  +  +  9(b^  +  +  (^o*  +  9ii)®{]  -57  =  0, 

BE 


f3roo  +  (3ro.  +  r.o)fl]  ^ 


BE 


+  2[oo  +  (oi  +  rm)d  +  (oi  +  roi)®*  +  (oi  +  rio)(]  —  =  1, 


[3poo  +  (3poi  +  pu))9  +  (3pD2  +  Pii)^  +  3pot(l 


BE 


+  2  (pootf  +  Poi^  +  P02^  +  Pio{  +  (poi  +  Pll)®{]—  “  0, 

0? 


5oo 


While  the  equations  (7.2),  •  •  •  ,  (7.5)  must  be  satisfied  whenever  E  depends  on 
the  quantities  6  and  {  only  we  shall  limit  our  attention  to  the  case  for  which  E 
has  the  form  (7.1). 

We  observe  first  that  if  the  quantity  »oo  is  different  from  zero  the  general 
solution  of  (7.5)  is  given  by  (7.1)  with  A:  =  —  J.  If  «oo  vanishes  we  remove  this 
restriction  on  the  constant  k. 
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From  (7.1)  and  the  three  equations  (7.2),  (7.3),  and  (7.4)  we  now  obtain 


(7.6) 

(7.7) 

(7.8) 


+  3^00  +  (ai  +  3901  +  Qio)0  +  (o*  +  390*  +  ?ii)®*  +  (a*  +  3goi){l6 
+  900^  +  9n®*  +  +  9io$  +  (903  +  9ii)®i  ~ 

{A;[3roo  +  (3roi  +  fio)®]®  +  [oo  +  («i  +  roo)® 

+  (ai  +  Toi)®*  +  (at  +  I'lo)^]}^'  = 

A:(3poo  +  (3poi  +  Pio)®  +  (3poj  +  Pu)^  +  3poi^]® 

+  PwB  +  Poifi*  +  p<8^  +  Pioi  +  (poj  +  Pn)6i  =  Oj 


where  denotes  the  derivative  of  ^  with  respect  to  its  argument.  Equations 
(7.6)  and  (7.8)  do  not  involve  and  must  moreover  be  satisfied  identically  in 
the  quantities  0  and  {  which  can  be  regarded  as  independent  variables.  Hence, 
equating  to  zero  the  coefficients  of  different  powers  of  0  and  {  in  (7.6)  and  (7.8), 
we  find 


(7.9) 


{3k  -f-  1)900  kao  —  0 
{3k  +  1)902  +  k{a2  +  9ii)  =  0 
(3A:  4-  l)poi  +  fcpio  =  0 
{3k  l)poi  +  Pii  =  0 
Let  us  now  put 


and  let  us  then  use  this  relation  to  eliminate  the  quantity  {  from  equation  (7.7) 
to  obtain 

{oto  +  [(3A:  -|-  l)roo  +  <*1]^  +  [(3A:  +  l)rm  +  ao  “  kat]6^ 

+  {oti  +  rit,)Z]^'{Z)  = 


(3* 

4- 

1)90 

4"  k{at  4"  9io) 

=  0, 

(3A: 

4- 

l)9os 

4-  kaa  4"  9ii 

=  0, 

(3fc 

4- 

1)P02 

4"  kpu 

“  0, 

(3Jfc 

4- 

1)P00 

=  Pio  =  9io 

=  0. 

A:«*, 

But  t.hin  equation  must  be  satisfied  identically  in  0  and  Z,  considered  as  inde¬ 
pendent  variables,  and  hence  must  decompose  into  the  following  relations 

(7.10)  {3k  +  l)roo  +  ai  =  0;  {3k  4*  1)1*01  4"  <*2  ~  kaz  =  0, 

(7.11)  2[ao  4"  (oj  4"  i*io)Z]^'(Z)  =  1. 

It  is  evident  from  (7.11)  that  the  quantities  oo  and  oj  4-  rm  caimot  both  be 
equal  to  zero.  But  if  A:  =  we  see  from  the  first  equation  (7.9)  that  we  must 
have  Oo  ■=  0.  Hence  the  following  four  cases  give  all  possibilities: 


Case  I 

k  = 

-i; 

03  4-  fio  7^  0, 

Case  II 

k  ^ 

-i; 

ao  ^  0; 

03  4-  no  7^  0, 

Case  III 

k  ^ 

-i; 

00  ^  0; 

03  4"  no  =  0, 

Case  IV 

k  ^ 

-i; 

oo  “  0; 

03  4-  no  0, 

We  shall  treat  each  of  these  cases  separately  in  the  following  sections. 
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8.  Solution  for  Case  I.  From  equations  (7.9)  and  (7.10)  we  have 
(8.1)  oo  =  «!  *=  Pio  =*  Pii  =*  9io  =*  0;  oj  =  —gn  at  =  S^ii . 


No  restriction  is  placed  on  the  coefficient  oo  in  (6.1)  by  these  conditions.  In 
other  words  Oo  is  determined  by  the  first  equation  (6.8)  and  the  equations  (6.9) 
in  which  the  double  subscript  quantities  are  arbitrary  constants  or  depend  at 
most  on  the  density  p.  However,  we  find  that  the  coefficients  Oi  and  Ot  in  (6.1) 
have  the  special  forms 


Ol 


qiiO 


tr  t 


^^•trde;  o,  -  - 
P  P  P 


Using  the  values  of  oo  and  at  in  (8.1)  and  integrating  the  equation  (7.11)  it 
follows  that  the  deformation  energy  E  is  given  by 

E  =  *9^  +  const. 

2(3911  +  fio) 

This  formula  shows  that  E  becomes  infinite  for  vanishing  stress  and  hence  Case  I 
must  be  discarded  on  physical  grounds. 

9.  Solution  for  Case  n.  This  is  the  general  case  since  none  of  the  quantities 
on  which  case  restrictions  are  imposed,  are  definitely  specified.  Let  us  put  qo»  =  \ 
and  Oo  =  2^.  Then  the  first  equation  (7.9)  is  equivalent  to  any  one  of  the  following 
three  relations 


(9.1) 


k  = 


-X 


-k 


_  _ _ 11 .  life  -4-  1  _  _ 

3X  +  2m  ’  31fc  +  1  2m  ’  ^  3X  +  2m’ 

Using  these  relations  we  now  find  that  the  remaining  conditions  (7.9)  and  the 


2m 


conditions  (7.10) 

can  be  written  in  the  form 

Xai 

X(ai  +  9ii)  . 

Xoj  (3X  +  2m)9ii 

|(N 

II 

=  2m  ’ 

"  2m  "  2m 

Xpii 

—  (3X  +  2m)pii  . 

—  (3X  +  2m)  «! 

2m 

roi 


—  Xoi  (3X  +  2M)aj 


Poo  =  Poi  =  Pio  =  0. 


2m  2m 

In  addition  to  the  above  relations  we  must  have  «oo  =  0  from  the  observation 
in  §7.  Hence  from  (6.9)  we  have 


(9.2) 


So 


0;  pTi  =  /3»;  PPi  =*  /3i®;  P9i  “ 
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where  we  have  substituted  /3i ,  ft ,  and  /3|  for  pu  ,  qu  and  no  respectively.  Using 
these  relations  it  follows  from  (6.1),  (6.8),  and  (6.10)  that  the  stress-strain  matrix 
f  is  given  by 

f  =  -  (3X  -f-  2m)/3i{  +  (2mX  -f  \a,e  -f  X(a,  +  ft)^  +  Xa,{ 

(9.3)  -  (3X  +  2m)/3,{]  tr  e  -  [(3X  +  2m)  (ai  +  a,«)  -f  Xa,0]  tr  d*}  ^ 


+  (/Si  -T*  /3i  tr  e  -|-  |8j  tr  de)  — h  (2m  +  <*i  ®  +  oti  ^  {)  -  • 

P  P 


The  quantities  X,  m  and  the  a’s  and  ^’s  which  appear  in  this  expression  for  f 
are  functions  of  p  subject  only  to  the  conditions  specifying  this  case  and  the 
requirement  that  the  associated  deformation  energy  E,  obtained  by  integration 
of  (7.11),  is  a  function  of  {  -f  alone,  i.e.  independent  of  the  density  p. 

Integrating  the  equation  (7.11)  we  find  that  the  deformation  energy  E  is  given  by 


(9.4) 


E 


2(03  +  0i) 


xd*  y 

3X  +  2m/. 


where  X,  m  ond  at  +  0t  must  be  constants,  i.e.  independent  of  p,  provided  the  con¬ 
stant  of  integration  is  chosen  so  that  E  ^  0  when  the  stress  tensor  vanishes.  The 
requirement  that  the  quantities  X,  m  and  aa  +  /9t  be  constants  results  from  the 
fact  that  E  has  been  assumed  to  be  independent  of  the  density. 

Expanding  the  right  member  of  (9.4)  we  have 


(9.5) 


E 


{(-  ^  ) 

(013  +  /Si)  / 

£  -  Y 

y  3X  -f-  2m7 

16m*  \ 

'  3X  -f  2m/ 

The  first  term  in  the  right  member  of  this  equation  can  be  interpreted  as  repre¬ 
senting  the  deformation  energy  per  unit  mass  for  small  displacements.  We  ob¬ 
serve  that  this  term  is  formally  the  same  as  the  well  known  expression  for  the 
deformation  energy  per  unit  volume  in  the  ordinary  or  classical  elasticity  theory. 
The  fact  that  the  expression,  in  our  case,  gives  energy  per  unit  mass  rather  than 
unit  volume  arises  from  the  formal  introduction  of  the  factor  p  in  the  left  mem¬ 
bers  of  the  equations  (6.9)  and  (6.10) 


Remark.  If  we  take  ai  —  at  —  ai  0  and  also  ~  di  0  but  fit  m  0  the  matrix 
f  assumes  the  following  simple  form 

-  k  ,  m ,  .  2u 

f  ™  -  tr  *I  H —  (tr  se)e  ■+■  —  *. 

p  p  p 

The  formula  (0.4)  for  E  now  becomes 

2m  ‘L  3X  +  2./J 

No  effect  is  had,  as  a  result  of  this  specialisation  of  the  matrix  f,  on  the  approximate  ex¬ 
pression  for  the  deformation  energy  for  small  displacements  which  is  given  by  the  first  term 
in  the  right  member  of  (9.5). 
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10.  Solution  for  Case  m.  Putting  j8|  =  —  oi  in  (9.2)  these  equations  determine 
the  quantities  Oo  and  Oi  by  means  of  (6.8).  Then  using  (6.8)  and  (6.10)  we  find 
the  stress-strain  matrix  f  in  accordance  with  (6.1).  The  explicit  expression  for 
this  matrix  is  given  by 

f  =  -  (3X  +  2m)/5,{  +  [2mX  +  Xa^e  -f-  X(a,  +  /S,)«*  +  Xa,{ 


(10.1)  -  (3X  -t-  2M)ftf]  tr  e  -  [(3X  -|-  2M)(a,  +  a,tf)  +  \a,d]  tr  de}  ^ 

2mp 

+  (/3id  -1-  Pt9  tr  e  —  aa  tr  de)  -  -j-  (2fi  -|-  aiO  -|-  at^  -|-  aa{)  -. 

P  P 

For  this  case  the  differential  equation  (7.11)  becomes 


Hence,  by  integration,  we  find 

(10.2) 


Xd*  \ 
3X  +  2m/  ’ 


when  we  use  the  value  of  k  given  in  §9  and  choose  the  constant  of  integration 
so  that  E  vanishes  for  zero  stress.  Hence  the  exact  expreseion  (10.2)  for  E  is  formally 
the  same  as  the  expression  for  the  deformation  energy  in  the  ordinary  elasticity  theory 
{see  §9). 


Remark.  If  we  put  the  three  quantities  a  and  the  three  quantities  equal  to  sero  in  (10.1) 
the  expression  for  f  takes  the  very  simple  form 


f 


X.  .  2m 
- 1  H — t. 
p  p 


/ 


However,  this  expression  for  f  is  not  sufSciently  general  to  describe  the  behavior  of  a  ma¬ 
terial  medium  subject  to  large  stresses,  e.g.  stresses  which  are  sufficiently  large  as  to  induce 
a  state  of  yield  or  plastic  flow. 


11.  Solution  for  Case  IV.  To  determine  the  stress-strain  matrix  f  for  this  case 
we  must  go  back  to  the  relations  (7.9)  and  (7.10)  with  <xo  >=>  0  and  we  must  also 
take  Soo  =  0  as  observed  in  §7.  From  the  conditions  on  the  double  subscript  quan¬ 
tities  resulting  from  (7.9)  and  (7.10)  when  k  ^  J  we  can  proceed  to  the  de¬ 
termination  of  the  quantities  do ,  ai  and  a*  and  hence  obtain  the  general  expression 
for  the  matrix  f  by  means  of  (6.1).  For  this  case  the  differential  equation  (7.11) 
becomes 

2(a,  + A)Z^-  1, 


where  we  have  substituted  jSt  for  fio .  Integrating  we  therefore  have 


E 


log  ((  4-  ke^) 

2(a$  -|-  fit) 


-I-  const.. 


where  the  quantity  at  -|-  fit  must  be  a  constant,  i.e.  independent  of  the  density  p. 
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This  deformation  energy  E  does  not  remain  finite  for  vanishing  stress  and  hence 
this  case  fails  to  meet  the  requirements  of  the  physical  problem. 


12.  Defonnation  energies  which  depend  on  the  density.  It  will  now  be  con¬ 
venient  to  replace  the  equations  (6.9)  by 


(12.1) 


Po  =  Poo  +  Poi®  +  Poj®*  +  JHaif 

?o  =  ?oo  +  ?oi^  +  9o2^  +  9oi{, 

fo  =  Too  4*  roifl;  So  =  Soo  ;  T\  =  rio , 


[pi  =  Pio  +  Pii®;  qi  =  9io  +  ?ii0, 

where  the  double  subscript  quantities  are  again  either  constants  or  at  most 
functions  of  p.  Similarly  we  replace  (6.10)  by 


(12.2) 


O3  =  ao  +  oii0  -)-  02^  "I"  oi$(, 


with  the  a’s  constants  or  functions  of  p.  Using  (6.8),  (12.1),  and  (12.2)  we  can 
now  determine  the  general  form  of  the  preferred  matrix  f  in  accordance  with  (6.1). 

Let  us  now  consider  the  possibility  of  a  solution  E  of  the  equations  (6.2),  ■  •  *  , 
(6,5)  of  the  form 

(12.3)  E  = 

P 


Making  this  substitution  in  the  equations  (6.2),  •  •  *  ,  (6.5)  we  obtain 


(12.4) 


(a»4-3gb  +  gi®)^  +  a^  +  -4^-l-^  =  0, 

(3p.  +  P,»)^  +  J^  +  b|^-0, 


where  the  coefficients  a,  /9,  7,  h  and  A,B,C,D  axe  given  by  (6.6)  and  (6.7)  and 
where  Si  0  for  the  preferred  system  under  consideration  (see  §6).  We  shall 
investigate  a  particular  class  of  solutions  ^  of  these  equations  in  the  following 
section. 


13.  Other  special  solutions.  Corresponding  to  the  solutions  considered  in  §7 
let  us  now  assume  that  ^  has  the  form 

(13.1)  ^  =  ^(Z),  Z  =  {  + 

where  I;  is  a  constant.  Making  this  substitution  the  equations  (12.4)  imme<li 
ately  become 
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(13.2) 


2(A:(af  -|-  3^  +  qid)B  +  (jg  0  +  qii)W  +  ^  “0, 

2[A:(3ro  +  riB)9  -{-  (oj  +  r^B  +  =  1, 

.«o(31:  -f  1)«  =  0;  fc(3p,  +  prB)B  +  po«  +  pif  =  0, 


where  denotes  the  derivative  of  if/  with  respect  to  its  argument  Z. 

Now  make  the  substitutions  (12.1),  and  (12.2)  in  (13.2)  and  follow  this  by 
eUmination  of  the  quantity  f  from  the  resulting  equations  by  means  of  the  second 
relation  (13.1).  From  the  first  equation  (13.2)  we  thus  obtain 


{fcoo  +  (3k  -|-  1)^00  *1”  [A:oj  +  (3k  +  l)9o»  -b  qii]Z\Bf/' 

(13.3)  ^  +[l:a,  +  (3k  +  l)qmW  +  q^oZif/'  +  iif/ 

.+  [fc(ai  -  kaz)  +  (3k  +  1)(9«  -  kq„)W  =  0. 


But  this  equation  must  be  satisfied  identically  in  the  independent  variables 
B  and  Z.  Hence  (13.3)  must  decompose  into  the  differential  relation 


(13.4) 


2g,oZ^'  +  =  0, 


and  the  following  algebraic  relations 

koo  -}-  (3k  +  1)900  =  0;  kai  -{=  (3A;  +  l)9oi  —  0, 

(13.5)  '  koti  +  (3A:  -j-  1)501  9u  =  0, 

k(ai  —  kai)  +  (3k  +  l)(9oi  —  kqn)  =  0. 

Similarly  from  the  second  equation  (13.2)  we  obtain 
{[“X  *1"  (3A:  +  l)roo]0  +  [oi  —  kaz  +  (3A:  -|-  l)roil^  "}■  [ao  +  (ai  +  rio)^]}^^^  =  J. 


This  equation  breaks  up  into  the  two  relations 

(13.6)  ai  -j-  (3A;  +  l)roo  —  0;  (at  —  kaz)  “t*  (3k  +  l)roi  =  0, 
and  the  differential  equation 

(13.7)  2[ao  +  (a»  +  Tv»)Z)f/'  =  1. 


Finally  from  the  remaining  two  relations  (13.2)  we  obtain  the  conditions 
[(3fc  +  l)«oo  =  0;  (3A:  +  l)poo  =  0;  (3k  -}-  l)poi  -f  fcpio  =  0, 

(13.8) 

[  (3k  +  1)pm  +  kpn  =  0;  (Zk  +  l)pog  +  Pu  “  0. 


The  function  ^  can  readily  be  foxmd  from  the  two  differential  equations  (13.4) 
and  (13.7).  In  fact  if  we  eliminate  from  these  equations  we  obtain 


(13.9) 


_ ~9io^ 

oo  +  (oi  +  TyifZ 


Substituting  this  expression  for  f  into  either  of  the  equations  (13.4)  or  (13.7) 
we  are  led  to  the  relation 

(13.10)  (1  +  2510)00  +  (og  +  rio)Z  *  0, 
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which  must  be  satisfied  identically  in  Z.  Hence  we  must  have 

(13.11)  ?io  =  «;  +  Tio  =“  0. 

The  conditions  determining  the  preferred  matrix  f  are  given  by  the  equations 

(13.5) ,  (13.6),  and  (13.8).  To  express  these  conditions  in  convenient  form  let 

us  put,  as  before,  oo  =  2m  and  900  ==  X.  Assuming  3A;  -f  1  0  the  first  equation 

(13.5)  is  equivalent  to  the  determination  of  k  by  (9.1).  Setting 

(13.12)  ^  =  Pio ;  A  =  Pii ;  /8*  =  9u  ;  A  =  no , 


the  remaining  conditions  can  be  expressed  by  writing 

Xai  ^  ^  f  a\.  „  ^“3  (3X  +  2m)  a 

9«  =  ^(a, +  A),  - 2^ - 

/10  io\  _  +  2m)  ..  (3X  ■+■  2m)  _  „  _  n 

(13.13)  •  Too  - - - ai ;  roi  - - - aj  —  — ,  pw  =  Soo  =*=  0, 

_  _^/3o  „  _X/3..  „  _(3X  +  2m)^ 

=  ^ - 2^ - 

To  determine  the  explicit  form  of  the  stress-strain  matrix  f  we  first  find  the 
quantities  in  the  left  members  of  (12.1).  Using  (13.11)  and  (13.13)  we  thus  obtain 

(3X  -f  2m)oi  (3X  -1-  2M)aj  'Ka^fi  ^ 

r. - - - - - *" 

Pi  =“  /3o  +  /3i®;  9i  =  ~  2  n  =  A  =  — «!. 

Hence  from  (6.1),  (6.8),  and  (12.2)  the  matrix  f  is  given  by 
f  -  {X/3ofl  +  X^,f>*  +  (3X  +  2M)/3,f  +  f2MX  +  Xa,» 

+  X(a,  +  /30fl*  +  Xa,{  -  (3X  +  2m)A{]  tr  e 


(13.14) 


—  [(3X  -1-  2m)<xi  +  (3X  -H  2n)ai0  -f-  Xai9]  tr  d«}  — 

2m 

-f-  [/So  ■+■  /3i0  —  (i  —  /Si®)  tr  e  —  ai  tr  dc]  d 
(2m  +  oti6  +  at^  ai^)t. 


From  (12.3),  (13.9),  and  (13.11)  we  have 


(13.15) 


K.  ±(t-  ^  ^ 

4w,\  3X  +  W 
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Hence  we  can  state  the  following  result.  The  strese-strain  matrix  t  having  the  form 
(13.14)  in  which  the  a  ore  constants  and  the  quantities  a  and  13  are  functions  of 
the  density  p  admits  the  deformation  energy  E  given  by  (13.15).  The  necessity  for 
taking  X  and  p  to  be  constants  independent  of  p  arises  from  the  fact  that  E  has 
been  assumed  to  have  the  form  (12.3)  in  this  discussion. 

The  above  expression  (13.15)  for  the  deformation  energy  E  is  exactly  the  same 
as  the  expresdon  obtained  for  the  energy  per  unit  mass  in  the  classical  elasticity 
theory. 

Remark.  Taking  all  the  a’s  and  /9’s  equal  to  zero  it  follows  from  (13.14)  that  the  simple 
stress-strain  matrix 

f  ■■  X  (tr  *)l  —  J  (tr  •)»  2ttt, 

where  X  and  p  are  constants,  is  associated  with  the  deformation  energy  E  given  by  (13.15). 

If  J  the  conditions  (13.5),  (13.6)  and  (13.8)  yield 

oo  =  <*1  =  Pio  *  Pii  “  0;  oj  =  —Qii  ;  aj  =  3gu  . 

But  Qu  cannot  vanish  from  the  equation  (13.14).  Hence  we  can  solve  this  equa¬ 
tion  for  tfr'.  Substituting  the  result  of  this  solution  into  the  equation  (13.7)  in 
which  oo  «  0  we  obtain  a  relation  which  is  inconsistent  with  the  assumption  that 
depends  on  the  quantity  Z.  Hence  k  =  —^  does  not  permit  a  solution  of  the 
problem. 

Gbaduatb  Institute  fob  Mathbhatics  and  Mechanics 
Indiana  Univbbsitt,  Bloomington,  Indiana 
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A  DERIVATION  OF  THE  EQUATIONS  OF  SHELL  THEORY  FOR 
GENERAL  ORTHOGONAL  COORDINATES* 

By  James  K.  Knowles  and  Eric  Reissner 


1.  Introduction.  The  object  of  the  present  paper  is  a  derivation  of  the  dif¬ 
ferential  equations  of  the  linear  theory  of  thin  elastic  shells  for  an  arbitrary 
orthogonal  system  of  coordinates  on  the  middle  surface  of  the  shell.  In  this 
derivation  we  are  limiting  ourselves  to  what  is  often  designated  as  Love’s  first 
approximation  theory.  We  are  not  concerned  with  a  derivation  of  our  results 
from  a  general  tensor-analytical  formulation  of  shell  theory.  Rather,  we  wish  to 
generalize  an  earlier,  rather  simple  and  direct  derivation  [I]  in  which  the  coordi¬ 
nate  curves  on  the  middle  surface  were  assumed  to  be  lines  of  curvature.  This 
earlier  derivation  is  reproduced,  in  somewhat  greater  detail,  in  C.  T.  Wang’s 
Applied  Elasticity  [2]. 

Our  earlier  derivation  made  use  of  the  fact  that  the  lines  of  curvature  on  the 
middle  surface,  together  with  the  normals  to  the  surface,  form  an  orthogonal 
s}r8tem  of  coordinates  in  space.  All  other  orthogonal  systems  on  the  middle 
surface,  ti^ether  with  the  normals  to  the  surface,  form  non-orthogonal  systems 
of  coordinates  in  space.  The  essential  point  in  the  following  derivation  is  the 
avoidance  of  the  use  of  oblique  space  coordinates  and  of  the  notion  of  stress  and 
strain  referred  to  such  oblique  coordinates.  Among  derivations  which  make  use 
of  oblique  coordinates  we  may  refer  to  two  recent  publications  by  Cohen  [3] 
and  Weibel  [4].  Certain  of  our  final  formulas  may  be  compared  with  correspond¬ 
ing  formulas  in  [3]  which  coutain  more  terms  than  are  obtained  by  us  on  the 
basis  of  the  assumptions  implicit  in  Love’s  first  approximation  theory. 

We  do  not  in  the  present  paper  consider  the  extension  of  our  developments 
which  are  necessary  to  make  them  apply  to  higher-approximation  theories,  such 
as  the  Flugge-Byme  Thewy  [6]  or  the  theory  considered  by  one  (rf  the  present 
writers  (6,  7]  and  by  Nag^di  [8].  It  will,  however,  be  apparent  that  such  ex¬ 
tensions  are  possible. 


2.  Coordinate  systems  for  shell  equations.  Let  ({i ,  (i)  be  an  arbitrary  set  of 
oithogonal  coordinates  on  a  surface  called  the  middle  surface.  Let  r((i ,  (s)  be 
the  position  vector  to  any  point  on  the  middle  surface.  With  the  notation 


i 

Ctm 


■  du 


we  define  unit  tangent  vectors  t,»  to  the  coordinate  curves  by 


m 


1,2  (1) 


U, 


JLiL 

ctm 


(2) 


Let  n  »  ti  X  tt  be  the  unit  normal  vector  to  the  middle  surface.  If  we  further 
define  quantities  l/Rmn  by  the  formulas 


*  A  report  on  work  supported  by  the  office  of  Naval  Research  under  Contract  NR  064- 
418  with  the  Massachusetts  Institute  of  Technology. 
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1 

Rmn 


1  dn  dr 


a*r 


(3) 


Otma»  OmOn  d(n 

we  have  the  following  differentiation  formulas  for  the  unit  vectors,  in  which 
m  ^  n, 


dtm  ^  da*  _ 

d{*  a,  d(,  "  R** 

—  _  ^  X  _  ^ 

d(n  a*  d(*  Rmn 


dn 


^mm  ^mn 


(4) 


If  we  now  extend  the  system  (|i ,  (i)  to  a  system  (fi ,  ,  f )  in  space  by  intro¬ 

ducing  the  perpendicular  distance  f  from  the  middle  surface,  we  have  for  the 
position  vector  R  to  a  point  in  space 


R(ii ,  fc  ,  f)  “  r({, ,  &)  -h  fn({i ,  fc) 


(5) 


From  (5)  we  obtain  unit  vectors  Ti ,  T*  and  n  to  the  coordinate  curves.  On  the 
Imsis  of  (4),  (2)  we  have  for  Ti ,  Tj 


“  Am  fL)*"  rL^"] 


(6a) 


where 


Am  = 


dR 

S(n. 


(6b) 


The  system  ({i ,  fe  ,  f )  is  orthogonal  provided  Ti*Tj  -  0.  From 

^  (r^  r;;)]  xri 

it  follows  that  a  necessary  and  sufficient  condition  for  orthogonality  is 

R7,  “  ® 

I^et  us  assume  that  the  system  ({i ,  fe)  is  such  that  l/Ru  ^  0.  We  may  then 
determine  a  system  ({i ,  {n)  for  which  1/Ri  n  =  0.  To  do  this  we  write 

(m  =*  (m((l  ,  {ll) 

and  we  let  ^  be  the  angle  enclosed  by  the  f«-cui^'e8  and  the  {ir-curves.  We 
have  four  relations  of  the  form 

dr  dr  /  dr  d{,  ,  ’  dr  d(j\  dr  *  d{,  ^ 

oi  a,  cos  0  =  — •  —  =  1—  —  —  =  ai  — ,  etc. 

d(i  d{t  \d(i  d(i  a(t  d(i  d{i  d^i 
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from  which  we  obtain 


—  =  —  cos  0, 

Oil  oi 

“I  •  . 

=  —  sm 

Oil  o* 


dfi  <*11  . 

^  - - sm  4,, 

otii  “1 

sr 

0(11  ctt 


and  therewith  the  differentiation  formulas 

1  d  _  cos  ^  sin  0  d 

ai  d(i  ai  d(i  at  d(t  ’ 

\  (7) 

1  d  _  —sin  0  d  cos  <f>  d 

an  d(a  ai  d(i  at  d(t , 

We  now  consider  the  defining  equations  for  the  quantities  l/i2  in  the  (|i ,  ^n) 
system, 

1  _  1  dn  dr 

Rmn  otm  On  0(ii  d(N 

Introduction  of  the  differentiation  formulas  (7)  into  these  equations  gives  as 
relations  between  the  quantities  1/Rmn  and  l/Rmn 

1  cos*  0  ,  sin*  0  2  sin  0  cos  0 

ft  I  Rn  Rn  Rit 

1  _  sin*  4>  cos*  0  _  2  sin  ^  COB  ^  1 

Rnii  Rii  Rn  Rii 


1  .  ,  ,  /  1  1  \  ,  COS*  ^  -  sin*  ^  1 

^  =  sm  0  cos  0  ( - ^ ^ - p - 

Ki  n  \Kti  Kii/  Kit  j 

The  system  ({i ,  {n)  will  be  such  that  \/Ri  n  =  0  if  0  is  determined  from  the 
relation 


tan  2^ 


3.  Equilibrium  equations  of  shell  theory.  We  define  stress  resultant,  stress 
couple  and  load  intensity  vectors  N,  M,  p  and  m  relevant  to  the  {(i ,  $j)  system 
as  follows: 

N«  =  W«,ti  +  N^tU  +  n 
M*  =  —Mmxti  +  A/mstl  ^ 

P  =  Piti  +  Pit,  +  qn  (10) 

m  =  — mit,  +  nttti 

The  vector  equilibrium  equations 

da,N,  ,  da,N,  _ ^ 

+  “air  +  “ 

a^,  ^  X  t,  +  H,  X «.  +  m)  =  0 

0(i  d(t 

for  an  element  of  the  shell  determined  by  surfaces  (m  =  constant  and  (m  + 
d(m  =  constant  reduce  to  the  following  scalar  form,  if  use  is  made  of  (4)  and  (10): 
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dOiN, 


r  + + 1; + ”■)  = « 

(Nu  ,N„,  i\r„  ,  Nu\  ,  . 

\/tii  tin  tin  tin/ 


di 

datNa  ,  daiNn  ,  dat  do,  ,  /  Q, 

-sir  +  -5^  +  air  -  air  ^” + “■  W, 


SaiQi  daiQi 

-a{r  +  -air"“‘“’ 

dotAfn  ,  do.  Mi,  ,  do. 


afi 


+ 


dot 


+  3/ij  —  —  Mn  —  aiatQi  +  OiOjm,  =  0 

d^t  d(i  d(i 


doiAfit  ,  doiiJ/jj  doj  ,,  do,  i  n 

—  +  +  ^a/..  -  j|;  Mu  -  =  0 

-  0 

Kij  iCn  iCtt 


(12) 


Equations  (12),  which  may  also  be  found  in  [3],  generalize  corresponding  equa¬ 
tions  for  the  special  case  l/Ru  •=  0  in  (1,  2).  As  in  the  case  l/Ru  ■=  0  we  have  that 
the  last  of  the  six  equations  (12)  expresses  moment  equilibrium  about  the 
normal  to  the  middle  surface  and  must  reduce  to  an  identity  if  appropriate  ex¬ 
pressions  for  resultants  and  couples  in  terms  of  stresses  are  introduced. 

We  note  that  while  it  is  readily  possible  to  express  resultants  and  couples  in 
terms  of  stresses  for  the  orthogonal  system  ({i ,  ,  f),  we  would  need  defini¬ 

tions  for  stresses  with  respect  to  non-orthogonal  systems  to  do  the  same  for  the 
system  ({i ,  $» ,  f),  and  this  we  wish  to  avoid. 


4.  Analysis  of  strain.  As  in  [1],  but  with  somewhat  different  notation,  we  * 
begin  with  expressions  for  components  of  strain  with  respect  to  a  general  three- 
dimensional  orthogonal  system  of  coordinates  (ir  ,  rn,  tit).  With  R  « 

R(ni ,  ’h »  n*),  “  dR/di>„-dR/dij«  andU  for  the  displacement  vector  we  may 

write  for  components  of  strain  Tmh 


BmBn\drim  dVn  ^Vm/ 


m,  n  **  1,  2,  3  (13) 


For  the  application  to  shell  theory  we  take  ni  “  ,  ’D  =  fii ,  »»»  =  f,  Bi  “ 

ai(l  +  f/Ru),  Bt  =  on(l  -|-  f/iZn  h),  “  1,  and  we  assume  for  the  displace¬ 

ment  vector. 


U  —  u(fi ,  {ii)  -f  fu'({i ,  fii)  (14) 

From  (13)  and  (14)  we  have 
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/  du  ,  .  ,  dn\  / 

r„  -  (16) 

-0+^) 

Ttt  -  n-u  (17) 

or,  in  view  of  the  differentiation  formulas  (4)  specialized  to  the  (fi ,  (n)  system, 

^  a|^  '  Vai.,  ^  apj  /jg/N 


(!+£)  «..,(l  +  £) 

Vat.  ^  ‘  a(J 


We  limit  ourselves  to  Love’s  first  approximation  by  setting 

1  +  ^  SI 

Kmm 

in  Eqs.  (15’),  (16').  We  may  then  write  (15’)  in  the  form 

Tmn  ^  ymr  +  tyuif 


_  1  /  dx  du.dr  au\ 

\d^M  ■  d^„  ‘  a{i,/ 

etjr  Va^jr  d^M 


are  expressions  for  middle  surface  strains  and  bending  strains,  respectively. 

We  now  utilize  the  first  part  of  the  Euler-Bemoulli  hypothesis,  according  to 
which  normals  to  the  middle  surface  are  deformed  without  extension  into 
normals  by  setting 

Tff  “  n'U’  *»  0  (22) 

This  enables  us  to  write 


au  d  /  ’a«—  ^ 

afjr  ajjr  d^M  ^(jt 


/  1  ar  / 

RmM 


and  with  this  we  obtain  from  (16’)  and  (18)  the  following  statement  of  the  second 
part  of  the  Euler-Bemoulli  hypothesis  which  relates  the  vector  u’  to  the  vector  u. 

^  1  ar  a  ,  n  au  _  ,oo\ 

r^r  =  yat  “  —  57“  •  u  H - -  Tr-  “  0  (23) 

an  o^tt  Um  0(jr 
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To  relate  the  components  of  u'  to  those  of  u  we  make  use  of  (23)  which  ac¬ 
cording  to  (25)  is  equivalent  to  7if  =  7jf  =  0.  Setting  7»f  of  (26)  equal  to  zero 
and  using  (27)  and  (4),  we  have 


/ 

Um 


—  .  —  S=  +  if!L _ 1  dw 

Otm  Rwtm  Rmn  dm  ’ 


m  =  1,  2;  n  =  2, 1  (29) 


We  note  that  while  the  above  expressions  for  ymm  coincide  with  corresponding 
expressions  in  [3],  the  same  is  not  true  for  the  quantities  ymn  which  here  contain 
fewer  terms  than  in  [3]. 


6.  Stress-strain  relations.  For  the  orthogonal  system  ({i ,  (n  ,  f )  we  have  the 
conventional  relations  between  stresses  and  strains  for  an  isotropic  material 
obeying  Hooke’s  law.  From  these  we  obtain  by  integration  across  the  thickness 
h  relations  between  resultants  Ntiv  and  couples  Mttif  on  the  one  hand  and 
direct  strains  yMur  and  bending  strains  y'j/y  of  the  middle  surface  on  the  other 
hand.  If  E,  G,  v  denote  Young’s  modulus,  shear  modulus  and  Poisson’s  ratio 
respectively,  these  relations  are  [1,  2]: 


“  I"  _•  ^  2 

Wii  II  ■=  2  ** 

Nil  I  =  Niii  =  Gh  7i  II 

Mil 
Mil  11 
Mm  «=  Mill 


Eh*  1  ,  ,  ,  /  0 

“  12(1  -  ^ 

Eh*  1  /  /  ,  /  ^ 

“  i^r- r*)2^'*'"“  +  ‘ 

Gh*  / 

=  To  7i  II 


(30) 


(31) 


Derivation  of  (30)  and  (31)  is  based  on  the  evaluation  of  integrals  of  the  form 


iN,M) 


<r(l  -|-f/«)(l,r)df 


for  resultants  and  couples  in  terms  of  stresses  and  on  again  setting  1  -|-  j’/A  ^  1 

U,  2). 

Our  main  problem  is  to  obtain,  without  using  the  oblique  s}rstem  ({i ,  ,  t)i 

corresponding  relations  for  resultants  and  couples  defined  with  respect  to  the 
system  (^  ,  &)  in  terms  of  ymn  and  ymn  .  In  order  to  accomplish  this  we  establish 
transformation  formulas  for  resultants  and  couples  by  consideration  of  the  force 
and  moment  equilibrium  of  suitable  infinitesimal  cvirvilinear  coordinate  tri¬ 
angles  on  the  middle  surface.  In  this  way  we  obtain  the  formulas 
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We  now  transform  Eqs.  (20),  (21),  (23)  by  means  of  the  differentiation  form¬ 
ulas  (7).  In  this  way  we  obtain  the  formulas 

7i  I  =  cos*  +  sin*  072*  +  2  sin  0  cos  0712 

Tn  II  =  sin*  07n  -f  cos*  0722  —  2  sin  0  cos  07u  (24) 

7i  II  =  sin  0  cos  0(722  —  711)  +  (cos*  0  —  sin*  0)71* 
with  an  analogous  set  of  formulas  for  7^  i ,  yn  n  ,  71  n  ,  and 

7if  =  cos  07if  -f  sin  072f  ] 

I 

7llf  —  —  Sm  07y  -j-  COS072fJ 

In  these  equations  the  quantities  y^n  ,  7»i.  and  7mf  are  defined  as  follows  in  terms 
of  displacements  and  displacement  derivatives. 


1  /  dr  ^  1  ^  du\ 

“  a«a,  Vae*  ■  d^n  d^n  ■  dU 

1  /  ar  ,  au\ 

'>'-f  =  “  i  ST  *  “  +  “  ■  ) 

am  \af«  d^m/ 


The  final  form  for  the  expressions  for  ymn ,  y'mn  and  ymt  as  given  by  equations 
(26)  depends  on  the  component  representation  employed  for  the  vectors  u  and 
u'.  Often  it  will  be  convenient  to  write 

U  =  Miti  -f  M2t*  +  tm] 


u'  =  Miti  -I-  M2t2  J 

but  other  representations  may  sometimes  be  of  advantage. 

For  the  sake  of  completeness  we  list  below  the  expressions  which  follow  if  (27) 
is  introduced  into  (26)  and  use  is  made  of  the  differentiation  formulas  (4).  We 
also  introduce  the  notation  which  was  employed  in  [1]. 

0  1  ]  aui  ,  Ut  dai  ,  w 

f  1  *  4711  =  —  ^  H - 57" 

a\  a{i  ai  at  d(t  mi 

.0^1^  _  1  au,  w,  aa2  U) 

at  aft  «!  at  aft  Rti 

0  at  d  /ut\  ai  d  /ui\  2w 

^**  ^‘*  ai  aft  \02/  at  aft  \ai/  Rtt 

,  ,  (28) 
,  /  1  aui  ,  U2  dai 

K|  =  4711  =  —  T - TT 

oi  aft  ai  02  aft 

,  t  1  dut  ,  Ui  dat 

Kt  =  47**  =  —  - IT 

02  aft  oi02aft 

/  at  d  ( l4\  .aid/ m(\ 

^‘*  oi  aft  \02/  02  aft  \oi/ 


ON  THE  UNSTEADY  MOTION  OF  A  VISCOUS  FLUID  PAST  A 
SEMI-INFINITE  FLAT  PLATE* 


Bt  G.  F.  Cabbieb  and  R.  C.  DiPbima 

L  Introduction.  The  subject  of  how  a  boundary  layer  responds  to  fluctuations 
in  the  external  flow  about  a  steady  mean  has  been  discussed  recently  by  several 
authors  [6,  7,  8,  9  10].  One  reason  for  an  interest  in  such  problems  arises  in  a 
study  of  the  “Rijke  tube”  phenomenon  [6, 7, 11].  There  it  appears  to  be  important 
to  know  the  phase  lag  in  the  heat  transfer  from  a  heated  gauze  situated  in  a 
stream  with  an  unsteady  velocity.  Lighthill  [7]  investigated  the  oscillating  flow 
problem  using  boundary  layer  theory  and  the  Karman-Pohlhausen  method.  It  is 
apparent  that  his  results  can  not  be  valid  near  the  leading  edge  oi  the  object 
(say  a  heated  ribbon).  However  most  of  the  heat  release  takes  place  at  the 
leading  edge;  hence  it  appears  desirable  to  study  the  behaviour  oi  the  velocity 
fluctuations  near  the  leading  edge. 

In  this  paper  the  viscous  incompressible  flow  past  a  semi-infinite  flat  plate  is 
investigated  when  the  flow  at  infinity  is  Uo  +  Ui  exp  (icot).  The  analysis  is  based 
on  a  system  of  equations  derived  by  a  modified  Oseen  linearization  of  the  equa¬ 
tions  of  motion  [1,  2].  It  is  found  that  when  (uv)*  y>  Uo  and  Ui  the  flow  field 
consists  of  the  sum  of  a  mean  flow  (due  to  Uo)  and  an  oscillatory  motion  (due 
to  Ui  exp  (iut)).  The  phase  advance  in  the  oscillatory  motion  is  r/8  at  the 
leading  edge  and  increases  monotonically  to  r/4  in  a  distance  approximately 
given  by  («/2i>)*x  =  2.5.  The  result  for  («/2r)*x  ^  2.5  is  a  shear  wave  type 
solution  and  corresponds  to  an  infinite  lamina  performing  harmonic  oscillations 
in  a  viscous  fluid. 

In  Sec.  5  the  problem  is  considered  when  the  interaction  of  the  mean  motion 
and  the  oscillatory  motion  can  not  be  neglected.  Expressions  for  the  amplitude 
and  phase  advance  of  the  unsteady  skin  friction  near  the  leading  edge  are 
foimd.  In  particular  the  phase  advance  at  the  leading  edge  increases  monotonically 
from  0  to  t/8  as  the  dimensionless  parameter  (cdi')V(cI/o)  increases  from  0  to  oo . 
Here  c  is  a  constant  which  is  defined  in  Sec.  2.  Far  down  the  plate  the  solution 
approaches  the  shear  wave  solution. 

2.  Formulation  of  Problem.  The  equations  governing  a  two-dimensional 
viscous,  incompressible  flow  are 

tt,  -f  =  0, 

p(ut  -H  uu,  -f  vuy)  =  -p,  -f  (2.1) 

p(p,  -f  tii>,  +  w,)  »  ~p,  +  mAv., 

*  This  work  was  sponsored  by  the  OflSce  of  Naval  Research  under  Contract  No.  6-ORI- 
07666. 
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Nil  ™  COS  <t>  Ni  I  '4“  sill  ^  Nil  ii  *“  2  sin  <l>  cos  <l>  Ni  n 
Nf%  “  sin  <f>  Ni  X  “i"  cos*  ^  A^ii  xi  "i"  2  sin  <l>  cos  <f>  Ni  n 
Nn  “  Nii  “  (^Ni  X  ~~  Nxx  u)  sin  (ft  cos  0  "f*  Nx  n  (cos*  ^  “  sin* 


}  (32) 


and  analogous  relations  between  the  Mmn  and  the  M  mh  . 

We  now  introduce  (30)  into  (32)  to  express  the  N^n  in  terms  of  the  ytin  ,  and 
then  use  (24)  to  express  the  yuir  in  terms  of  the  ymn  -  An  analogous  procedure 
leads  to  expressions  for  the  M^h  in  terms  of  the  ymn .  The  resulting  equations 
represent  the  desired  form  of  the  stress-strain  relations  for  an  arbitrary  ortho¬ 
gonal  coordinate  system  on  the  middle  surface  of  the  shell: 


Nil  =  \ 

Wjj  -  \ 

Nti  =*  Nix  =*  Gh  yu 


Xf  ^  f  '  I  *  \ 

i2(r-r«)2^^“'^’^**^ 

^**  “  12(1  -  ,^)  2  ^'^** 

Mxi  =  Mix^^y[x 


(33) 


(34) 


These  relations  have  the  same  form  as  those  for  the  special  case  of  the  lines  of 
curvature  coordinate  system  ((x ,  fn). 
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Here  x  and  y  are  the  usual  Cartesian  coordinates,  u  and  v  are  the  corresponding 
velocities,  p  is  the  pressure,  p  the  density  (which  is  taken  constant),  v  =  p/p 
is  the  kinematic  viscosity,  A  is  the  Laplacian  operator,  and  x,  y,  or  t  used  as  a 
subscript  denotes  partial  differentiation  with  respect  to  that  variable.  We  wish 
to  determine  the  velocity  field  associated  with  a  semi-infinite  flat  plate  situated 
in  an  unsteady  stream.  For  convenience  we  shall  assume  that  the  semi-infinite 
flat  plate  occupies  the  half  Une  y  =  0,  x  ^  0.  In  particular  we  wish  to  consider 
this  problem  when  the  imposed  velocity,  U(t),  far  from  the  plate  is  of  the  form 

U(t)  =  (2.2) 


where  Uo  and  Ui  are  constants.  The  boundary  conditions  which  u  and  v  must 
satisfy  are 


u  =  0,  i;  *=  0  on  y  =  0,  x  ^  0, 

.  .  (2-3) 

u-*[/o+  V  0 

far  from  the  plate. 

In  order  to  treat  this  problem  we  linearize  Eqs.  (2.1)  by  replacing  the  con¬ 
vective  terms  uu,  vu, ,  and  uttg  -}-  tw^  by  cUux  and  cUvx  .  Here  c  is  a  constant 
which  in  general  should  depend  upon  the  parameters  involved  in  the  problem. 
The  case  l/i  =  0,  c  =  1  gives  the  well  known  Oseen  approximation.  The  modifica¬ 
tion  of  the  Oseen  method  (i.e.  c  9^  1)  has  been  used  in  treating  the  steady  flow 
over  a  semi-infinite  plate  [1],  Also  it  has  been  applied  to  several  other  steady 
flow  problems,  and  its  rationalization  discussed  in  [2].  In  [2]  it  was  noted  that 
for  small  Reynolds  numbers  that  the  value  c  =  .43  gave  results  in  good  agree¬ 
ment  with  experiment  in  all  cases  considered.  When  the  flow  is  unsteady,  the 
choice  of  c  is  clearly  more  comphcated.  However  in  a  recent  publication  [3] 
this  type  of  Unearization  was  used  to  compute  the  fluctuating  heat  release  from 
a  heated  ribbon  when  U(t)  had  the  form  given  by  Eq.  (2.2),  and  the  choice  of 
e  =  .43  gave  excellent  results. 

The  form  of  U{t)  suggests  that  we  write  u  and  v  as  ■ 


and 


»(*,  Vi  0  ”  “•(*.  v)  +  vW'i 

=  t;.(i  +  x,(*,  y)l  +  c^ili  +  Ux, 

i 

► 

v{x,  y,  t)  =  »o(x,  y)  +  Wi(x,  y)s*“‘, 

=  -U^ix.y)  -  C/x^.(x,  y)e'-‘. 


(2.4) 


In  order  to  obtain  a  solution  of  this  form  it  is  necessary  to  neglect  quadratic 
terms  in  Ui  ;  i.e.  we  must  restrict  ourselves  to  cases  in  which  Ui  is  small  com¬ 
pared  to  either  j7o  or  (wl')^  Then  using  the  linearization  discussed  above  and 
Eqs.  (2.4)  we  obtain  the  following  equations  for  x 


AAx  -  aAxx  =  0, 
AA^  —  aA^z  —  /3*A^  =  oAxx . 


(2.5) 

(2.6) 
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Here  a  =  cUnJy,  and  =  iw/v.  The  boundary  conditions  that  x  and  ^  must 
satisfy  are 

X.  =  0,  ^,  =  0;  x»=-l,  on  V  =  0,  O^x^oo,'! 

X.  0,  X*  -♦  0,  0,  -» 0,  / 

far  from  the  plate.  The  conditions  and  x»  =  0onj/  =  0,  O^x^  «  clearly 
bold  for  all  x  and  we  satisfy  them  by  requiring  ^  and  x  be  constant  on  y  =  0; 
in  particular  ^(x,  0)  *=  xix,  0)  =  0.  As  we  shall  see,  when  w  is  very  large  the 
terms  involving  a  in  Eq.  (2.6)  may  be  neglected  and  we  obtain  homogeneous, 
independent  equations  for  x  and  That  is  to  say,  the  velocity  distribution  is 
simply  the  flow  due  to  a  velocity  Un  at  infinity  plus  that  due  to  a  velocity  Uie*"* 
at  infinity.  In  general  of  course  these  terms  cannot  be  n^ected,  and  hence  the 
interaction  of  the  mean  flow  and  the  time  dependent  flow  must  be  considered. 
The  term  represents  the  convective  effect  of  the  mean  flow  on  the  time 
dependent  flow,  while  the  non-homogeneous  term  aAxs  represents  the  convective 
effect  of  the  time  dependent  flow  on  the  mean  flow. 

To  complete  the  formulation  of  our  problem  we  must  note  that  while  x> 
Xv  I  I  Xnw  and  are  continuous  across  the  plate  Xiw  and  rf^yy  which  are 
proportional  to  the  velocity  gradient  are  discontinuous.  We  may  express  this 
discontinuity  as 

“  ~Xiw(^»  0~)  = 

\l'yy(X,0+)  =  -4'tn>(X,0-)  =  i/l(x). 

The  functions /o(x)  and  /i(x)  are  identically  zero  for  x  <  0.  Now  the  skin  friction, 
T,  is  given  by 

du  .  dui 

^  ^  dy  y-o  ^\dy  ay*  /»_o‘ 

Upon  substituting  for  Uo  and  Ui  from  Eqs.  (2.4)  and  using  the  above  relations 
we  may  express  t  in  the  fomf 

r  =  TO  -I-  =  iMU./o(x)  +  hUxfi(x)e'-‘.  (2.8) 

In  what  is  to  follow  we  shall  be  primarily  concerned  with  the  determination 
of  /o(x)  and  /i(x). 

3.  Case  Ui  =  0.  In  this  case  our  problem  reduces  to  a  solution  of  the  problem 
of  the  flow  over  a  semi-infinite  flat  plate  due  to  a  flow  Uo  at  infinity.  Thus  we 
must  solve  Eq.  (2.5)  subject  to  the  boundary  conditions  (2.7).  Even  when  Ui9^  0 
we  still  need  the  solution  of  this  problem  in  order  to  obtain  ^  (see  Eq.  (2.6)). 
The  solution  of  this  problem  has  been  given  in  [1].  Since  the  analysis  of  the 
general  problem  will  follow  the  lines  of  [1],  but  is  much  more  complicated  in 
its  detail;  and  also  since  we  need  the  results  foimd  in  [1]  it  is  convenient  to  use 
this  simpler  problem  to  illustrate  the  method  of  analysis  that  is  to  be  used. 
Hence  we  shall  repeat  briefly  part  of  the  computations  described  in  [1]. 
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Our  problem  can  be  most  conveniently  treated  by  the  use  of  Fourier  transforms. 
We  define 

x(t,  -  /"/’  »)  dx  iy,  M&  -  /’  «■*•/. W  dx.  (3.1) 

In  all  that  is  to  follow  a  barred  quantity  will  denote  the  Fourier  transform 
of  that  quantity.  Taking  the  Fourier  transform  of  Eq.  (2.5),  and  using  the 
boundary  conditions  and  discontinuity  relation  for  x  we  obtain 

(€*  +  ’»*)({*  +  n*  +  ^)x(€>  v)  =  (3-2) 

In  order  to  avoid  difficulties  later  it  is  desirable  to  write  this  equation  as  the 
limit  as  A:  —►  0  of  the  equation* 

{{*  +  >»*  +  U*  +  (€  +  —  tfc)}x({,  n)  "  »V«(€)«  (3.3) 

If  we  let  x((,  y)t  denote  the  inverse  transform  of  x((,  ri)  over  ri  we  obtain  upon 
solving  Eq.  (3.3)  and  using  simple  contour  integration  that 

X({,  ^  v)  dll  »  e~*^‘x(x,  y)  dx,  (3.4a) 

y  exp  { -I  y  |(f*  +  fc*)*)  -  exp  { -1  y  |({  +  to)*({  -  ik)*}  , 

IT]  2»(a  -  fc)(r  -  ik) 

(3.4b) 


In  particular  we  obtain  from  Eq.  (3.4b)  that 


X»(f ,  y  “  0) 


(3.5) 


A  second  equation  for  j^((,  y  0)  can  be  obtained  by  using  our  boimdary 
conditions.  First  however  the  condition  that  x»  —1  on  the  plate  must  be 
written  as  the  limit,  as  a  —+  0,  of  x»(x,  0)  —exp  (—ox)  on  x  ^  0.  (The  re¬ 
marks  made  about  k  previously  also  apply  to  o.)  Now  differentiating  (3.4a) 
with  respect  to  y  and  setting  y  «■  0  we  have 

x«({,  y  “  0)  -»  e~*^’  X»(x,  y  =  0)  dx  =*  5(|)  —  j  ,  (3.6) 

where 

f>({)  -  e~**'x»(*,  y  -  0)  dx. 

The  function  v(()  is  of  course  not  known.  Equating  (3.6)  and  (3.5)  we  obtain 

*  Here  and  throughout  the  rest  of  this  paper  the  symbol  k  will  be  used  to  represent  a 
small,  positive,  real  quantity  which  is  to  be  shrunk  to  sero  at  an  appropriate  moment. 

t  We  shall  be  careful  to  write  j(((,  y)  if  we  mean  the  z  transform  of  x(x,  v)  and  v) 
if  we  are  referring  to  the  two-dimensional  transform. 
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1 _ -U&/2 _ 

t({  -  ta)  ({  +  Hc)m^  +  ik)i  +  (€  +  ia)M 


(3.7) 


We  can  now  determine  i!({)  and  /o(€)/2  by  the  Wiener-Hopf  technique.  If  we 
anticipate  that  Xwi^,  V  0)  deca3r8  exponentially  in  (— x)  on  the  n^ative 
real  axis,  then  9(()  is  an  analytic  fimction  of  the  complex  variable  (  in  some 
upper  half-plane  (UHP)  which  includes  the  real  axis.  Similarly  /o(0  is  anal}rtic 
in  some  lower  half-plane  (LHP)  including  the  real  axis.  Also  l/({  —  ia)  is 
analytic  in  the  LHP,  Im(f)  <  a.  And  finally  K(^)  =»  (f  —  tfc)*{(l  +  ^)*  + 
(€  +  td)*}  is  analjrtic  in  the  strip  —k  <  Im(()  <  k.  Let  us  assume  that  we 
can  split  K(^)  into  the  product  of  two  factors  and  K-(^)  such  that 
is  analytic  in  the  UHP,  Im(f)  >  —k;  and  /?_({)  is  analytic  in  the  LHP  /m(€)  <  k. 
Then  we  may  rewrite  Eq.  (3.7)  as 


(3.8) 


The  left-hand  of  this  equation  is  analytic  in  the  LHP,  while  the  right  side  is 
analytic  in  an  overlapping  UHP,  and  hence  they  define  an  entire  function 
E(^).  By  using  order  conditions  of  the  known  functions  at  infinity  and  the  fact 
that  E({)  is  an  entire  function  we  can  show  that  E(^)  a  0,  hence 


/.(f)  _  K4ia)K.(^) 

2  i(f  —  ia) 


(3.9) 


We  recall  once  again  that  we  are  interested  in  evaluating  /o(f)/2  in  the  limit 
a  —*  0,  k  —*  0. 

In  this  particular  problem  K-(^)  and  iiL+(0)  can  be  determined  by  inspection 
of  K(^)  (we  will  not  be  so  fortunate  later  on).  We  see  that  /iC_(f)  *  (f  —  tA:)* 
and  K+(0)  »  (id)*  in  the  limit  as  a  and  k  0.  Substituting  in  (3.9)  we  may 
write  /o(f )  as 

.  -  (m* 

We  have  written  (3.10)  in  the  preceding  manner  to  indicate  clearly  that  the 
singularity  is  in  the  UHP.  In  the  limit  as  A;  0  we  find  by  the  conventional 
inversion  formula  that 


i/o(x)  “ 


X  >  0, 
X  <  0. 


(3.11) 


As  mentioned  previously  the  choice  of  c  «  .43  gives  good  agreement  with  the 
non-linear  theory  and  with  experimental  results  for  small  Reynolds  number. 
However  in  this  case  the  Reynolds  number  is  infinite  and  the  result  ^diich  is 
consistent  with  the  Blasius  solution  is  given  by  c  ~  .35  [1].  It  is  clear  that 
the  numerical  choice  of  c  can  not  affect  the  character  of  the  result,  and  hence 
for  any  value  of  c  in  this  range  the  result  will  describe  the  basic  features  of 
the  flow.  Finally  knowing  /.(f)  it  is  possible  to  invert  x(f,  y)  and  obtain 
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where  r*  “  x*  +  y*. 

From  the  preceding  results  and  the  definition  of  ro ,  Eq.  (2.8),  we  have 


To  =  nUn 


(gy 


(3.12) 


We  can  use  Eq.  (3.12)  to  determine  the  skin  friction  when  Ui  ^  0,  by  expanding 
To  in  a  Taylor  series  about  f/o .  We  have,  if  t((7o  +  l/i)  denotes  the  skin  friction 
for  a  flow  l/o  +  U\  at  infinity  that 


riJJn  -J-  f/i)  =  To  +  U\ 


3to 


+  • " 
Uo 


This  result  is  correct  up  to  quadrate  terms  in  f/i ,  and  since  this  is  the  same  as 
the  accuracy  in  Eq.  (2.6)  we  may  use  this  result  to  compute  n  when  <0  =  0. 
We  have 


Ti(<0  = 


These  results  will  be  of  interest  in  the  discussion  in  Sec.  5. 


4.  Case  C/o  =  0.  In  this  section  we  require  that  U\  <K  (cot)*  as  indicated  just 
after  Eqs.  (2.4).  When  Ua  =  0,  Eq.  (2.6)  reduces  to 

AA^  -  /S*A^  =  0.  (4.1) 

We  should  note  that  this  equation  gives  the  first  approximation  to  the  time 
dependent  flow  even  when  {7o  5^  0  if  the  parameter  <r  =  (<ot)*/cI/o  is  large. 
This  can  be  seen  by  introducing  appropriate  dimensionless  variables  in  Eqs. 
(2.5)  and  (2.6)  and  then  expanding  ^  in  powers  of  a.  The  length  scale  that  one 
should  use  is  (t/co)*. 

To  solve  (4.1)  we  proceed  in  exactly  the  same  manner  as  described  in  Sec.  3. 
The  Fourier  transform  of  Ekj.  (4.1)  is 


it  +  »?*  +  +  »?*  +  v)  =  infioiO-  (4.2) 

We  have  written  /io(f)  instead  of  /i(f)  to  indicate  that  this  is  the  special  case 
Uo  =  0,  (i.e.  the  limit  case  <r  — »  «).  From  Eq.  (4.2)  we  obtain 


^(f,  y)  =  — 

and  finally 


y  exp  { -  I  y  |({^  +  k')*]  -  exp  { -  I  y  |({*  +  /3*)*}  /io(t) 

I  y  I  (^  -  A:*)  2 


2  “  t({  -  ia)  ’ 


(4.3) 


(4.4) 


where  N(^)  =  (f*  +  /3*)*  +  (i*  +  k*)^  is  analytic  in  the  strip  —k<  Im({)  <  k. 
Before  we  proceed  we  must  determine  W_({).  In  the  previous  section  we 


*  This  result  can  be  obtained  from  Eq.  (21)  of  [1].  It  also  was  given  explicitly  by  Lage- 
Btrom,  Cole  and  Trilling  (4). 
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could  determine  K-(^)  by  inspection;  here  the  situation  is  more  difficult.  The 
details  of  the  computation  of  N-(^)  are  presented  in  Appendix  A.  It  is  foimd 


that 

W_(e)  =  exp  |-2«'  F(€)  dfj  , 

(4.5) 

where  in  the  limit  as  A;  — » 0 

p/>N  _  1  /3  +  («*  +  /3*)‘ 

(f*  +  ^*)‘%-(?  +  /3*)** 

(4.6) 

The  behaviour  of  F(()  in  the  complex  plane  is  quite  complicated.  The  points 
^  =‘  0  and  {  =  0  are  branch  points  of  the  function;  however  the  behaviour 
of  the  logarithmic  term  in  (4.6)  must  be  such  that  {  is  not  a  branch 

point.  (Recall  N-(^)  must  be  analytic  in  the  LHP.)  Thus  we  choose  the  branch 
of  the  logarithm  by  defining  the  logarithmic  term  in  (4.6)  to  be  zero  at  {  =  —0, 
in  which  case  it  becomes  — 2irt  at  |  This  can  be  seen  by  writing  F(€)  = 

2({*  +  /3*)*  In  {[/3  +  ({*  +  where  we  have  taken  (—1)  =*  c'*.  As 

our  branch  cut  we  shall  take  the  entire  positive  imaginary  axis.  The  determina¬ 
tion  of  {  and  ({*  -f  /3*)*  on  the  branch  cuts  is  given  in  Appendix  B  where  the 
results  are  used  in  evaluating /io(x).  Finally  from  Eq.  (4.5)  it  is  clear  that  N-{0)  = 
1,  and  since  when  k  —*0,  N(0)  =*  j9  we  see  that  N+(0)  =  /3. 

We  may  now  compute  fu(x).  Upon  substituting  in  Eq.  (4.4)  and  using  the 
usual  inversion  formula  we  have,  letting  A;  — » 0,  a  — ►  0  that 

ifM  =  A  ^  exp  j['  ne  <«}  .  (4.7) 

where  the  path  of  int^atiou  must  pass  below  the  origin.  This  int^al  is  evalu¬ 
ated  in  Appendix  B.  We  obtain 

iAo(x)  -  -1-  jf '  e-^'H(y)  dy  +  s"-'  P(y)  dyj  .  (4.8) 

Here  x'  >»  /Si  “  (1  -1-  t)(«/2i»)*x, 


tf(»)  -  exp|-i[(lncoti+^  SS.-"]}' 
P(p)  =  expj-ij( 


f  a  arc  sin  {/, 
m  =■  arc  sin  (l/y), 


and  0  <  y  <  1  implies  0  <  <  <  t/2;  also  1  <  y  <  «  implies  t/2  >  m  >  0. 

It  is  interesting  to  note,  using  Eq.  (4.8)  that  /io(x)  is  of  the  form  /S  times  a 
function  of  0x.  The  expression  for  /i#(x)  given  by  Eq.  (4.8)  may  be  used  for 
numerical  computation  when  (w/2r)*x  is  neither  large  nor  small.  Of  course 
the  second  int^ral  must  be  converted  into  an  integration  over  a  finite  range 
but  this  is  not  a  difficult  matter.  Using  Eq.  (4.8),  /i«(x)/2  has  been  computed 
(or  hx  **  i  and  1,  where  h  =  {<i)/2v)^.  The  results  of  this  computation  are  given 
at  the  end  of  this  section.  When  x  =>  0  it  is  clear  that  the  second  integral  in 
(4.8)  does  not  converge;  this  of  course  is  not  surprising  since  we  could  anticipate 
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from  the  result  of  Sec.  3  that  /m(x)  should  behave  like  x~*  near  the  leading  edge 
of  the  plate. 

To  complete  our  investigation  of  this  case  we  shall  obtain  expressions  for  the 
behaviour  of  /io(x)  for  large  and  small  values  of  hx.  To  do  this  we  first  note,  since 
fu(x)  is  identically  zero  for  x  <  0,  that  the  Fourier  transform  of  fio(x)  is  es¬ 
sentially  the  usual  Laplace  transform  but  rotated  through  90°.  Hence  we  may 
make  use  of  the  Tauberian  theorems  relating  the  behaviour  of  the  Laplace 
inverse  at  the  origin  to  the  behaviour  of  the  function  at  infinity,  and  the  be¬ 
haviour  of  the  Laplace  inverse  at  infinity  to  the  behaviour  of  the  function  at 
the  origin.  (See  [5].)  Thus  we  must  study  the  behaviour  of  for  large  ( 

and  small  (. 

The  expression  for  given  by  Eq.  (4.5)  can  be  written  in  the  more  con¬ 
venient  form 

iV_({)  =  {«  -h  (1  +  «*)*}*  e’*'*  exp  ^  J  In  (coth  d/2)  ,  (4.9) 

where  s  =  and  0  *=  sinh“*«.  This  result  is  obtained  by  rationalizing 
{/9  +  (i*  +  /5*)‘}/{/S  -  (^  +  /8*)M  in  (4.6),  and  then  making  the  substitution 
8  =  sinh  9.  It  is  not  difiicult  to  show  from  (4.9)  that  as  s  — >  0 

N-ii)  -  1,  (4.10a) 

and  that  as  «  — ♦  » 

’  {(I)'  “  ^  (f)'}  *’"* 

Using  these  results  and  Eq.  (4.4)  we  obtain  that  as  x  — >  «o 

-  (^ye"",  (4.11«) 

and  as  X  — ►  0 

=  (D*  |l  +  ^  +  01(ftr)*)|.  (4.11b) 

In  particular  for  very  small  jSx 


As  could  have  been  anticipated  Eq.  (4.11a)  is  the  result  for  an  infinite  lamina 
undergoing  simple  harmonic  motion.  (See  [6].)  This  result  represents  a  wave  of 
transversal  vibration,  i.e.  a  shear  wave.  Exactly  how  far  down  the  plate  it  is 
necessary  to  go  before  (4.11a)  is  valid  can  be  obtained  by  evaluating /io(x)  from 
Eq.  (4.8).  The  argument  and  a  dimensionless  modulus  of  /io(x)  have  been  com¬ 
puted  using  Eqs.  (4.8)  and  (4.11b).  The  results  are  tabulated  in  Table  I,  and 
are  exhibited  graphically  in  Figs.  3  and  4.  It  appears  from  Fig.  3  that  Eq.  (4.11a) 
is  an  excellent  representation  for  /io(x)  for  hx  >  2.5  approximately.  Also  from 


Ar*  (/»(»)) 

I^W  1/2  Wfc)* 

Evalumted  by 

-*0 

22.6* 

-^00 

.1 

26.93“ 

3.19 

Asymptotic  Formula  Eq.  (4.11b) 

.26 

29.97“ 

2.20 

A8}rmptotic  Formula  Eq.  (4.11b) 

.50 

36“ 

1.77 

Asymptotic  Formula  Eq.  (4.11b) 

.50 

34.65“ 

1.80 

Numerical  Computation  Eq.  (4.8) 

1.0 

39.15“ 

1.58 

Numerical  Computation  Eq.  (4.8) 

—♦00 

45“ 

2» 

the  tabulated  results  it  appears  that  Eq.  (4.11b)  is  valid  for  Ax  ^  ^  approxi¬ 
mately. 

To  summarize  our  results  we  have,  under  the  assumptions  (uy)^  ^  Uo  and 
(wy)^  Ui ,  that  the  skin  friction  r  is 


r  -  yUoMx)  +  Ml^i{i/ic(x)  +  0(l/ir)W- 


(4.12) 
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Fiq.  3 

where  /#(x)/2  is  given  by  Eq.  (3.11)  and  /io(x)/2  is  given  by  Eq  (4.8).  Near  the 
leadingjedge  of  the  plate,  r  takes  the  form 

,  -  .V.  (^y  +  Mt/.  {(^y  (1))'  e— .  (4.13) 

Far  down  the  plate,  i.e.  hx  >  2.5  approximately, 

r  =  Mf/o  +  Mf/i  (4.14) 

Thus  the  flow  consists  of  the  sum  of  a  mean  flow  plus  an  oscillatory  motion 
which  is  independent  of  the  mean  motion.  The  phase  advance  in  the  skin  friction 
increases  monotonically  from  ir/8  at  the  leading  edge  to  ir/4  in  a  distance  of 
hx  =  2.5  approximately. 

6.  Case  Uo  +  Ui  Now  we  are  concerned  with  solving  Eq.  (2.6)  without 
any  restriction  on  the  parameters  involved.  In  theory  we  could,  of  course,  pro¬ 
ceed  exactly  as  we  have  in  the  past  two  sections.  However  because  of  the  non- 
homogeneous  term  as  well  as  the  more  complicated  differential  operator  which  is 
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applied  to  ^  we  should  expect  the  details  of  the  computation  to  be  more  difficult. 
In  actual  fact  a  direct  application  of  the  technique  used  in  the  previous  sections 
does  present  some  rather  formidable  problems;  hence  it  appears  desirable  to 
attack  this  problem  in  a  slightly  different  manner. 

First  we  note  that  ^  can  be  expressed  as  the  sum  of  an  appropriate  solution 
of  the  homogeneous  equation  plus  a  solution  of  the  non-homogeneous  equa¬ 
tion.  Hence  we  can  write 

y)  =  ^i(x,  y)  -I-  ^2(x,  y),  (5.1) 

where  is  a  solution  of  the  homogeneous  equation  which  also  satisfies  the 
boundary  condition  di>\ldy  «=  —  1  on  the  plate.  Then  the  solution,  ,  of  the 
non-homogeneous  equation  (2.6),  must  satisfy  the  condition  d^/by  »  0  on  the 
plate.  The  discontinuity  condition  in  can  be  expressed  as /i(x)  =  /u(x)  -H  /n(x) 
where 


hni^,  0+)  =  -hn(x,  0-)  =  i/ii(x), 

=  -^Jw(x,  0-)  = 
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First  we  shall  treat  •  In  determining  /u(x)  we  shall  proceed  exactly  as 
before.  The  Fourier  transform  of  is 

^  +  ia{  +  ij)  =  t’n/utt).  (5.2) 


Solving  for  i;)  and  inverting  over  9  we  obtain 
/-I.  _  y  exp  { -  I  y  |({*  +  fcp)}  -  oxp  { -  I  y  |({*  +  ia{  +  (3*)* 

Wf.y)  -  -iji - («.{  +  ?•->>) - — - 


Then 

2  “  ’ 

where  M({)  =•  ({*  4-  +  /5*)*  +  ({*  +  A:*)*.  The  splitting  of  M($)  can  be  carried 

out  in  the  same  manner  as  was  done  in  Sec.  4,  hence 


m 

2 


(5.3) 


(5.4) 


In  M. 


In  {(g*  -j-  iaz  +  /3*)*  +  (z^  +  fe*)*} 


dz. 


(5.5) 


If  we  multiply  the  top  and  bottom  of  Eq.  (5.4)  by  iV’+(0)iV_({),  note  that 
M+(0)  -  M(0)/M.(0)  -  /3M_(0),  N+(0)  -  /3,  and  Ar_(0)  -  1,  and  use 
Eq.  (4.4)  we  may  express  /u({)  as 


Mi)  _  jMJi)/j\r.(i)\M() 

2  \M_(0)/iV_(0)/  2  • 


(5.6) 


Thus  the  transform  of  the  skin  friction  contribution  from  the  homogeneous 
solution  can  be  expressed  as  a  function  of  i  times  the  transform  of  the  skin 
friction  when  Ut  ■■  0.  Equation  (5.6)  will  be  examined  in  more  detail  shortly, 
but  now  let  us  turn  our  attention  to  determining  the  non-homc^neous  solution 
of  Eq.  (2.6). 

Using  Eq.  (2.5)  it  is  clear  that  —  (a//3*)x«  is  a  solution  of  Eq.  (2.6).  However 
an  inspection  of  the  properties  of  x  as  given  in  Sec.  3  shows  that  for  y  *■  0, 
^  —  (a//3*)xs  will  lead  to  a  velocity  which  becomes  infinite  at  the  leading 

edge  of  the  plate,  i.e.  x«v(z,'  0)  behaves  like  x~*  for  small  z  >  0.  This,  of  course, 
we  can  not  accept.  But  we  can  add  solutions  of  the  homogeneous  equation 
to  this  solution,  and  the  result  will  still  be  a  solution  of  the  non-homogeneous 
equation.  Hence  we  might  be  able  to  construct  an  appropriate  non-homogeneous 
solution  by  finding  a  homogeneous  solution  which  will  destroy  the  undesirable 
singularity  in  Xa .  Thus  we  take  ^  to  be  of  tbe  form 


^j(*,  y)  "  “  ^  {Xa(*,  y)  +  y)},  (5.7) 

where  ^(x,  y)  must  satisfy  the  homogeneous  equation  (A  —  ad/dx  —  /3*)A^  “  0 
and  also  remove  the  singularity  in  x**  •  To  describe  our  problem  completely 
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let  us  specify  exactly  the  conditions  which  we  must  require  of  .  The  first 
condition  is  0)  —  0.  Secondly  we  require  that  d^ftfdy  =  0  on  y  =  0,  x  >  0, 
since  dih./dy  =■  —  1  there.  Finally  dV*/^*  =»  0  on  y  =■  0,  x  <  0,  since  /i(x)  a  0 
for  X  <  0.  And  of  course  also  i^j’s  behavioiu"  is  such  that  its  contribution  to  the 
velocity  is  finite  at  all  points.  The  first  three  of  these  requirements  are  clearly 
satisfied  by  x«  hut  not  the  last  as  mentioned  earlier.  Hence  ^  must  satisfy  the 
first  three  requirements  and  also  fix  the  singularity  in  x*  •  'I'he  determination  of 
^(x,  y)  and  in  particular  0)  is  given  in  Appendix  C. 

Now  the  transform  of  /ij(x)/2  is  given  by 


0)  +  1/  =*  0)}, 


(5.8) 


and  noting  that  y  =  0)  —  i^/o(€)/2,  and  substituting  for  y  *=  0) 

from  Appendix  C  we  have 


®  /->  /®(^) 


/3* 


a 


(5.9) 


where 


and 


a,  -  {(o‘  +  4^)*  -  a}/2, 

0(«  -{({*  +  +  /9*)‘  +  ({*  +  A:*)M/{2(f*  +  ia^  +  M 


Q.(()  I“tt)  <  «• 

Combining  Eqs.  (5.9)  and  (5.7)  we  see  that 

¥  -  {y:Ko)}¥*  - 1’ 


We  might  recall  in  considering  this  equation  that/o(()/2  is  the  skin  friction  when 
Ui  =  0,  and  /w(€)/2  is  the  skin  friction  when  Uo  0,  (uy)*  >  Ui . 

To  invert  Eq.  (5.10)  in  general  is  a  rather  difficult  task;  however  it  is  possible 
to  obtain  expressions  for  /i(x)  for  small  x  and  for  large  x.  First  let  us  consider 
/u(€)/2.  It  is  convenient  to  use  the  expression  for  /u(0/2  given  in  Eq.  (5.6). 
As  f  — >  0,  (i.e.  X  — ►  « )  the  bracketed  quantity  in  Eq.  (5.6)  is  invariant  with 
changes  in  a,  and  as  a  matter  of  fact  approaches  the  value  one.  Here  the  first 
approximation  to  /u(x)/2  for  large  x  is  simply 

i/u(x)  J/xo(x)  -  (u/y)*e^'*  asx-*  00.  (5.11) 


On  the  other  hand  3/_({)/N’_({) 

/„(x)  Ar_(0)  /,o(x) 

2  Af_(0)  2  ’ 


1  as  f  — »  00  and  hence  we  have 


N_(0)  f  2  /« 
Af_(0)\xx 


asx->0.  (5.12) 
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The  ratio  N-{0)/M-(0)  is  a  function  of  the  parameter  <r'  =  uv/{cUaf.  It  is 
computed  in  Appendix!)  where  we  obtain  upon  letting  iV_(0)/J/_(0)  =  exp  {/(<r)) 
that  for  a  ^  § 


and  for  <r  ^  i 


oe 


(2n  +  1)*’ 


/(<r)  = 


Tt 

"8 


i  In  (2<t)  4- 


(2n  +  1)*’ 


where  7  =  2~^e"'*.  From  these  expressions  for  I{<t)  we  can  already  see  the 
effect  of  the  mean  flow  on  the  oscillatory  motion.  For  instance  as  l/o  — »  «, 
(i.e.  <r  — >  0),  /((t)  — >  { —  iri/8  —  2”‘  In  (2<r)}  and  upon  substituting  in  Eq.  (5.12) 
we  see  that  the  phase  advanced  in  fu(x)/2  is  cancelled.  We  shall  discuss  this  in 
more  detail  after  we  have  obtained  appropriate  representations  for  /ii(x).  The 
real  and  imaginary  parts  of  I  (a)  are  given  graphically  in  Fig.  5. 

Now/ij(f)  is  given  by  Eq.  (5.9).  To  determine /u(x)  for  small  x  we  must  know 
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the  behaviour  of  /«({)  as  {  — ♦  « .  In  particular  we  must  study  Q_({)  for  (  large. 
This  is  done  in  Appendix  E  where  we  obtain  the  result  that 


(5.13) 


where 


c,  .  +  1  +  ^},  (5.U) 

and  5  =  Oi/oj ,  oj  =  {(o*  +  4/3*)*  +  a]/2.  Upon  substituting  for  Q_(t)  and 
/o(()  in  Eq.  (5.9)  we  obtain  that  for  large  f 


2/3*  I 


/  (»•«* 


(5.15) 


where  G*  is  the  bracketed  quantity  in  Eq.  (5.14).  Finally  using  the  definitions 
of  Oi ,  Os ,  /3*  and  <r  Eq.  (5.15)  can  be  written  as 


(5.16) 


where 


HM  .  1  +  1{[2.-  -  (1^’]  log  ^  +  .(1  -  *)] 

and  i  —  1  +  »{(!  +  4i<r*)*  —  l}/2<r*.  Consequently 

fj^  =.  ^  0(x*)  as  X  -+  0.  (5.17) 

2  2  VvTX  / 
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We  are  now  in  a  position  to  discuss  the  behaviour  of  /i(x)/2  for  small  x. 
We  have  from  Eqs.  (5.12)  and  (5.17)  that  for  x  small 

where 

D(a)  =  +  (2<r)V‘'>e'‘'*. 

Thus  near  the  leading  edge  of  the  flat  plate  the  total  skin  friction  is 

r  =  nUo  (— y  +  (— "Y  e*".  (5.1 9) 

\tvx/  \ir»«/ 

As  t/o  — »  00,  or  «  — ►  0  the  parameter  <r  — ♦  0  and  Z)(<r)  —►  {(3/2  —  lalV2.it)  + 
t4aVir*)  tmd  hence  when  ^  “  0  (i.e.  w  ■=  0) 


This  result  is  in  agreement  with  Eq.  (3.13).  As  a  matter  of  fact  it  will  be  shown, 
at  the  end  of  this  section,  using  Eq.  (5.10)  that  the  above  result  is  valid  for 
all  X  when  a  =  0. 

On  the  other  hand  when  <r  — ►  oo ,  i.e.  w  — ►  oo  we  have 

Z)(a)  (2«r)*{l  +  (1  -  i)/(2T«r)je'‘'‘ 

and  hence 

This  is  in  agreement  with  Eq.  (4.12)  as  could  have  been  anticipated.  As  er  in¬ 
creases  from  0  to  00,  arg  |i)((r))  and  hence  the  phase  advance  in  the  fluctuating 
skin  at  the  leading  edge  increases  monotonically  from  0  to  ir/8.  This  result  is 
presented  graphically  in  Fig.  7.  Also  the  modulus  of  D(a)  is  given  in  Fig.  8. 
It  can  be  seen  from  Fig.  8  that  the  modulus  decreases  for  a  short  range  of  a 
as  a  increases.  This  decrease  is  extremely  slight,  of  the  order  of  two  or  three 
in  one  hundred  and  fifty.  However  the  asymptotic  formula  for  D{a)  for  small  a 
bears  out  the  numerical  calculations.  There  is  apparently  no  obvious  physical 
reason  why  the  amplitude  of  the  skin  friction  should  decrease  slightly  as  a  in¬ 
creases  from  0  to  roughly 

It  remains  now  to  consider  the  large  x  behaviour  of  /u(x).  (We  have  already 
shown  that  /u(x)/2  — >  (u/y)e’*'*  as  x  — ♦  w,  see  Eq.  (5.11),  So  we  must  now 
consider  the  small  (  behaviour  of  /u(0*  is  a  fairly  laborious  task  and  is 
perhaps  not  worth  a  detailed  analysis.  It  can  be  seen  from  the  definition  of 
Q_({)  that  Q-(0)  is  finite  and  hence  ({  —  toi)*Q_({)  behaves  like  for  small 
{  at  worst.  Also  behaves  like  (t{)*  so  /ij(f)/2,  (see  Eq.  5.9),  will  consist 


0(»*), 

(5.18) 
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This  result  is  to  be  expected  on  physical  grounds  since,  as  long  as  <r'  is  bounded 
away  from  zero,  far  enough  down  the  plate  the  flow  should  consist  of  a  shear 
wave  superimposed  on  the  mean  flow.  As  a'  increases,  (i.e.  as  w  increases  or  Uo 
decreases)  the  shorter  the  distance  down  the  plate  we  must  go  in  order  for 
(5.22)  to  be  valid.  In  the  limiting  case  Uo  =  0  this  distance  is  approximately 
given  by  (u/2v)*x  =  2.5. 

Finally  we  ^all  investigate  the  case  <•>  =  0.  As  has  been  pointed  out  earlier 
(see  Sec.  3)  we  expect  in  this  limiting  case  that  /i(x)  =  (3/2)(cUo/‘iryx)K  U  we 
set  w  0  and  hence  /S*  =  0  in  Af(f)  (see  the  definition  of  M(f)  immediately 
following  Eq.  (5.4)  we  see  that  Af(£)  becomes  identical  with  K(^)  and  hence 
upon  examining  Eqs.  (5.4)  and  (3.9)  and  (3.10)  we  obtain 

fu(x)  ^  /o(x)  ^  / cUo\*  23) 

2  2  \irvx/ 

To  compute  fu(x)/2  when  /3*  =  0  we  turn  our  attention  to  Eq.  (5.9).  It  is  simple 
to  show  by  an  examination  of  Q(f)  and  R-(0  (defined  in  Appendix  C)  that 
when  ^  —  0  and  hence  Ui  =  0  that  the  bracketed  quantity  in  Eq.  (5.9)  vanishes. 
Hence 


lun 

This  computation  is  straightforward  and  we  obtain 

»* 

2  2  2(t{)‘ 


when  /3*  =  0.  Consequently 

Ux)  1  /cl/oV 

2  “2  \tvx/  ’ 


(5.24) 


(5.25) 


and  adding  Eqs.  (5.23)  and  (5.24)  we  obtained  the  desired  result 

A(£)  3  /^oV 

2^2  \rrx/  ’ 


when  w  =  0. 

To  summarize  briefly  ^se  have  found  that  when  («i')*  Uo  and  Ut  tlie  mean 
motion  and  the  oscillatory  motion  are  independent.  The  total  skin  friction  is 
given  by  E]qs.  (4.12)  and  (4.8).  Asymptotic  expressions  valid  near  the  leading 
edge  and  far  down  the  plate  are  given  by  Eqs.  (4.13)  and  (4.14).  It  is  found 
that  the  phase  advance  in  the  time  dependent  skin  friction  increases  from 
t/8  at  the  leading  edge  to  t/4  in  a  distance  of  approximately  (w/2r)*x  =  2.5. 
Finally  when  the  interaction  of  the  mean  flow  and  the  time  dependent  flow  can 
not  be  neglected  a  result  valid  near  the  leading  edge  and  one  valid  far  down¬ 
stream  are  obtained  for  the  oscillating  skin  friction.  These  results  are  given 
in  Eqs.  (5.19),  (5.20),  (5.21)  and  (5.22).  It  is  found  that  the  phase  advance 
in  the  time  dependent  skin  friction  at  the  leading  edge  increases  from  0  to  r/S 
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as  the  parameter  cUo/(<>>y)*  increases  from  0  to  <» .  A  graph  of  the  phase  advance 
versus  this  parameter  is  given  in  Fig.  7.  Far  down  the  plate  one  obtains  the 
usual  shear  flow  solution  (see  Eq.  (5.22)). 

Appendix  A.  Computation  of  In  the  strip  —k<  lm({)  <  k,  N(^)  is 

analytic  and  non- vanishing.  Hence  using  Cauchy’s  Integral  >Theorem  we  may 
write 


t 


In  iV  ({)  -  In  |Ar+(f)  .JV_({)  I  -  *,  (A.1) 

where  C  is  the  complete  contour  indicated  in  Fig.  (1),  (i.e.  C  =  Fi  -1-  + 

Fj  -H  Li).  If  we  allow  the  ends  of  this  contour  to  approach  infinity  at  an  equal 
rate,  the  integrals  over  Fi  and  Fj  will  converge,  and  the  contributions  from  the 
integrations  over  Li  and  Li  will  vanish  giving 


In  iNr+({)  +  In  N.iO 


J_  f  In  Njz)  dz  In  N(& 

2irt  Jti  r  ~  {  2irt  Jr^  2  —  { 


(A.2) 


The  first  integral  in  the  above  equation  is  uniformly  convergent  for  Im(f)  >  —k 
and  hence  represents  an  analytic  function  of  {  there.  A  similar  statement  is 
true  for  the  second  integral.  Associating  these  integrals  with  N+(()  and  iV_({) 
respectively,  we  have 

In  Ar_({)  =  5^.  f  ^  dz.  (A.3) 

2in  Jrt  z  —  i 

If  we  confine  (  so  that  Im({)  <  0  we  can  take  Fj  to  be  the  real  axis  in  evaluating 
(A.3).  Let 

m  _  d[lnN.(&] 

2x1  “  de  ’ 

then 

F(d  =  f*  ■"  i  fa’ +  ^*+ fa’ +  *’)*! 

J-to  (x  f;* 


Upon  integrating  by  parts  and  writing  this  as  the  sum  of  two  integrals  from  —  « 
to  0,  and  0  to  <»  and  then  making  the  usual  change  of  variables  we  obtain 


2a:*  dx 

(a:*  -  ?)(x*  +  A:*)*(x*  +  fl*)* 


(A.4) 


In  the  limit  as  k 


0  the  value  of  this  integral  is 


Fi&  = 


1  .  ^  +  (i*  +  /8*)* 


(A.5) 


Now  we  can  specify  N_(()  precisely  by 


'A.6) 


'4. 


378 


O.  F.  CARRIER  AND  R.  C.  DiPRIMA 


The  lower  limit  in  the  above  int^al  could  be  chosen  differently  but  this  merely 
multiplies  A^-({)  by  a  constant;  the  reciprocal  of  this  constant  would  then 
multiply  N+(^). 

Appendix  B.  Evaluation  of  /io(x)/2.  Substituting  in  Eq.  (4.4)  for  and 

using  the  usual  inversion  formula  we  have  letting  k  —*0,  a— ^0  that 

where  the  path  of  integration  must  pass  below  the  origin.  Making  the  change 
of  variables  a  =  (//9,  x'  «  /3x  and  noting  that  for  x  >  0  we  can  deform  our 
path  of  integration  to  an  integration  over  S  (see  Fig.  2)  leads  to 


where 


Gia)  =  exp 


2«t  Jo 


1 


In 


1  +  (1  +  .’)* 
(1  +  «*)i  “  1  -  (1  +  •■)• 

+  (1  +  «*)* 


(Bi2) 


(B.3) 


As  indicated  in  Fig.  2,  the  contour  S  is  broken  up  into  the  four  parts  5t , 
Si,  St ,  St,  plus  the  enclosures  about  the  branch  points  at  s  «  t  and  the  origin. 
It  is  not  difficult  to  show,  that  as  the  radii  of  these  enclosures  are  allowed  to 
approach  zero,  that  there  are  no  contributions  due  to  the  integrations  around 
the  branch  point  a  =  i,  and  that  the  integration  around  the  origin  contributes 
2t.  On  the  Si  we  have  the  following: 


Si:  a 


j-trili 


y,  for  V  >  1,  (1  -  K  ) 


.-‘V  -  1)' 


GM  =  -ilvH-  (!(’  -  l)‘l'<>xp{+i/ 


Si  :  a 


y,  y  <  1 


G(a)  “  exp 


l-'d 


S,:a 


y  <  1 


G(a)  =  exp 


1  f "  In  [1  +  (1  -  -  In  y 

(1  -  y*)* 

1  r  In  [1  +  (1  -  y*)*]  -  In  y 


T  Jo 


dy  —  t  arc  sin  y^  , 
dy  +  t  arc  sin  y^  , 


(1  -  y*)* 

«  =  e'‘'*y,  for  y  >  1,  (1  -  y*)*  -  e'‘'*(y*  -  1)* 
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In  determining  these  expressions  for  G(«)  it  was  found  convenient  on  S\  and  St 
to  write  the  integral  0  to  ^  as  the  sum  of  the  integrals  0  to  1  and  1  to  <»  minus 
the  integral  y  to  «> .  Combining  all  of  these  results  we  obtain  finally 


+  jf  e-^'H(y)  dy  +  e^'  P(y)  dyj .  (B.4) 


Here 


H(y)  =  exp 


1  f*  In  [1  +  (1  —  li*)]  —  In  M 


T  Jo 


(1  -  tl*)* 

exp|-i[<lncot|  +  jCg^^d»]|, 


du|, 


y  <  1 
i  =  arc  sin  y, 


and 


Piy) 


(y^  -  D*  -  i 

(y*  -  1)*  4- 1 


y  >  1 


.  1 

m  “  arc  sin  -  . 

y 


When  y  ranges  from  0  to  1,  t  goes  from  0  to  t/2;  similarly  1  <  y  <  <»  implies 
rf2>  m>  0. 


Appendix  C.  Computation  of  y).  The  x  Fourier  transform  of  a  function 
^(x,  y)  which  satisfies  the  differential  equation  (A  —  ad/dx  —  /3*)A^  =■  0  and  the 
condition  ^(x,  0)  »  0  is 


y) 


y  exp{-|  y  I  (1^  4-  fc*)*}  -  exp  {-|  y  I  (I*  +  io^  + 

[71  ^ft) 


(C.1) 


where  A({)  is  an  arbitrary  function  of  The  condition  that  d^/dy  »  0  on 
y  ■=  0,  X  >  0  requires  y  »  0)  be  analytic  in  the  UHP,  and  the  condition 
■=  0  on  y  “  0,  X  <  0  requires  y  *=  0)  be  analytic  in  the  LHP. 
These  conditions  may  be  written  as 


i.  ({. 0)  -  +  _  c.(t), 

♦„(f,0)  .  +  +  +  -  D.(e. 


(CJ!) 

(C.3) 


where  C+(()  and  D-(()  are  functions  analytic  in  the  UHP  and  LHP  respectively. 
The  final  condition  on  ^  may  be  expressed  as  0)  +  ^(x,  0)  be  finite  at 
the  origin.  Since  the  behaviour  of  the  transform  at  infinity  determines  the 
behaviour  of  the  function  at  the  origin  (see  Sec.  4  and  [5]),  and  since  differentia¬ 
tion  with  respect  to  x  implies  multiplication  of  the  transform  by  we  may 
express  this  condition  as 


^\ix,  0)  =  —  ^  0)  +  ^(x,  0)}  ~ 
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as  {  — »  00,  where  «  >  0.  Using  Eqs.  (3.5),  (3.10),  and  (C.2)  this  becomes 

(C.4) 

as  t  — »  00.  Hence  C+(()  as  f  — *  oo. 

We  can  determine  the  functions  C+(()  and  Z)-(f)  by  an  application  of  the 
Wiener-Hopf  technique.  First  dividing  (C.3)  by  (C.2)  gives 

Z)-({)/C+(£)  =  -{(^  +  <a{  +  ^)'  +  (£■  +  t’)'(  -  (C,5) 

where  M(()  is  analytic  in  the  strip  —k<  Im({)  <  fc.  It  is  convenient  to  write 
(C.5)  as 

/>-(f)/C+(€)  =  -Qmik),  (C.6) 

where  i2(f)  =  2(f  +  tof  +  /S*)*  and  Q({)  =  M((:)/R(^).  Now  we  can  split  Q({) 
and  R(^)  into  the  product  of  factors  analytic  in  the  UHP  and  LHP,  and  as  a 
result  we  obtain 

-  -CMQM  -  P(£).  (C.7) 

where  P({)  is  an  entire  function.  The  factors  R-{k)t  ^+({)>  Q-(0  are  given  by 

R-ik)  =  (f  -  iaO*  ft+(e)  =  2({  +  to,)*, 

Q_({)  =  exp  for  Im({)  <  0. 

Here  ai  =  {(o*  +  4/9*)*  —  a}/2  and  a*  =  {(a*  +  4/9*)*  +  a)/2.  To  determine 
P(f)  we  must  first  anticipate  that  Q-(f)  =  0(1)  as  {  — >  oo,  and  hence  since 
Qik)  — »  1  as  {  — ♦  00  the  same  is  true  of  0+(€).  Also  since  Z)_({)  is  proportional  to 
the  transform  of  the  skin  friction  we  expect  Z>_(f)  ~  0({)  as  f  — ♦  oo.  Using 
these  order  conditions  plus  Eqs.  (C.8)  and  the  information  about  C+(f)  we  see 
that  P(()  must  be  a  constant,  say  P'.  Then 

-  -q;w  •  -  r^Q-m-io.  (C.9) 

To  determine  P'  we  substitute  the  above  expression  for  C+(€)  in  Eq.  (C.4). 
Noting  that  R+ik)  ~  2f~*  and  Q_({)  =  1*  plus  terms  of  higher  order  for  lai^c 
{  it  is  clear  that  P'  =  o*e“*'*'*.  Consequently 

*..(£,  0)  =  (C.IO) 


Appendix  D.  Evaluation  of  /(<r).  The  functions  N_({)  bnd  3/_({)  are  defined  by 

In  ((2*  +  /9*)*  +  (2*  +  fc*)*] 


N  -  (f)  exp 


2ri  Jr, 


2  -  k 


dz 


*  As  was  pointed  out  earlier  we  anticipate  that  Q-({)  is  0(1)  as  (  — »  <«  ;  and  since  Q-(() 
is  determined  only  up  to  a  constant  multiplier  we  may  take  the  leading  term  to  be  one. 
Actually  the  expression  for  Q-(i)  as  given  in  (C.8)  does  lead  to  the  desired  expression  when 
(  is  large.  This  will  be  seen  in  Appendix  E. 
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and 


In  ((z*  +  iaz  +  /3*)*  +  (2*  fc*)*] 


2  -  i 


dz 


If  we  restrict  (  so  that  Im({)  <  0,  then 

iV_(f)  _  /  4.  1  f*  +  (**  +  *^*)*  \ 

^  1  ■^2irt  (x*  +  /S*)*  +  (x*  +  jfe*)*  X  -  {/  • 


(D.1) 


In  the  limit  as  {  — ►  0,  our  integration  path  must  be  indented  to  go  above  the 
origin;  i.e.  the  path  of  integration  is  from  —  «  to  —  e,  then  a  semi-circle  of 
radius  c  in  the  UHP,  and  then  the  real  axis  from  c  to  «> .  In  the  limit  as  c  — >  0, 
the  integration  over  the  semi-circle  is  zero.  Letting  r  =  ax/|  /8  |*,  a*  =  [  jS  |*/o*  = 
wi'/(c(7o)*,  N-(0)/M-(0)  =  exp  /(tr),  and  noting  that  as  A;  — »  0,  (x*  -f  A*)*  = 

I  X  I  we  obtain  from  (D.l) 


_  f "  1  +  0  +  vV]*  -1-  ar  dr 

1  Jo  ^  [i(l  —  r)  -b  a*r*]*  -|-  or  r  ' 


(D.2) 


This  integral  can  be  evaluated  by  first  computing  dl/d<r  and  then  integrating 
with  respect  to  <r.  We  have 

^  ^  j_  r  /  1 _ 1 

dff  2irt  Jo  \  [<r*r*  +  ir  +  x]*  —  tr  — 

.  1  |„1±T, 

2irt<r  <T  —  y 

where  y  ==  e’‘'*l2.  Consequently 


r  -  y  r 


(D.4) 


The  constant  of  integration  (i.e.  the  upper  limit  in  the  above  integral)  is  deter¬ 
mined  by  noting  that  when  o  =  0,  iV_(0)  *=  Jl/_(0)  hence  /(<r)  =  0,  but  a  =  0 
corresponds  to  a  =  « . 

For  <r  ^  /(<r)  can  be  evaluated  directly  by  expanding  the  integrand  in  a 

power  series  in  yj a  and  then  integrating  termwise.  We  obtain 


X  umO 


(2n-|-  D*  ’ 


(D.5) 


For  (T  <  i  the  evaluation  of  (D.4)  is  slightly  more  difficult.  It  is  convenient  to 
write  (D.4)  as  an  integral  from  7  to  00  plus  an  integral  o-  to  7,  then  we  obtain 

/(v)  =  ln(2<r)  T-  In  dr.  (D.6) 

2  2irt  J*  r  7  —  r 


After  writing  the  integral  in  (D.6)  as  one  from  0  to  7  minus  an  integral  from 
0  to  9  we  obtain 
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/(<r) 


~  ^  _  hn  (2<r)  -  ^  f  -  In  dr 
8  2  2x1  h  r  7  -  r 

«•  lia(2a)4- 


(D.7) 


Appendix  E.  Asymptotic  Expansion  of  Q-(().  The  function  Q-(()  as  defined  by 
(C.8)  is 

Q_({)  “  exp|-^.  j[  forlm($)<0,  (E.l) 

where 

QU\  (t"  +  ^  +  (^  -i-  fc*)* 

2(r  +  iai  4-  /3*)* 

Except  for  branch  points  at  |  »  iA;  and  ^  —  iai,  Q(()  has  no  other  singularities 
in  the  UHP.  Hence  using  Cauchy’s  Integral  Theorem  the  integral  in  (E.l)  can 
be  converted  to  an  integral  over  T  (see  Fig.  6).  So  if  we  write  Q-(X)  = 
exp  { —G(^)/2xi]  we  have 

G(0  =  -  f  dz.  (E.2) 

Jr  z  —  i 

For  large  Gi^)  has  asymptotic  representation  of  the  form 


where 


G'(€)  “  G^o  +  Gi/f  +  •  •  • 


(E.3) 


Go  “  lim  G(&,  Gi  =  -lim  ^  . 


(E.4) 


It  is  not  difficult  to  show  from  (E.2)  that  Go  is  zero.  Performing  the  Umiting 
operation  indicated  in  (E.4)  we  see  that 

Gi  =•  -  f  In  Q(z)  dz.  (E5) 

It  is  convenient  to  write  Q(z)  as 


«W  -  ^  (1  + 


ir/.\  _  (*  +  »*)*(»  “  **)* 

(z-ta,)*(2+ta,)r 


To  evaluate  (E.5)  in  the  limit  as  A;  —»  0,  we  make  the  change  of  variables  z  = 
zfioi ,  and  let  S  ai/ot .  Then  our  branch  cut  lies  on  the  real  axis  from  0  to  1, 
and  our  path  of  integration  is  clockwise.  The  function  V{z)  has  the  values 
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on  the  upper  and  lower  sides  of  the  branch  cut.  We  obtain 


Gx 


1  -f  iq(x) 
1  —  iq{x) 


dx\ 


q(x)  = 


X 

(1  -  x)Kx  + 


(E.6) 


The  integral  in  Eq.  (E.6)  can  be  evaluated  by  integration  by  parts  and  some 
straightforward  algebraic  manipulation.  We  obtain 


Gi 


Ft  +  1  + 


2  1  -  5  .  1  +  t«*\ 

1  -  5  1  -  !«*/* 


So  for  ^  large 


-2^? +«(?)■ 


where  Gi  is  defined  above. 
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ONE-DIMENSIONAL  SHOCK-MOTION  OF  A  GAS  WITH  7  =  3, 
ENCLOSED  BETWEEN  FIXED  WALLS* 

By  G.  Kuerti  and  K.  Faymon 

1.  Introduction.  It  is  well  known  [1,  2,  cf.  also  3,  p.  51  ff]  that  the  continuous 
and  homentropic  one-dimensional  motion  of  a  perfect  gas  enclosed  between 
fixed  walls  (motion  in  a  “closed  tube”)  results  in  infinite  gradients  of  velocity  and 
pressure  at  some  point  of  the  x,  t-plane,  whatever  the  initial  conditions.  The 
analysis  of  the  motion  beyond  that  breakdown  point  requires  the  introduction  of 
a  shock.  Throughout  the  x,  ^region  after  the  shock,  the  solution  is  in  general  no 
longer  homentropic.  In  the  only  exceptional  case  known,  the  regions  of  constant 
entropy  on  either  side  of  the  shock  are  also  regions  of  uniform  velocity  and 
pressure. 

In  the  example  that  follows  here  the  region-wise  homentropic  character 
of  the  flow  subsists,  although  the  velocity  is  non-uniform  in  the  two  regions 
separated  by  the  shock.  This  occurs  in  the  motion  within  a  “closed  tube”  of  a 
perfect  gas  with  c,/c*  «  7  =  3,  if  it  is  initially  at  rest  and  caused  to  move  imder 
an  initially  imposed  linear  density  distribution.  (With  y  ^  3  and  constant  en¬ 
tropy,  this  implies  that  the  sound  speed,  c,  the  temperature,  and  the  pressure,  P, 
are  initially  linear,  quadratic,  and  cubic  functions  of  the  station-coordinate 
along  the  tube,  x.) 

2.  The  continuous  phase  of  the  motion.  We  use  dimensionless  coordinates  x 
and  t,  referring  x  to  the  length  of  the  “tube”,  L,  and  t  to  L/Co,  where  Co  is  the 
maximum  initial  sound  speed  realized  at  one  end  of  the  “tube”.  With  u  and  c 
denoting  the  dimensionless  particle  and  sound  velocities  referred  to  Co ,  the 
quantities 

(2.1)  r-i(«  +  -^c).  + 

are  characteristic  parameters  for  the  general,  one-dimensional,  homentropic 
gas  flow.  The  flow  equations  are  linear  in  the  independent  variables  r  and  s 
(cf.  [4],  p.  80): 

(2.2)  X,  *  (u  -  c)tr ,  X,  =  (u  -f  c)t,. 

The  initial  and  boundary  conditions  are 

fc  =  1  —  dx,  M  =  0  for  0  ^  X  ^  1  and  <  =  0; 

(2.3) 

[u  =  0  at  X  =  0  and  x  =  1  for  all  t, 
where  0  <  d  ^  1,  and  7  =  3  in  (2.1). 

The  boundary  condition  can  be  satisfied  if  the  initial  conditions  for  c  and  u 

*  This  research  was  carried  out  with  the  support  of  the  Office  of  Naval  Research  under 
Contract  ONR  Nonr-1141. 
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are  extended  to— <»  <  x  <  <*>  hy  suitable  reflections  in  the  end  faces.  In  the 
case  under  consideration  we  obtain  instead  of  (2.3),  for  t  =  0, 

c(x)  =»  1  —  ix  for  0  ^  X  ^  1,  c(— x)  =  c(x)  for  —1  ^  x  ^  0, 

(2.4)  <c(x)  *  c(x  ±  2p)  for  all  x  and  integer  p; 

M  =  0  for  all  X. 

(The  initial  conditions  are  therefore  only  piecewise  smooth). 

For  any  7  5^  1  and  fairly  general  initial  distributions  of  c  and  u,  the  solution 
of  (2.2)  can  be  found  by  an  extension  of  Riemann’s  integration  method  due  to 
Ludford  [1].  Using  that  method,  we  have  given  [5]  the  complete  solution  of  the 
problem  {(2.2),  (2.4);  7  =  3}  with  which  we  are  here  concerned;  for  our  present 
purpose  the  following  remarks  will  suffice. 

For  7  =  3,  the  characteristics  C+  and  C_  in  the  x,  ^plane  are  families  of 
straight  lines  (cf.  [1],  p.  88).  Since  C+  carries  a  constant  value  of  r  and  C.  a 
constant  value  of  t,  and  since  2r  and  —2a  are  the  slopes  dx/dt  of  a  C+  and  a  C-  , 
respectively,  the  two  characteristics  through  the  field  point  x,  t,  with  intercepts 
Xi  and  xt  (xi  <  Xj)  on  the  x-axis,  are  given  by 

C+:(x.—  xt)/t  =  2r,  C'_:(x  —  xj)/<  =  — 2» 

(2.5) 

with  2r  =  c(xi)  and  2a  =  c(xj), 

where  c(x)  is  the  function  defined  in  (2.4).  Thus  x  and  t  are  easily  found  in  terms 
of  r  and  a,  when  the  multivalued  inverse  function  of  c(x)  is  used.  The  analytic 
expressions  for  the  functions  x(r,  a)  and  t(r,  a)  differ  therefore  in  different  quad¬ 
rilateral  r^ons  of  the  x,  f-plape  bounded  by  pairs  of  those  C+  and  C_  char¬ 
acteristics  whose  intercepts  on  the  x-axis  are  pairs  of  consecutive  integers  (Fig.  1). 

It  can  be  easily  seen  that  all  Ct  characteristics  emerging  from  a  segment  of 
the  x-axis  between  integers  p  and  p  +  1  intersect  at  points  (x  =  p  -|-  6“‘,  t  = 
±4“‘)  for  even  p,  and  at  points  (x  =  p  -{=  1  —  t  =  ^ 5“*)  for  odd  p.  Any 
such  point  marks  the  breakdown  of  the  continuous  phase  of  the  motion  (it 
represents  here  what  in  general  is  the  point  of  smallest  lvalue  on  the  envelope 
of  one  family  of  characteristics).  Fig.  1  shows  C+  and  C-  characteristics  con¬ 
curring  in  breakdown  points  and  b~  respectively  (4  =  f ).  The  strip  0  ^  x  ^  1 
is  covered  by  “central”  quadrilaterals  co ,  Ci ,  •  •  •  with  opposite  comers  on  x  =  0 
and  X  =  1,  and  by  left  and  right  “marginar’  quadrilaterals  mh ,  mlt  ,  •  •  •  , 
mri ,  mr^ ,  •  •  •  ,  whose  vertical  diagonals  coincide  with  x  =  0  and  x  =  1,  respec¬ 
tively. 

Let  n  denote  the  largest  integer  smaller  than  4~‘, 

(2.6)  n  =  [1/4),  or  1/4  =  n  0  <  e  <  1, 

where  at  present  we  exclude  that  4~*  be  an  integer.  If  n  is  even  (odd),  the 
breakdown  point  is  a  b'*'(b~)  common  to  the  quadrilaterals  mln+i ,  c„ , 
mrn(mln  ,  c«  ,  mrn+i).  In  either  case,  the  quadrilateral  c,  is  “flipped  over”  at  b 
so  that  the  upper  part  of  c„  (shaded  area  cj  in  Fig.  1)  is  covered  three  times. 
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CHARACTERISTIC  PATTERN  FOR  5  «  3/8 

Fig.  1 


carrying  three  different  solutions  x(r,  «),  t(r,  «).  Up  to  <  =*  5~\  however,  every 
point  z,  t  carries  only  one  solution. 

In  the  marginal  squares,  t  is  always  obtained  as  a  function  of  (r  +  *)  or  c. 
Thus  c  is  a  function  of  t  alone,  and  since  the  particle  acceleration  Du/Dt  = 
—cc, ,  the  particle  linee^  must  be  straight.  The  particle  lines  in  the  central 
squares  are  obtained  as  arcs  of  conic  sections.  Fig.  2a  shows  the  particle  lines 
of  this  nonlinear  oscillation  for  d  »  Within  each  of  the  central  squares  Ci , 
Ct,  *  *  *  ,  c»-i  a  complete  reversal  of  the  flow  direction  is  effected,  but  the  part 
of  c,  below  b  (cj  in  Fig.  1)  only  reverses  the  flow  of  a  part  of  the  gas.  The  result¬ 
ing  c  and  u  distributicm  at  the  instant  of  breakdown  is  thus  of  the  type  shown 
in  Fig.  2b  for  t  =  1.50.  In  general  we  have  at  f  >=  for  even  n 


(2.7) 


left 

c  =  i[l  +  in] 


right 

c  -  Ml  +  «(n  -  1)1, 


u  «=  (5/2)x  tt  ■»  (i/2)(x  —  1); 

J 
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x.t-DIAGRAM  FOR  S«2/3 
Fio.  2a 


if  n  is  odd,  n  and  n  —  1  must  be  interchanged  in  (2.7).  Thus  the  gas  on  the 
lefthand  side  of  the  breakdown  cross  section  moves  always  to  the  right  and  vice 
versa,  but  e  (together  with  density,  temperature  and  pressure)  is  constant  on 
either  side  of  b  and  suffers  at  6  a  sudden  decrease  (increase)  for  even  (odd)  n. 
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«  C  W  p  DISTMiaUTlOH 

SONIC  SPEED,  DENSITY,  AND  VELOCITY  DISTRIBUTIONS  AT  VARIOUS  TIMES  FOR  S  >2/3 

Fio.  2b 


We  may  now  consider  the  initial  value  problem  with  initial  conditions  given 
by  (2.7)  for  t  ^  S~\  In  view  of  the  prescribed  jump  discontinuity,  continuous 
solutions  are  determined  (m  either  side  of  b  up  to  the  C-  through  b  for  x  — » x»— 
and  up  to  the  C.f  through  for  x  — » Xfc+,  as  indicated  in  Fig.  2a.  The  correspond¬ 
ing  regions  of  determinateness  are  Ai,  and  Ag .  The  slopes  of  these  C~  and  C+ 
are  always  negative  and  positive,  respectively.  The  solution  in  and  Ag 
is  of  course  identical  with  the  solution  of  the  original  initial-value  problem  in 
mln+i ,  mrn(mln ,  mr,+i)  for  even  (odd)  n.  For  even  n,  it  reads 


(2Ai) 


(r  —  g)(l  +  in) 
S(r  -f  «) 


1  +  in  1 

6(r  -f  s)  «  ’ 


(r  —  s)[l  -f  S(n  -  1)1 
i(r  +  s) 

1  +  (n  -  l)a  _  1 
S(r  -f  «)  S  ’ 


(2.8b)  t 
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Solving  for  c  “  r  -f  «  and  m  =  r  —  we  have 


(2.8c) 


(2.8d) 


_  1  +  «n  _  1  +  «(n  -  1) 
^  1  + St*  ^  1  +  «< 


ti 


Sx 

r+Tr 


u 


six  -  1) 

1  +  if  ' 


The  formulas  for  odd  n  are  again  obtained  by  interchanging  n  and  n  —  1.  The 
(straight)  particle  lines  in  Ai.(Am)  concur  in  x  =»  0  (x  =  1),  f  =  (Fig.  2a). 


3.  The  shock  solution.  The  pressure  distribution  in  the  “tube”  at  f  =:  S~^  is 
the  same  as  that  in  the  “head-on  collision  of  two  shocks.”  Thus  it  stands  to  reason 
that  two  shocks,  Si  and  <S« ,  should  originate  at  b  and  be  propagated  into  the 
regions  Ai  and  Ar  .  The  solutions  behind  Si,  and  Sm  should  abut  each  other 
in  a  discontinuity  line  through  b,  along  which  Ui  —  Ur  and  Pl  ™  Pr. 

Let  quantities  behind  the  shock  be  marked  by  a  circumflex.  We  then  seek  to 
determine  the  functions  i(f,  j)  and  £(f,  j)  in  the  form 

(3.1a)  f(f,  i)  *=  «r(f,  S)  •+-  a, 

(3.1b)  f(f,  i)  -  Ktir,  i)  -H 

where  x  and  t  are  the  functions  occurring  in  (2.8a,  b).  This  form  is  suggested  by 
the  structure  of  Eqs.  (2.2),  which  must  be  satisfied.  Eq.  (3.1)  is  meant  to  hold 
separately  for  the  L-side  and  for  the  /2-side.  Six  constants  are  therefore  available 
at  the  outset. 

Let  U  denote  the  shock  velocity.  If  the  shock  separates  regions  of  constant 
entropy,  the  shock  Mach  number  \  U  —  u  |/c,  which  is  a  function  of  the  entropy 
jump,  must  be  constant  along  the  shock,  and  so  must  the  ratio  e/c.  By  (2.8b), 
t  depends  on  c  alone,  hence  t  depends  on  t  alone  by  (3.1).  Expressing  c/c  in 
terms  of  t  and  t  and  setting  {  t  along  the  shock,  we  obtain  a  linear  fractional 
function  of  t,  which  becomes  independent  of  t,  if 

(3.2)  S0^  K-1. 

When  we  introduce  («  —  l)/i  for  fi  in  (3.1b)  and  use  (2.8b)  we  obtain  the  func¬ 
tion  tit)  in  the  form 

(3.3)  t  =  Kcit). 

This  clarifies  the  physical  meaning  of  x.  Again,  (3.3)  holds  in  and  Ai ,  pos¬ 
sibly  with  different  values  of  k. 

We  now  introduce  (3.3)  in  (3.1a),  solve  for  and  obtain  (e.g.  for  even  n) 

(3.4)  Hl  -  I  ^  ^  Ciit)li;  —  aj.  Hr  =  i) 

Along  the  discontinuity  line  Hi.  >=  Hr.  By  means  of  (2.8c)  we  so  obtain  an 
identity  in  £: 
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(3.5)  f  —  ol  =  i  —  (a*  +  Km)  or  at  =  k*  +  a«  =  4^, 

where  4'  denotes  the  common  value  of  at  and  as  +  .  Introduction  of  (3.5) 

in  (3.4)  yields  the  same  expression  in  both  regions  behind  Sl  and  Sm  ,  viz. 

(m 

Relations  (3.5)  and  (3.6)  hold  for  even  and  odd  n. 

The  constant  4'  is  determined  by  imposing  the  condition  of  eqiial  pressure 
along  the  discontinuity  line.  We  first  note  that  for  y  »  3 

(3.7) *  U  ~  a  ±  >/«i  -  w)*  +  c*. 

where  the  plus  sign  holds  for  Ub  and  the  minus  sign  for  Ut-  From  (3.7),  (3.6) 
with  f  ■»  X  and  f  *  f,  (2.8c,  d)  and  Mi  =  (ut  —  Ui)fci ,  Mm  “  — (w«  —  Ub)/cm  , 
we  obtain  Mi  and  Af « in  terms  of  the  constants  6,  n  and  independent  of  x  and  t. 
These  results  are  now  introduced  in  the  expression  for  the  pressure  ratio  across 
the  shock,  which  for  y  =  3  is  given  by 

(3.8)  Pl.mIPl.m  *  i(3A/L,*  “  1). 

Here  the  pressures  Pi  and  Pm  ahead  of  the  shock  are 

(3.9)  Pi.M  “  [CbC^.*(0]V\/^ 

where  G  »  Po/ao  is  associated  with  the  entropy  value  in  the  continuous  phase 
of  the  motion,  and  Po ,  po ,  Co  are  the  values  of  these  parameters  at  x  »  f  «  0. 
Thus  we  find  the  pressure  immediately  behind  the  shock  at  the  time  t 

rCoC^.«]»  P(^,n) 

(3.10)  rtpVTM  F(i 

Now  Pi^M  is  a  function  of  6i,m  in  homentropic  flow  and  t  depends  only  on  i 
by  (3.3)  and  (2.8c).  Thus  the  functions  Pi,m  depend  only  on  t  and  are  therefore 
identical  with  the  expressions  (3.10)  if  f  is  replaced  by  t.  Identification  of  Pi 
and  Pm  along  the  discontinuity  line  (i.e.  for  the  same  t)  gives  finally  for  even  n 

(3.11)  [1  +  lm]*F(4f,  n)  =  (1  +  «(n  -  1)]‘P(1  -  n  -  1), 

n  and  n  —  1  to  be  interchanged,  if  n  is  odd.  A  simple  discussion  shows  that  this 
equation  has  only  one  root,  4'*’,  for  even  n,0  <4^*  <  i  and  for  odd  n,  ^  <  1 ; 

also  4^*  i  with  increasing  n. 

With  a  now  determined  by  (3.6),  the  particle  lines  behind  the  shock  become 
X  —  a(f  +  i~‘),  see  also  Fig.  2a.  On  the  discontinuity  line,  2a  = 

1  —  3[n  +  ]  if  n  is  even  and  2o  *  —  1  +  5[(n  +  1)  —  ]  if  w  is  odd.  Like¬ 

wise  Ml  and  Mm  may  be  computed.  Finally  Ui,m  and  Ci„jt  in  (3.7)  are  expressed 


*  For  (3.7)  and  (3.8)  see  e.g.  [4],  p.  149. 
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in  terms  of  i,  t  and  x,  t;  identification  of  i  with  x  and  (  with  (  and  replacement 
of  Ui.M  by  dx/dt  yields  the  differential  equations  of  the  shocks.  Both  shocks 
are  straight. 

The  quantities  kl  and  kj,  can  be  found  from  the  formula  that  expresses  i/c 
in  terms  of  M  with  the  result 

^  ^  =  i  +  F(^„*  ,  n)  -  IS^:/(1  +  Sn)f 

(3  12) 

=  i  +  /'’(l  -  ,  n  -  1)  -  [8(1  -  ^rvd  +  S(n  -  1))]* 
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for  even  n.  The  values  for  odd  n  are  obtained  by  changing  into  ,  RRd  n 
into  n  —  1  in  Ki  and  into  n  +  1  in  . 

Since  only  two  shock  conditions  (viz.  the  equations  relating  P/P  and  c/c 
to  M)  have  been  employed  exphcitly,  it  must  be  checked  that  a  third  shock 
condition  is  satisfied.  This  has  been  done  [5,  p.  26]. 

When  is  an  integer,  the  breakdown  point  occurs  at  a;  =  0(1)  for  even 
(odd)j~‘.  In  this  case  only  one  shock  will  enter  the  region  0  <  a;  <  1,  the  other 
one  passes  S3rmmetrically  into  the  region  —1  <  a:  <  0  (1  <  x  <  2),  and  there 
is  no  discontinuity  line.  The  value  of  \ff*  is  then  determined  by  the  boundary 
condition  at  the  wall,  which  requires  vanishing  u  for  x  =  0  (or  x  =  1).  This 
makes  either  0  or  1  depending  on  whether  i”‘  is  even  or  odd;  k  is  found  from 
the  appropriate  form  of  (3.12). 

It  is  possible  to  determine  the  solution  behind  the  reflected  shocks  (<Sl  and 
Sk  in  Fig.  2a)  again  in  the  form  (3.1).  For  integer  S~^  one  can  therefore  calculate 
the  successive  shock  reflections  at  the  walls  and  the  associated  u-  and  c-distri- 
butions  for  any  time. 

4.  An  example.  The  numerical  results  for  the  case  j  =  f ,  illustrated  in  Fig.  2, 
have  been  given  in  [5].  Here  we  present  in  some  detail  the  case  2=1,  where  the 
shock  starts  aXx  ^  t  —  1  and  is  reflected  back  and  forth  infinitely  many  times, 
\mtil  the  motion,  caused  by  the  equilibration  of  the  initially  imposed  sound  speed 
(or  density)  distribution  c  =  1  —  x,  is  annihilated  by  shock-damping. 

In  Fig.  3,  the  values  of  u  and  c  are  indicated  in  the  homentropic  regions 
{v  —  1),  V  separated  by  the  shock  S,  ,ioT  v  =  1,  2,  3.  The  following  results  are 
obtained  by  induction. 

(4.1)  M,  =  x/{t  +  1)  for  even  v,  u,  —  (x  —  l)/{t  +  1)  for  odd  v 

(4.2)  c,  =  a,/(l  +  0,  a.  “  {y  +  2\/2i.  +  1)*,  k  =  0,  1,  2,  •  •  • 

The  constant  k,  =  c,/c^i  of  Eq.  (3.3)  equals  a^la^i .  The  strength  of  the  shocks 
is  given  by 

(4.3)  M\  -  I  =  ((1  +  Vl  +  -  1 

Clearly,  AfJ  —  1  — >  0  with  v  —*  ». 

All  shocks  are  straight/  imd  the  shock  speed  |  C/  |  is  \/y/2,  independent  of  v. 
In  accordance  with  this  result,  one  finds  the  limiting  value  of  c,  at  f  =  1  +  ify/2 

(4.4)  lim  c,  =  l/\/2. 

Thus,  while  the  shock  speed  remains  invariable,  the  average  temperature  of  the 
gas  increases,  making  cum  =  |  17  |.  This  means  that  the  slope  of  the  character¬ 
istics  approaches  U. 

In  the  limit  of  infinite  f,  the  density  p  must  become  uniform  and  hence  assume 
half  of  its  value  po  at  x  =  f  =  0.  The  initial  specific  entropy  (constant  through¬ 
out  the  gas  at  f  =  0)  is  then  su  =  c,  log  ((Co/po)V3l.  With  Cuu  =  C0/V2  and 
Pfi>  =  p«/2,  the  gain  in  entropy  becomes 
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(4.6)  siin  —  au  =  c,  log  2, 

the  same  as  in  a  Gay-Lussac  process  resulting  in  half  of  the  (initially  uniform) 
density. 
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OSCULATORY  INTERPOLATION  AND  INTEGRATION 
By  J.  C.  Cooks 


Introdution.  Formulas  are  given  for  interpolation  and  intention  of  a  function 
/(z),  which  is  tabulated,  together  with  its  first,  or  its  first  two,  or  its  first  three 
derivatives,  at  equal  intervals  of  the  argument  x.  Such  tabulations  occiu'  quite 
often  in  the  numerical  int^ation  of  a  differential  eqiiation.  Especially  powerful 
formulas  for  int^ration  and  for  the  special  case  of  half-way  interpolation  may 
be  derived  if  derivatives  up  to  the  second  are  known.  Illustrations  are  given 
from  a  boundary  layer  equation. 

Notation.  We  shall  use  the  notation  of  Hartree  (3)  and  will  obtain  the  results 
by  the  free  use  of  operators.  Central  differences  will  be  denoted  by  powers  of  3, 
forward  differences  by  A  and  backward  differences  by  V.  The  function  concerned 
has  values  /o ,  /i  ,/>,**'  ,  tabulated  at  equal  intervals  h  of  the  argument 
zo ,  Zi ,  zt ,  •  *  •  ,  that  is  /(z,)  «  /, .  Other  operators  are  defined  by 

Efr^Ul,  Ufr-^hfr, 

vA'fr  »  hiHr-k  +  «"/r+»), 

primes  denoting  differentiation  with  respect  to  z.  Other  formulas  that  we  shall 
use  are 

1  -H  A  -  E  -  e'',  “  1  +  i«*, 

E*  -  E~*,  2m  “  E*  -f-  E^,  (1)  ' 

3*/o  *1"  ^"/i  “  2(m3*  —  M^*  Vo). 


These  are  given  by  Hartree. 

Operational  expansions  which  will  be  required  are 


6/nU  = 

i/if . 


1 _ 4-  ii- A*  _ 

12  ^720  60480 


191  ^  ^  2497 


3628800 
23 


1 4-  i  ^  4.  ^  4*  _ 

^6  180  ^  1512  226800 


^  12  **  240  60480  ** 


289 


3628800 


a'  + 


«•  + 


1  -h  —  a*  — a*  + 

^  240  30240  ^ 


289 


1209600 


These  are  obtained  from  Bickley  (1),  who  gives  general  formulas  for  (U/S)* 
and  (l//a)7M. 

In  addition  we  shall  require  the  expansion,  given  by  Hartree 

sinh  ac;/ainh  1/  -  «  -H  E\\$)6*  +  EY'(e)l^  +  •  •  •  , 
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where  the  E'n  are  the  Everett  coefficients  in  the  interpolation  formula  which 
bears  his  name. 

The  values  of  the  E'b  are 

Er(fl)  -  -  l*)/3!,  £^(0)  -  -  \'){^  -  2*)/6!, 

EX\e)  -  -  !*)(<>*  -  -  3*)/7!, 

and  so  on.  If  we  write  6  =  \  —  0,  Eo'^O)  is  the  same  function  of  0  as  Ei'*(0) 
is  of  0. 

The  aim  will  be  to  push  the  formulas  as  far  as  possible  towards  the  higher 
derivatives,  as  this  will  lead  to  higher  accuracy.  We  shall  not  take  differences, 
beyond  the  first,  of  the  function  itself  or  of  its  intermediate  derivatives.  There 
is  some  choice  open  to  us  here,  and  we  shall  attempt  to  make  the  coefficients 
of  the  differences  of  the  highest  derivative  as  small  as  possible;  in  fact  one  co¬ 
efficient  can  be  made  equal  to  zero  if  we  so  desire. 

We  proceed  now  to  the  various  cases.  The  first  will  be  dealt  with  in  some  de¬ 
tail;  in  later  ones  the  proofs  will  be  more  sketchy,  but  the  details  may  easily  be 
filled  in. 

Interpolation  given  the  first  derivative.  We  seek  to  find  operators  ^(5)  and 
^i(S)  such  that 

f(x  •+•  0h)  “  (1  —  0)/o  +  +  hfiS^(S)fo  +  hiiS^(S)f9 , 

the  last  two  terms  being  a  correction  to  linear  interpolation. 

In  operational  form  we  have 

-  1  _  +  ^(6)SU  +  n4>i{b)6e'^U. 

The  operators  0(0)  will  be  even  functions  of  0  as  we  shall  see.  it  is  also  an  even 
function  of  0.  Changing  the  sign  of  0  and  therefore  of  U  gives 

■“1  —  0-1-06*^  +  p0o(0)0f7  -b  /«0i(0)06  ^U, 
and  consequently  we  have  on  subtraction 

0i(0)  (sinh  0C/  —  0  sinh  U)/nSU  sinh  U 
_  1  0  jsinh  dU 
“  ^/iC^lsinh  U  /• 

Hence  we  have  on  expanding  and  multiplying  out 

/(*o  +  0h)  *  (1  —  0)/o  +  +  h(El^n6fo  +  EViiSfi 

(2) 

+  +  ^oM^/o  +  +  0(A*), 

where 

F5"  -  -  17)/360, 

-  Ej*  -  4  EV  +  ^  e5*  -  0(0*  -  l)(6d'  -  990*  +  377)/30240, 
together  with  similar  formulas  for  F"*  and  Fi  with  d  replaced  by  0. 
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Interpoktion  given  the  first  two  derivatives.  Writing  the  operator 
^  1  -  e+ee^  +  ^(3)f7*  + 
leads  in  a  similar  manner  as  before  to 

Hence  we  have 

fix  +  eh)  =  (1  -  e)fo  +  6tfx  +  h\ElYo  +  E\Y' 

+  +  OVlffi  +  Go^fo*  +  Cri^^^)  +  0(/i*), 

where 

GV  =  EV  +  ^  EV  =  W  -  1)(3^  -  7)/360, 

I4M 

(?r  =  +  ^  w  -  l)(2e*  -  19^  +  37)/10080. 

We  could  add  and  subtract  a  term  ooftb/o  +  auiifi  to  this,  expressing  the  one 
subtracted  in  terms  of  differences  of  /o  and  fi  and  then  attempt  to  choose  Oo  and 
Oi  so  that  the  resulting  differences  have  small  coefficients.  It  does  not,  however, 
seem  very  obvious  how  to  choose  the  a’s  and  we  shall  not  attempt  it  here.  In  the 
case  of  half-way  interpolation  and  integration  we  shall  find  this  device  very 
powerful. 

Interpolation  given  the  first  three  derivatives.  The  same  methods  lead  to  the 
result 

/(xo)  -(-  eh)  =  (1  -  e)fo  -I-  e/x  -f-  h\ElYo  +  E\Yi) 

+  h\HWo'  +  hWx'  -f-  hV'M'’  +  hV'M")  +  0(A*), 

where 

Hi  =  El''  +  ^EV  =  e(e^  -  1)(3^  -  7)/360, 

//5"  =  Er  -  ^£5*  =  eie^  -  i)(3«'  -  390*  +  80)/i5i20. 

Half*way  Interpolation.  In  the  case  0  9  ^  we  have 

pii  _ _ 1_  piv  _  3  pYi  _  5  35 

16’  256’  “  2048’  32768' 

We  note  also  that 

ttifo  +  M^/i  =  2m*5/»  =  (26  +  hb*)f\ , 
with  a  similar  result  for  higher  orders. 
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Hence  we  obtain  from  equations  (2),  (3)  and  (4) 

-  i  (/.  +  /O  +  »  (-  i  »/i  *■/',  -  3^  »*/:)  +  0(K\  (5) 

/l  ^  (/o  +  fd  +  h*  ^(/o^  +  fl)  +  (^/o^  +  l^fi) 

^  .  (6) 

/.  ->(/.  +  /.)  - +  /;-)  +  H‘ + o(rt.  m 

The  device  mentioned  above  enables  us  to  improve  equations  (6)  and  (7) 
considerably. 

In  equation  (6)  we  add  and  subtract  ahSfl .  We  have 


-a*V(l-l5’  +  ^8*- 
Hence  from  equation  (6)  we  have 

/l  -  5  (/.  +  /.)  -  oM/;  +  a*V  (l  -  ^  s’  +  ^  «• - )/!' 

+  +  -  J53^*  + 

We  now  choose  a  so  that  the  coefficient  of  vanishes.  This  gives  a  »  5/32. 
This  value  considerably  reduces  the  magnitude  of  coefficient  of  h'ftSYi  t 
it  is  changed  from  —37/15360  to  —1/46080.  It  can  also  be  shown  that  the  co¬ 
efficient  (^*fo  is  reduced  by  &  factor  of  about  80. 

Hence  we  have,  using  the  value  of  a  given  above, 

^  (/o  +  /i)  —  ^  p  +  fi) 

(8) 

-  ^  h’iW  +  W)  +  Ott*), 

which  is  a  very  powerful  formula,  normally  only  requiring  the  first  three  terms. 
From  this  we  obtain  at  once 

/l  -  ^  ^  M/i  +  ^  *’(/"  +  ^  kVji"  +  OOk*).  (9) 

Integration.  We  note  that 

[  S\x)  di  -  /i  —  /o  -  «/|. 


I 
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Hartree  gives  the  result 


jf'/w  &  -  i  *(/. + /o  +  />■  (/!-/»  +  ^  w:  -  w 


-  ^  (»•/;  -  «•/»}  +  ooi*) 


which  is  the  required  form  when  the  first  derivative  is  given. 
If  the  first  two  derivatives  are  given  we  write 

«/»  =  Wi  -  ahYi  + 

so  that 


1  I  1  31 

12  ^  120  20160 


We  choose  a  so  as  to  make  the  coefficient  of  ^  vanish.  Hence  we  take  a  >= 

On  lowering  the  order  of  differentiation  by  one  we  have 

f  Six)  dx  =  +  S,)  - 

/  \ 

^  (w  “  io^ 

When  the  integration  is  over  a  number  of  intervals  it  is  better  to  write  this  in 
the  form 

r  fix)  dz- 1  hiu + w  -  4  k'ifx  -  f.) 

,  .  (‘2) 

{bo  ~  io^  ~  '^^‘7 

This  is  not  ideal  for  numerical  work,  owing  to  the  presence  of  the  third  term 
on  the  right  hand  side,  but  it  is  so  powerful  that  it  may  be  worth  the  labour 
involved. 

This  term  can  of  course  be  removed  by  choosing  a  =  We  then  obtain 

pfix)  dx^Uifo+sd h\r,  -  fy 

**  r  ^ 

+  i^Si  ~  +  0(h*). 

Finally  when  the  first  three  derivatives  are  given  we  get 

jT'/W  dx  =  ihif,  +  fd  k'if,  -  /.)  +  k’if'.'  +  /,') 


(14) 


OSCULATORY  INTSRPOLATION  AND  INTEORATION 


399 


or  alternatively 

jTVCx)  dx^lhifo-\-fd  h\ft  -  fo) 


1 

30240 


+  Oih*), 


(15) 


which  may  be  more  suitable  for  a  number  of  intervals. 


Illustrations.  We  shall  illustrate  oiu:  results  by  consideration  of  the  Blasius 
equation 


r'+/r»o 

with  the  boundary  conditions /(O)  =  /'(O)  =  0, /'(«)  =  2,  taking  the  solution 
given  by  Cope  and  Hartree  (2).  We  shall  tabulate  this  at  intervals  0.4  of  the 
argument  17,  (Table  I)  and  attempt  to  subtabulate  in  the  range  0.8  to  1.2. 

We  first  find  the  values  for  17  =  1.0,  and  then  again  by  two  more  subtabu¬ 
lations  those  for  17  =  0.9  and  ri  =  1.1. 

The  results  are  given  in  Table  II.  The  value  of  /"'(I)  is  not  good,  but  it  is 
sufficient  for  the  next  subtabulation.  It  will  be  seen  that  the  values  improve  the 
more  derivatives  available.  A  better  value  for  /"'(I)  could  have  been  obtained 
from  the  differential  equation  but  this  was  deliberately  not  done.  The  values  of 
/"(0.9)  and  /"(l.l)  could  have  been  improved  if  subtabulation  had  proceeded 
above  and  below,  so  as  to  have  had  available  the  third  differences  of  /'". 


TABLE  I 


n 

/ 

r 

/" 

r 

0.0 

0.000000 

0.000000 

1.328232 

0.000000 

0.106108 

0.529420 

1.309553 

-0.138954 

0.8 

0.420320 

.  1.033519 

1.186649 

-0.498772 

1.2 

0.922289 

1.457971 

0.912371 

-0.841470 

1.6 

1.569091 

1.752168 

0.556521 

-0.873232 

2.0 

2.305740 

1.911036 

0.256937 

-0.592430 

TABLE  II 


n 

/ 

B 

r 

£ 

0.9 

0.529517 

0 

1.149522 

0 

1.0 

0.650024 

-1 

1.259537 

+1 

1.1 

0.781193 

-1 

1.362627 

+1 

n 

r 

£ 

r" 

£ 

0.9 

1.131686 

+35 

1.0 

1.066992 

+13 

-0.693394 

-184 

1.1 

0.992384 

+22 

The  errors  E  are  given  as  6gures  in  the  sixth  decimal  place. 


To  check  the  integration  formula  we  evaluate 

I  -  fV(n)  dy, 

Jo 

using  equation  (12)  ignoring  the  last  term.  We  obtain  the  result  I  *  2.305754, 
instead  of  2.305740,  an  error  of  — 14  in  the  sixth  decimal  place. 
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LIMITS  OF  THE  CHARACTERISTIC  VALUES  FOR  CERTAIN 
BOUNDARY-VALUE  PROBLEMS  ASSOCIATED  WITH 
DIFFERENCE  EQUATIONS 

By  Tomlinson  Fort 

We  shall  consider  the  difference  equation  • 

1  I  ^(*1  I  ^  ‘  *  t  it—l  >  ^  ~  I»  ‘  >  O  ' 

(1)  ,  tj  ,  •  •  •  ,  ,  t,  -  1,  A+l  ,  •  •  •  ,  t,)} 

+  [Xn"*  -  s(ti ,  t2 ,  •  •  •  ,  i,  ,•  •  •  ,  tj ,  •  •  •  ,  i, ,  •  •  •  ,  t^)  =  0 

We  assume  that  ti ,  ^ ,  •  *  •  ,  are  limited  to  integral  values  and  that  k  and 
s  are  defined  when 

(2)  1  ^  t,  ^  m,  ,  ?  =  1,  2,  •  •  •  ,  M 

and  that 

A;  >  0,  8  >  0 

We  also  assume  that 


(3) 

where  M,  is  independent  of  n. 
We  let 


m,  =  Mq-n 


(4)  m  =  m\ini  •  •  •  m,t ,  M  =  MiMt  •  •  • 

We  assume  in  addition  that 

where 

(5)  X<+i  -  xi*^  =  1/n,  q  =  1,  2,  •••,/*,  t  =  1,  2,  •  •  •  ,  m. 

We  assume  moreover  that 

0  <  limitn^ae  ^(x<  >  Xi  »  ‘  ‘  f  Xi)  ~  I^*(Xl  >  X2  >  '  '  "  >  Xm)  ^ 
where  L  is  independent  of  v  and  n  and  where  K,  is  defined  and  continuous 

(6)  0  ^  X«  ^  >  9  ~  1>  2,  •  •  •  , 

Like  assumptions  are  made  about  8  and  a  continuous  function  S. 

In  case  we  consider  the  differential  equation  analagous  to  (1)  we  naturally 
assume  the  existence  of  the  first  partial  derivatives  of  K, . 

Interesting  special  cases  of  (1)  are 

A{A:(»  -  l)Ay(t  -  1))  +  (Xn“*  -  «(t))y(t)  -  0 
'  401 
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which  is  the  equation  determining  the  shape  of  a  loaded  vibrating  string';  and 

^i[b(i  -  -  l,i)}  +  -  l)Ayy(«,y  -  1)} 

+  [Xn"*  -  8ii,j)]y(i,j)  =  0 

which  is  the  equation  determining  the  shape  of  a  two  dimensional  loaded  vi¬ 
brating  net.* 

Equation  (1)  is  written  in  difference  form.  We  now  write  it  in  ordinary  form. 
This  is  as  follows: 

X  ^(*1  I  ^  f  *  ’  *  I  I  f  ^  ~  1 »  i»+i  j  ■  ■  *  »  ’ 

y(*x  I  *1  f  * ' '  I  ^9—1 1  ^  “  1-1  w+x » ’  ’ " » ®»i) 

*t*  I  ^  I  ’  ’  ’ »  1 1  I  i»+i » ‘  *  I  *»i) " 

ydi »  » "  * "  I  W— X  j  ^  i>  ^+x  >  * "  ‘  f  ®(i) 

(7)  +  lXn“*  -  «(tx ,  it,-"  ,  in) 

“  ^^*»x  {^(*1 ,  it ,  '  - '  I  i^—i »  ~  ^+1  f  '  *  *  »  **) 

"1*  ^(*x  (  ^  >  *  ■  ’  »  tp— X I  if, ,  ^+x ,  i»)  1 1  * 
y(ii,  it,  -  iw,  i„)  =  0 
For  brevity  we  let 

di ,  it ,  ■ "  ■  ,  *»i)  “  “”^(*1 ,  it ,  -  -  -  ,  In) 

(8)  {^(*x ,  it ,  •  •  •  ,  ip— 1 »  ip  “  1»  if+i ,  *  *  *  »  in) 

^(ix ,  it ,  -  -  -  ,  X I  ip »  ip+x »  *  *  *  I  in)  I 

It  is  to  be  observed  that  (7)  is  a  2m  +  1  point  equation — that  is  y  appears 
explicitly  in  the  equation  at  2m  +  1  points. 

We  shall  consider  (7)  [(!)]  subject  to  the  boundary  conditions 


1/(0,  it 

,  •  •  •  ,  in)  — 

Pi  y(i,  it,--- 

.in) 

y(mi  +  1,  it 

,  ■  ■ ■  ,  in)  “ 

9i  y(m,  it,  - 

'  ,in) 

y(ii ,  0,  t, 

,  •  • •  ,  in)  = 

Pi  y(ii ,  1.  ii , 

•  •  •  ,  in) 

y(it  ,it,--- 

,  in-l ,  0)  =* 

Pn  y(ii ,  it ,  •  • 

’  »  in-l  .  1) 

y(ii,it,--’  , 

in-x ,  i«,+x)  =  g„  y(ii  ,it,- 

•  •  ,  in-x , 

where  P/  ^  0,  gy  ^  0,  j  =  1,  2,  •  •  •  ,  m- 
We  call  the  point  set  determined  by  (2)  the  fundamental  domain  for  our 
problem. 

Let  us  write  down  equation  (7)  for  each  of  the  points  of  the  fundamental 
domain.  We  then  substitute  from  boundary  conditions  (9)  for  each  of  the  values 
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of  y  on  the  boundary  of  the  fundamental  domain.  We  have  m  homogeneous 
linear  equations  in  m  variables.  A  necessary  and  sufficient  condition  for  the 
existence  of  a  solution  not  identically  zero  is  the  vanishing  of  the  determinant 
of  the  coefficients.  This  determinant  is  called  the  characteristic  determinant  for 
the  problem.  The  characteristic  determinant  equated  to  zero  is  called  the  charac¬ 
teristic  equation.  We  shall  consider  it  as  an  equation  in  X/n*.  Its  roots  are  called 
the  characteristic  values  for  the  problem.  The  order  in  which  the  equations  are 
written  down  or  the  order  of  the  variables  in  the  equations  is  not  important  for 
our  purposes.  We  shall,  however,  designate  each  equation  and  the  resulting  row 
in  the  characteristic  determinant  by  the  (ii ,  ij ,  •  •  •  ,  iV)  which  occurs  in  (X/n*)y 
(ii,  U,  ip)-  We  then  write  the  variables  in  the  equations  in  this  same  order 
and  designate  each  column  by  the  (t'l ,  t* ,  •  ••  ,  ip)  of  y{ii ,  it,  ip)  which 
occurs  in  that  column.  To  illustrate  what  is  meant  we  write  down  the  charac¬ 
teristic  determinant  for  ^  =  2,  mi  =  m»  =  3,  y(0,  t*)  =»  i/(4,  it)  =  yih,  0)  = 
yiit,  4)  »0.  The  column  designation  is  at  the  top  and  the  row  designation  at  the 


side. 

(3,  3) 

(2,3) 

(1.3) 

(1,2)  (1,1) 

(3.  2) 

(2.  2) 

(3.  1) 

(2,  1) 

(3,3) 

+  r(3.  3) 

k,(i,  3) 

0 

0  0 

*i(3.  2) 

0 

0 

1 

0 

(2,  3) 

*i(2, 3) 

+  r(2,  3) 

*■(1,3) 

0  0 

0 

*i(2,  2) 

0 

0 

(1,3) 

0 

*i(l,3)  5 

+  r(l,  3) 

*i(l,  2)  0 

0 

0 

0 

0 

(1,2) 

0 

0 

*t(1.2) 

+  HI,  2)  *,(1,  1) 

0 

*■(1.2) 

0 

0 

(1.  1) 

0 

0 

0 

*,(1.  I)  ^  +  >■(1,  1) 

0 

0 

0 

*■(1.1) 

(3,  2) 

*.(3,  2) 

0 

0 

X 

0  0 

n* 

+  i'(3.  2) 

*i(2,  2) 

*.(3,  1) 

0 

(2,  2) 

0 

»i(2,  2) 

0 

*i(l.  2)  0 

*■(2,  2)  ^  +  r  (2,  2) 

0 

*i(2.  1) 

(3,1) 

0 

0 

0 

0  0 

*t(3.  1)  0  ^ 

+  r(3,  1) 

ti(2,  1) 

(2,  1) 

0 

0 

0 

0  *i(I,l) 

0 

*i(2,  1) 

*i(2.  1) 

+  r(2,  1) 

The  characteristic  determinant  will  be  denoted  by  ^(X/n*). 


Theorem:  The  characteristic  determinant  is  symmetrical  with  reference  to  its 
principal  diagonal. 

To  show  this,  write  equation  (7)  for  (t’l ,  ti ,  •  •  •  ,  v-i ,  t» ,  t,+i ,  •  •  •  ,  t^)  and 
then  for  (t’l ,  ii ,  •  •  •  ,  ,  t,  -f-  1,  i,+i ,  •  •  •  ,  ip).  It  is  then  immediate  from  the 

first  of  these  equations  that  k,(ii ,  »i ,  ■  *  *  t. ,  •  •  •  ,  ip)  is  in  the  (ti ,  it,  , 
U  ,  ,ip)  row  and  the  (t’l ,  t* ,  •  •  •  ,  t,  -b  1,  •  •  •  ,  »^)  column.  Likewise  from  the 
second  equation  it  is  immediate  that  it  is  in  the  (t'l ,  ii ,  *  •  *  ,  t,  +  1,  *  *  *  ,  t„) 
row  and  the  (n ,  ^ ,  i» ,  *  *  *  ,  ip)  column. 

Theorem:  The  roots  of  the  characteristic  equation  are  all  positive. 

The  proof  given  for  this  theorem  when  ^  2  is  quite  general  (See  page  97  of 

reference  (2)). 

We  now  write  the  characteristic  determinant  as  a  polynomial  in  X/n*  and 
equate  to  zero.  We  have 

(10)  ^(X/n‘)  »  (X/n*)"  +  Ai(X/n*)"-‘  -f  A,(X/n*)-^  4.  . . .  =  0 
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Here  Aj\B  the  sum  of  the  principal  minors  of  order  j  taken  from  that  determi¬ 
nant  which  is  formed  when  we  replace  X  by  zero  in  the  characteristic  determinant 
[(3)  page  126)].  It  is  agreed  that  the  sum  of  the  principal  minors  of  order  zero  is  1. 
We  now  transform  equation  (10),  multipl3ring  its  roots  by  1/m.  We  get 

(11)  (X/n*)"  -I-  m-‘^,(X/n*)-‘  +  •  •  •  +  =  0 


Now  divide  equation  (11)  through  by 


and  denote  —  by  p.  We  get 


(12)  1  -|-  m  *i4ip  -|-  m  *./lip*  -|-  •  •  •  m  =  0 

We  note  particularly  that  the  values  of  p  which  satisfy  this  equation  are  the 
reciprocals  of  the  characteristic  values  after  these  characteristic  values  have 
been  multiplied  by  1/m. 

Our  purpose  is  to  consider  equation  (12)  when  n  becomes  infinite  and  to  draw 
other  conclusions  relative  to  the  characteristic  values  when  n  becomes  infinite. 
Let  us  consider  A\lm.  Then 

Ai  =  Y.  riii ,  ii ,  •  •  •  ,  Im) 

where  the  summation  is  extended  over  all  points  of  the  fundamental  domain. 
Hence 

-  «=  £  2  •  •  •  £  r(ti,  t,,  •  •  •  ,  - - - 

m  «,_i  t,_i  i„_i  mi  mj  m** 


limit  —  Ai 
m 


I  r^n-i 

=  17  /  /  •  •  •  /  /  Rixi .  Xj.  •  •  •  »  Xji-i  I  X)ddx$>dx^i  •  •  -dxiAxi 

M  Jfi  Jn  Jq 

where  R  bears  the  same  relation  to  r  that  K  does  to  k. 

We  next  consider  1/m* At .  We  know  that  At  is  the  sum  of  the  principal  minors 
of  order  2.  This  is  a  sum  of  determinants  of  the  following  types: 


iKpiSPi, 


r(qi,  qt, 


where  |  pi  -  9i  1  >  1,  •  •  •  ,  1  -  g*.  1  >  1- 

Kpi.p,,  •••,  pj  k,(Jx,jt, 

(b) 

Kill,  it,  ,i^)  riqi,qt, 


where  at  least  one  of  the  following  inequalities  holds:  |  Pi  —  9i  |  ^  2,  ■  •  *  , 
I  p^  —  g„  I  ^  2.  Summation  is  to  be  taken  over  all  possible  selections  of  (pi ,  pt , 
'  •  •  f  P#)  and  (gi ,  gi ,  •  •  •  ,  g»i)  of  the  fundamental  domain.  The  sum  of  deter¬ 
minants  of  type  (a)  multiplied  by  1/m*  =  1/3/**  1/n*^  approaches 
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«(x!”.  xS”,  •  •  • ,  xi")<(xl”rfxi"  •  •  •  dxWdxW 

The  sum  of  determinants  of  t)T)e  (b)  multiplied  by  1/m*  approaches  zero. 
This  follows  from  the  fact  that  they  are  bounded  in  absolute  value  and  that  the 
number  of  determinants  of  this  type  is  of  order  n"  while  1/m*  is  of  order  n*^. 
Similarly  (l/m*)At  approaches 

wi  ill  I  I— I  i  i  «(xl".xS“,-xJ"). 

-•dxWdx\^\Wdx^\ 

Proceeding  in  this  way  we  have  the  following  theorem 
Theorem: 

1  If*'*  f*‘“’  f**’’  f*'”  f*'*’  f*'*’ 

(12)  Limit-LA,  =  •••  •••  1 

n.M0  m  M*  Jo  Jo  Jo  Jo  Jo  Jo 

R(xi'\  xi",  •  •  • ,  xi")  •  •  •  R(xx\  x5”,  •  •  •  ,  xi”). 
dxi’’---dxiV---dxI'’---dxi"dxi" 

Now  let 


rx 


B,  =  limit  — A, 

!».*«•  Wl* 

Theorem:  The  power  series 

1  +  Bip  -j-  Btp*  +  •  •  •  +  Rip*  +  •  •  • 

corwergee  for  all  values  of  p  ‘ 

To  prove  this  suppose 

I  R(xi ,  Xi ,  •  •  *  ,  X>.)  I  <P 

Then  from  (12) 


from  which  the  theorem  follows. 

Now  let 

tplp)  *=»  1  +  Bip  +  5ip*  +  •  •  •  +  B,p*  +  •  •  • 

and  let 

X(p,  n)  =  1  +  -  Aip  -f  i-  A,p*  +  •  •  •  +  4  A«p" 
m  m*  m" 

Let  Q  be  any  positive  number 
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Theorem: 


uniformly  in  p  when 


Limit,^  X(p,n)  =  vip) 


0  ^  p  g  Q 


Proof:  Consider  mT’A^p, .  We  know  that  A,  consists  of  the  sum  of  the  prin¬ 
cipal  minors  of  order  v  of  the  determinant  A^ .  The  number  of  such  principal 
minors  is  the  number  of  combinations  of  m  things  v  at  a  time.  Each  such  minor 
has  at  most  (2p  -{-  1)  non-zero  elements  in  any  row  or  column.  Let  the  absolute 
value  of  each  of  these  elements  be  less  than  J,  then  the  absolute  value  of  each 
of  the  principal  minors  is  less  than  (2m  -f  Consequently 


^  A  * 

—  A,p 

m* 


^  m(m  —  1)  ■■■  (m  —  V  +  1)  j" (2)i  +  l)Jp1' 


L' 


J 


<  I  [(2m  +  IUpI’  <  J-j  [(2m  +1U-Q]’ 


This  is  the  general  term  of  a  convergent  series  of  positive  constants.  The  theorem 
follows. 

Theorem:  The  arithmetic  mean  of  the  characteristic  values  approaches  a  limit 
different  from  zero  when  n  becomes  infinite. 

This  theorem  is  just  a  restatement  of  the  fact  that  nT^Ax  approaches  a  limit 
different  from  zero.  This  limit  is  not  zero  since  72  <  0.  We  could  state  similar 
theorems  from  the  facts  that  mT’A,  approach  limits  for  other  values  of  v. 

From  the  fact  that  mT^Ai  approaches  a  non-zero  limit  and  the  fact  that  the 
characteristic  values  are  all  positive  we  have  the  following  two  theorems. 

Theorem:  Not  all  the  characteristic  values  approach  zero  when  n  becomes  infinite. 

Theorem:  Not  all  the  characteristic  values  become  infinite  when  n  becomes  infinite. 

In  case  R  is  constant  the  integration  indicated  in  (12)  can  be  readily  per¬ 
formed.  For  example  if  m  =  1  then  =  R* /v\  and  ^(p)  =  e"'. 

Now  if  we  consider  the  equation  A*y(t  —  1)  +  0</n*)y(i)  =  0  subject  to  the 
boundary  conditions 

*  y(0)  =  y(n  -f  1)  =  0 


the  characteristic  values  are* 

4sin*— j  =  1,2,  •••  ,n 
n  -1-  1 

The  arithmetic  mean  of  these  values  is  2.  Moreover  (1/n)  4  sin*  irj/in  +  1) 
approaches  0  for  any  y  and  n/4  sin*  irj/(n  +  1)  becomes  infinite  for  any  j.  This 
agrees  with  the  fact  that  e*'  is  not  zero  for  any  p. 

*(1),  page  170. 
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IMPROVED  APPROXIMATIONS  TO  DIFFERENTIAL  EQUATIONS 
BY  DIFFERENCE  EQUATIONS* 

By  W.  Robert  Mann,  C.  L.  Bradshaw  and  J.  Grady  Cox 

It  is  well  known  that  there  are  many  difference  equations  which  can  be  re¬ 
garded  as  approximations  to  a  given  differential  equation.  By  employing  differ¬ 
ence  quotients  of  sufficiently  high  order  one  can,  generally  speaking,  make  the 
truncation  error  in  the  difference  equation  arbitrarily  small.  But  unfortunately 
the  use  of  higher  order  differences  frequently  brings  one  face  to  face  with  diffi¬ 
culties  more  serious  than  the  obvious  one  resulting  from  the  more  complicated 
difference  equation.  For  one  thing,  it  is  necessary  to  extemporize  extra  boundary 
conditions  to  determine  the  increased  number  of  arbitrary  constants  in  the  general 
solution,  and  for  another  thing,  the  desired  convergence-stability  properties 
may  be  adversely  affected  or  lost.  The  purpose  of  this  paper  is  to  illustrate  a 
method  for  reducing  truncation  error  in  the  difference  equation  without  intro¬ 
ducing  differences  of  higher  order,  in  any  one  index,  than  the  order  of  the  differ¬ 
ential  equation.  For  other  work  which  has  been  done  in  this  direction  see  [1], 
Chapters  8  and  10.  It  will  be  clear  from  the  following  presentation  that  the 
method  is  not  equally  adaptable  to  all  problems,  but  numerical  results  are  given 
which  indicate  that  it  promises  significant  improvement  in  some  important 
problems  where  it  can  be  used.  The  idea  is  simple  and  can  best  be  presented  by 
an  example. 

Consider  the  two-dimensional  equation 

(1)  L[ip\  XV  =  Vxs  +  <9iw  +  xV  “  0. 

Using  the  same  mesh  spacing,  h,  in  both  the  x  and  y  directions  we  get  the 
usual  finite  difference  approximation, 

(2)  +  ♦i-i.y  +  ♦»./+!  +  ~  ■+*  =“  -f  XV^<,>  =■  0. 

Now  let  ip{x,  y)  denote  a  solution  of  (1)  corresponding  to  the  characteristic 
number  Xo .  Using  the  Taylor  expansion  to  express  3/[^],  we  find  that 

MW\  -  +  4  (^  +  *  +  «(**>• 

In  other  words,  the  pair  [^,  Xo]  fails  to  satisfy  (2)  by  an  error  term  which  is  of 
order  A*.  Referring  back  to  (1)  we  find  that 

V*—  “1“  *“  Xo(<P«»  "I" 

This  leads  to  the  following  finite  difference  approximation  to  +  «>mv)  '• 

*  This  research  was  supported  in  part  by  the  United  States  Air  Force  through  the  Office 
of  Scienti&c  Research  of  the  Air  Rmarch  and  Development  Command. 
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h*  if 

^  («>SS»  +  ffiwn)  —  “  0  ~  +  <P<-U+0 

—  2(^i+ij  —  2v»,.y  +  Vi.J-0  +  ivi+ij+i  "*  2<P»J-i  +  Vi-i.i-0 

xj  I 

—  j2  “I"  ~  4<e,  j)J. 

Subtracting  this  expression  in  $  and  X  from  the  left-hand  side  of  (2)  and  simpli¬ 
fying  leads  to  the  equation 

(fxV  -  -f  (§  -f  AxV)(4»<_i.y  -I-  -t-  *ij+i  + 

(3) 

+  i(*»+i.i+i  +  =  0, 

which  we  shall  denote  more  briefly  as  follows: 

(3)  (fxV  —  -j-  (i  -H  TVXV)(4><±i,y  -f  -f  =  0. 

If  the  left-hand  side  of  (3)  is  denoted  by  M^,  X],  we  find  by  substitution  that 
MW,  Xo]  =  E  h*  -f  Q{h\ 

where  ^ - (3Xj/6!)(^„  -|-  v>yy)  -  (14XS/6!)v»««, . 

Equations  (2)  and  (3)  can  both  be  regarded  as  finite  difference  approximations 
to  (1).  Both  are  of  second  order,  but  (3)  is  better  in  the  sense  that  it  has  a  trunca¬ 
tion  error  of  order  h*,  whereas  the  error  in  the  usual  approximation  (2)  is  of 
order  h*.  The  star  of  (2)  consists  of  (t,  j)  together  with  its  four  closest  neighbors, 
whereas  the  star  of  (3)  includes  also  the  vertices  of  the  square  about  (t,  j)  as 
center.  Although  (3)  represents  a  considerable  improvement  over  (2),  one  can 
obtain  a  still  better  approxio^tion  to  (1)  without  going  beyond  differences  of 
the  second  order.  An  approximation  to  the  dominant  error  term,  Eh*  in  (3)  is 

—  WuAl  *“  2Wi±iJ  +  •PiJiO  +  ^ij]- 


Subtracting  this  expression  in  ^  and  X  from  the  left-hand  side  of  (3)  and  simpli¬ 
fying  gives  the  equation 


(4) 


/  10  .67.,.,  12XV\.  ,/2 

V't  +  m’'*  --6rr‘''  +  V3 


+ 


2xV  .  z\*h: 


45 


6! 


) 


(♦<±u  +  j±i)  +  Q  +  ''^6!^'} 


0. 


Denoting  the  left-hand  side  of  (4)  by  Mi^,  X]  and  substituting  the  pair  W,  X«] 
we  find  that 


MM  Xo]  =  e{h*). 
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Equation  (4)  is  obviously  of  second  order  and  has  the  same  star  as  (3),  and  yet 
the  truncation  error  is  only  of  order  A*. 

We  shall  now  apply  the  technique  we  have  been  describing  to  an  artificially 
simple  reactor  problem  chosen  to  facilitate  comparison  between  the  analytic 
solution  of  the  differential  boundary  value  problem  and  the  numerical  approxi¬ 
mation  to  solutions  of  various  associated  finite  difference  problems.  The  numerical 
data  were  obtained  with  the  ORACLE  of  the  Oak  Ridge  National  Laboratory. 
The  test  problem  is  the  following: 

(5)  +  +  <  1, 

(6)  + 

(7)  v>(0,  y)  =  <o(l,  y)  “  v(x,  0)  =■  vix,  0)  =«  0, 

(8)  Dc<p\a  -  0,  y)  =  Dgip'ia  +  0,  y), 

(9)  -  0,  y)  -  via  -f  0,  y). 

The  quantities  Dc ,  Db  and  K  are  known,  and  we  shall  restrict  our  attention  to 
the  problem  of  finding  the  fundamental  eigenvalue  Xo ,  i.e.,  the  smallest  admis¬ 
sible  value  of  X.  The  analytic  approach  shows  that  X«  can  be  determined  from 

(10)  tan  ox  +  Lx  =  0, 
where 


(11) 


X  =  \/XJ  —  T*,  and  L 


Di  tanh  y/K*  +  ir*(l  —  a) 


DiVK*  +  T* 

The  usual  finite  difference  approximations  to  (5)  and  (6)  are 

(12)  4»,+i.y  +  -f  4*,-.y+i  —  4*,-,y  +  X*A*$<,y  *»  0, 

and 


(13)  +  ♦».y-i  —  4*<.y  •"  “  0- 

The  normal  derivative  at  the  interface  was  approximated  by 

f 

(14)  ~  2A 
which  leads  to 


(15)  Dc{^M+i.i  -  “  Z>«(*jf+i.y  -  ♦i-i.y),  where  Mh  -  a, 

as  an  approxunation  to  (8).  The  fictitious  fluxes,  4>2r.fi.y  and  $tr-i,y  •  satisfy 

(16)  ♦i+i.y  +  ♦jf-i.y  +  ^jf,y-i  +  ^M.y+i  “  44>jf,y  +  xV'^ar.y  *■  0, 
and 

(17)  ♦js+i.y  +  ^i-x.y  +  ^jf,y+i  +  ♦ji.y-^i  ~  ~  ■■ 


0. 
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By  eliminating  the  fictitious  fluxes,  we  obtain 


(18) 


A  +  Di  D,  4-  A 


(,  ,  A/CV\^  .  AXV  ^  , 

V  A  +  A/  A  +  A  ® 

as  the  interface  condition  corresponding  to  (8).  In  place  of  (7)  we  have 

(19)  =  ^K.i  =  4*..o  =  =  0,  where  Nh  —  1. 

The  difference  problem  defined  by  the  equations  (12),  (13),  (18)  and  (19)  is 
equivalent  to  a  linear  algebraic  system  of  the  form, 

(20)  4-  X*B*  =  0, 


where  is  a  square  matrix  whose  order  is  the  number  of  internal  mesh  points  to 
be  used,  and  S  is  a  singular  diagonal  matrix  of  the  same  order  as  A.  il  fails  to  be 
symmetric  because  of  the  asymmetry  in  the  relation  which  holds  across  the 
interface.  An  iterative  procedure  based  on  the  following  steps  was  used: 

a)  A  vector  is  assumed. 

b)  The  vector  —  X*B#®  is  computed,  using  a  first  guess  Xo“’  for  the  funda¬ 
mental  eigen  number. 

c)  The  system  -f  =  0  is  solved. 

d)  The  vector  Z)*  ’  =  is  computed. 

e)  The  quantity  (Xo*Y  *=  52  is  found. 

f)  A  new  =»  [Xo*T -O*  ^  is  found  and  the  cycle  is  reentered  at  (c)  and  the 
process  is  continued  till  convergence  to  Xj  is  satisfactory. 

Solution  of  the  system  +  D  =  0  was  the  major  problem  as  far  as  computing 
time  was  concerned.  The  method  used  to  solve  this  system  was  that  of  Richard¬ 
son  as  refined  by  David  Young  [2].  Using  this  method  and  about  300  mesh  pointe, 
the  value  of  the  fundamental  eigen  number  obtained  analytically  could  be  dupli¬ 
cated  to  as  many  as  8  or  9  digits  in  some  15  minutes  of  computing  time.  After 
some  practice  in  ordering  the  relaxation  factors  and  progressively  tightening  the 
convergence  criteria,  about  300  iterations  on  the  system  A4»  4-  D  =  0  were 
foimd  to  be  sufficient. 

The  problem  defined  by  equations  (12),  (13),  (18)  and  (19)  is  based  on  differ¬ 
ence  approximations  having  a  truncation  error  of  order  h*.  Referring  back  to 
(3)  we  see  that 

(21)  (4^  §xV)(«t<±i.y  4-  ♦../*!)  4-  (4XV  -  20)*. j  4-  “  0, 

and 

(22)  (4  -  i/iC*A*)(*<±i.,  4-  *L/±i)  -  (4/f*fc*  4-  20)*, .y  4-  *,±i./±i  -  0 

approximate  to  (5)  and  (6)  with  a  truncation  error  which  is  only  of  order  h*. 
To  obtain  a  refined  approximation  to  the  normal  derivative  at  the  interface  we 
begin  with  the  observation  that 
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(23)  l/2A(^<+i,y  -  ^^1.,)  =  +  iAV**.  +  eih*). 

To  the  left  of  the  interface  we  have  that  =  —Vn*  ~  ^Vx . 

JAVxxx  —  —  (l/12A)[^<+i,/±i  —  —  2(ipi+i,j  — 

—  AX*A(<p,+i,>  — 


Subtracting  this  expression  from  the  left-hand  side  of  (23)  we  find  that 

(24)  <p,  =  -h  (vi+ij  —  ivi+ij±i  —  +  0(h*). 

We  can  now  write  the  appropriate  approximation  to  (8)  to  go  with  (21)  and  (22), 
namely 

Ti)  +  m 

•  (^Jr+ij+j  + 


(25) 


+  (4>jf+ij+i  +  4>ir+i.>_i  —  <l»jir-i.i+i  —  ♦i-u-i). 

The  difference  problem  defined  by  (21),  (22),  (25)  and  (19)  can  be  solved  exactly. 
Let  us  call  the  region  to  the  left  of  the  interface  the  core,  and  the  region  to  the 
ri^t,  the  reflector.  Let  denote  the  flux  in  the  core  and  ,  that  in  the 
reflector.  Then 

(26)  =  Cc  sin  phi  sin  rhj 

and 


(27) 
where 

(28) 
and 
(29) 


A./  *=  Cm  sinh  (N  —  {)yh  sin  whj 

i  are  cobh  r 20 +  «g*<‘’ +(«**’- 8) 

*  L  8  -  +  4  C08  r*  J 


/3  s  T  src  cos 
n 


20  —  8  cos  ith  -f-  Xo/i*(l  —  cos  xh)  —  5Xoh*'j 
8  -f-  XJV  +  4  cos  xh  J 


Instead  of  eliminating  the  fictitious  fluxes  from  (25)  we  determine  them  using 
(26)  and  (27)  as  follows: 


■*  Cesin  fik{M  -f-  1)  sin  vhp 
=  Cm  sinh  (N  —  M  +  1)7^  sin  xhp 
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Exact 

■1 

1  Crude— Grade  I 

1  Refiaed — Crude  I 

1  Rcfinod—Refincd  I 

Error 

X^jP 

Error 

X^JP 

Error 

22.3852 

n 

22.2541 

-.1311 

22.4839 

+  .0987 

22.3876 

+  .0024 

KB 

22.3447 

.0405 

22.4150 

22.3854 

.0002 

22.3524 

.0328 

22.4093 

.0241 

22.3853 

.0001 

30 

22.3706 

.0146 

22.3959 

.0107 

22.3852 

.0000 

40 

22.3770 

.0082 

22.3912 

.0060 

22.3852 

.0000 

50 

22.3799 

-.0053 

22.3890 

+  .0038 

22.3852 

.0000 

22.8654 

22.9514 

22.9587 

22.9760 

22.9820 

22.9848 

23.8368 

23.9160 

23.9227 

23.9386 

23.9442 

23.9468 


25.6146 

25.6836 

25.6895 

25.7033 

25.7061 

25.7104' 


29.8591 

29.9249 

29.9304 

29.9433 

29.9478 

29.9499 


35.1508 

35.2864 

35.2975 

35.3237 

35.3328 

35.3370 


38.1811 

38.4127 

38.4318 

38.4768 

38.4924 

38.4996 


23.1120 

23.0268 

23.0197 

23.0031 

22.9973 

22.9946 

24.1111 

23.9997 

23.9904 

23.9686 

23.9611 

23.9576 


25.9429 

25.7835 

25.7703 

25.7391 

25.7282 

25.7232 


30.0466 

29.9948 

29.9767 

29.9684 


22.9928 

22.9901 

22.9900 


22.9898 

22.9898 


+  .1598 

23.9551 

.0484 

23.9517 

.0391 

23.9516 

.0173 

23.9514 

.0098 

23.9513 

+  .0063 

23.9513 

+  .2286 

25.7199 

.0692 

25.7149 

.0560 

25.7147 

.0248 

25.7144 

.0139 

25.7143 

+  .0089 

25.7143 

+  .3793 

29.9637 

.1150 

29.9546 

.0930 

29.9542 

.0412 

29.9537 

.0231 

29.9536 

+  .0148 

29.9536 

35.3591 

35.3459 

35.3454 

35.3446 

35.3445 

35.3444 


+  .0038 
.0004 
.0003 
.0001 
.0000 
.0000 


iCTj 

BjiM 

KCDl 


+  .0147 
.0015 
.0010 
.0002 
.0001 
.0000 
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TABLE  I — Continued 


Euct 

Cnidc — Cnide 

Refined— Crude 

Refined — Refined 

Dc/Dg 

xl/jp 

l/i 

Error 

Error 

VX* 

Error 

i 

40.5540 

10 

40.0963 

-.4577 

41.0132 

-I-.4592 

40.5677 

+  .0137 

18 

40.4155 

.1385 

40.6966 

.1426 

40.5553 

.0013 

20 

40.4420 

.1120 

40.6695 

.1155 

40.5549 

.0009 

30 

40.5044 

.0496 

40.6054 

.0514 

40.5542 

•  .0002 

40 

40.5261 

.0279 

40.5829 

.0289 

40.5541 

.0001 

50 

40.5362 

-  .0178 

40.5725 

-I-.0185 

40.5540 

.0000 

i 

41.9654 

10 

41.4021 

-.5633 

42.3848 

-h.4194 

41.9773 

+  .0119 

18 

41.7943 

.1711 

42.0964 

.1310 

41.9666 

.0012 

20 

41.8270 

.1384 

42.0716 

.1062 

41.9662 

.0008 

30 

41.9041 

.0613 

42.0127 

.0473 

41.9655 

.0001 

40 

41.9309 

.0345 

41.9920 

.0266 

41.9654 

.0000 

50 

41.9434 

-.0220 

41.9824 

+  .0170 

41.9654 

.0000 

1 

44.3878 

10 

43.6074 

-.7804 

44.7062 

+  .3184 

44.3945 

+  .0067 

18 

44.1489 

.2389 

44.4886 

.1008 

44.3884 

.0006 

20 

44.1944 

.1934 

44.4696 

.0818 

44.3882 

.0004 

30 

44.3020 

.0858 

44.4243 

.0365 

44.3878 

.0000 

40 

44.3395 

.0483 

44.4064 

.0170 

44.3878 

.0000 

50 

44.3569 

-.0309 

44.4009 

+  .0131 

44.3878 

.0000 

Solution  of  the  problem  (19),  (21),  (22)  and  (25)  for  X«  gives 


where 

(30) 

and 


tan  0/3  +  L  ^  ® 

^  tanh  7(1  —  o) 

Dg  sinh  yh  ’ 

j  ^  20  —  4  cos  i0h)  cos  irh  —  8  cos  (0h)  —  8  cos  xA 
h*  (cos  (fih)  4*  cos  rh  +  4] 


On  comparing  (21)  and  (22)  with  (12)  and  (13)  we  see  that  the  refined  approxi¬ 
mation  at  interior  points  is  not  very  much  more  complicated  than  the  crude 
approximation.  The  contrast  between  (15)  and  (25),  however,  shows  that  the 
higher  order  approximation  at  the  interface  points  is  achieved  at  the  cost  of  a 
considerable  increase  in  complexity.  This  observation  suggests  that  we  investi¬ 
gate  the  possibility  of  using  (21)  and  (22)  in  conjunction  with  (15)  instead  of 
(25).  Since  interface  points  are  not  very  numerous  in  comparison  with  interior 
points,  it  seemed  reasonable  to  hope  that  this  scheme  might  yield  much  greater 
accuracy  at  very  small  cost.  The  problem  defined  by  (15),  (19),  (21)  and  (22) 
can  be  solved  to  give 


(32)  tan  a/3  +  ^  sin  A/3  0 

adiere  /3  and  L  are  given  by  (29)  and  (30),  and  Xo  is  given  by  (31). 
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We  now  proceed  to  the  presentation  of  some  relevant  data  in  Table  I.  In  order 
to  facilitate  a  comparison  of  the  various  approximations  discussed,  we  shall  find 
it  convenient  to  introduce  some  new  terminology.  The  approximating  problem 
defined  by  (12),  (13),  (18)  and  (19)  will  be  called  the  crude-crude  scheme  to 
indicate  that  the  truncation  error  in  the  equations  is  of  order  h*  at  both  interior 
points  and  interface  points.  The  approximating  problem  defined  by  (19),  (21), 
(22)  and  (25)  will  be  called  the  refined-refined  scheme,  and  equations  (15),  (19), 
(21)  and  (22)  will  be  said  to  define  the  refined-crude  scheme.  The  names  of  these 
three  schemes  will  be  abbreviated  further  to  (C-C),  (R-R)  and  (R-C),  respec¬ 
tively.  Since  the  truncation  error  in  the  (R-R)  scheme  is  everywhere  only  of 
order  A*  as  compared  with  a  truncation  error  of  order  A*  in  the  (C-C)  scheme,  it 
seemed  reasonable  to  hope  that  one  could  obtain  about  as  much  accuracy  using 
(R-R)  with  -v/iv  mesh  points  as  by  using  (C-C)  with  W  points.  The  data  sub¬ 
stantiate  this  hope  to  some  extent.  It  is  very  clear,  however,  that  the  (R-C) 
scheme  is  a  complete  failure,  i.e.,  there  seems  to  be  no  advantage  in  reducing 
truncation  error  at  interior  points  without  achieving  the  same  reduction  at  inter¬ 
face  points.  No  data  have  been  obtained  using  the  scheme  corresponding  to  (4) 
which  has  truncation  error  reduced  to  order  A\  and  which  seems  to  be  the  best 
possible  approximation  to  (1)  using  second  order  differences.  It  is  hoped  that 
further  exploration  of  this  method  of  reducing  truncation  error  will  make  feasible 
the  solution  of  problems  which  would  require  working  with  prohibitively  large 
algebraic  systems  if  the  usual  crude  difference  approximations  were  used. 
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